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MEANS AND AVERAGING IN THE GROUP OF ROTATIONS*
MAHER MOAKHER'

Abstract. In this paper we give precise definitions of different, properly invariant notions of
mean or average rotation. Each mean is associated with a metric in SO(3). The metric induced
from the Frobenius inner product gives rise to a mean rotation that is given by the closest special
orthogonal matrix to the usual arithmetic mean of the given rotation matrices. The mean rotation
associated with the intrinsic metric on SO(3) is the Riemannian center of mass of the given rotation
matrices. We show that the Riemannian mean rotation shares many common features with the
geometric mean of positive numbers and the geometric mean of positive Hermitian operators. We
give some examples with closed-form solutions of both notions of mean.
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1. Introduction. In many applications, such as the study of plate tectonics [22]
or sequence-dependent continuum modeling of DNA [19], experimental data are given
as a sequence of three-dimensional orientation data that usually contain a substantial
amount of noise. A common problem is to remove or reduce the noise by processing
the raw data, for example by the construction of a suitable filter, in order to obtain
appropriately smooth data.

Three-dimensional orientation data are elements of the group of rotations that
generally are given as a sequence of proper orthogonal matrices, or a sequence of
Euler angles, or a sequence of unit quaternions, etc. As the group of rotations is
not a Euclidean space, but rather a differentiable manifold, the notion of mean or
average is not obvious so that appropriate filters are similarly not obvious. One
might choose some local coordinate representation of the group—for instance, a set of
Euler angles—then apply the usual averaging and smoothing techniques of Euclidean
spaces. Although this approach is simple to implement, it is not properly invariant
under the action of rigid transformations. In this article alternative approaches will
be discussed.

There is extensive literature on the statistics of circular and spherical data; see
[20, 27, 9, 8] and the references therein. In a more general context, Downs [4], Khatri
and Mardia [18], and Jupp and Mardia [15] developed statistical methods for data in
the Stiefel manifold, i.e., the Riemannian space V,, ,, 1 < p < n, of n x p orthogonal
matrices (the hypersphere S™ and the special orthogonal group SO(n) are examples of
such manifolds). The general approach of these statistical studies is to embed the given
data into a Euclidean space of dimension larger than the dimension of the manifold
(circle, sphere, hypersphere, etc.), then to pursue standard statistical approaches in
this linear space, and finally to project the result onto the manifold. Prentice [22] used
the parameterization of the group of rotations by four-dimensional axes (unsigned unit
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quaternions) and a slight modification of the algorithm of smoothing directional data
on S? proposed in [16] to fit smooth spline paths to three-dimensional rotation data.

In this paper we are mainly concerned with a general mathematical theory of
different possible notions of mean in the group of three-dimensional rotations rather
than a statistical theory based on a specific notion of mean. In analogy with mean in
Fuclidean space, we define the mean rotation of a given sequence of rotations to be
the minimizer of the sum of squared distances from the given rotations. The projected
arithmetic mean is obtained when one uses the inherent Euclidean distance of the
ambient space. We show that this is the orthogonal projection of the usual arithmetic
mean in the space of 3 X 3 matrices onto the rotation group. It is the same as the
directional mean of the statistics literature mentioned above. The geometric mean
arises when one uses the Riemannian metric intrinsic to the group of rotations. We
find close similarities between this mean and the geometric mean of positive numbers,
as well as the geometric mean of positive Hermitian operators. We show that these
two notions of mean are properly invariant under a change of frame and share many
common properties with means of elements of Euclidean spaces.

To the best of our knowledge, the geometric mean rotation has not been discussed
previously. In this paper, we show that the geometric mean and the Euclidean mean
rotation, which we call the projected arithmetic mean, each arise from a least-squares
error approach, but with different metrics. We also give some properties of the Eu-
clidean mean rotation that have not been discussed in the literature, as well as its
connection with the geometric mean.

The remainder of this paper is organized as follows. In section 2 we gather all the
necessary background from Lie group theory, differential geometry, and optimization
on manifolds that will be used in what follows. Further information on this condensed
material can be found in [3, 1, 23, 21, 26, 13]. In section 3 we introduce two bi-invariant
notions of mean rotation: the projected arithmetic mean and the geometric mean.
We give the characterization and main features of these two notions of mean rotation.
Examples of closed-form calculations of mean rotations are given in section 4. Finally,
weighted means and power means of rotations are presented in section 5.

2. Geometry of the rotation group. Let M(3) be the set of 3x 3 real matrices
and GL(3) be its subset containing only nonsingular matrices. The group of rotations
in R?, denoted by SO(3), is the Lie group of special orthogonal transformations in
R3,

(2.1) S0(3) = {R €GL(3) | R"R =1 and det R = 1} ,

where I is the identity transformation in R? and the superscript 7' denotes the trans-
pose. The corresponding Lie algebra, denoted by so(3), is the space of skew-symmetric
matrices

(2.2) s0(3) = {A cgl(3) | AT = —A} ,

where gl(3), the space of linear transformations in R3, is the Lie algebra corresponding
to Lie group GL(3).

2.1. Exponential and logarithm. The exponential of a matrix X in GL(3) is
denoted exp X and is given by the limit of the convergent series exp X = Zzozo %X k.
When a matrix Y in GL(3) does not have eigenvalues in the (closed) negative real line,
there exists a unique real logarithm, called the principal logarithm, denoted by Log Y,
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whose spectrum lies in the infinite strip {z € C : —7 < Im(z) < 7} of the complex
plane [3]. Furthermore, for any given matrix norm || - ||, if |[I — Y|| < 1, then the
k k
series — > 27, (Ika) converges, and hence one can write LogY = — 77 | (I}Y) :
However, as we will describe, the infinite series representations of the exponential of
matrices in s0(3) and the logarithm of matrices in SO(3) can be given as closed-form

expressions.

The exponential of a skew-symmetric matrix A, such that a = /1 tr(AT A) is in
[0,7), is the proper orthogonal matrix given by Rodrigues’ formula

I ifa=0,
(2.3) exp A = 7o Sna 1—(320saA2 a0,
a a

The principal logarithm for a matrix R in SO(3) is the matrix in s0(3) given by

0 it =0,
2.4 Log R = 0 .
(24) & s (R-R") 60,

where 6 satisfies tr R = 1+ 2cos@ and |0] < 7. (This formula breaks down when
6 = +r.) An alternative expression for the logarithm of a matrix in SO(3), where
the parameter 6 does not appear, is given in [14].

Solutions in SO(3) of the matrix equation Q" = R with k a positive integer will
be called kth roots of R. These kth roots are given by

exp(li <1+2l97r)LogR), l=0,....,k—1,

where 6 is the angle of rotation of R. The kth root exp(; Log R) is the one for which
the eigenvalues have the largest positive real part and is the only one we denote by
RY*_ 1In the case k = 2, it is the only square root with positive real part.

2.2. Metrics in SO(3). A straightforward way to define a distance function in
SO(3) is to use the Euclidean distance of the ambient space M(3), i.e., if Ry and R»
are two rotation matrices, then

(2.5) dr(R1, Rp) = |[R1 — Ro|r,

where || - || is the Frobenius norm which is induced by the Euclidean inner product,
known as the Frobenius inner product, defined by (Ri, Rs)p = tr(R{ Ry). Tt is
easy to see that this distance is bi-invariant in SO(3), i.e., dp(PR1Q, PR2Q) =
dr(Rq, Ry) for all P,Q in SO(3).

Another way to define a distance function in SO(3) is to use its Riemannian
structure. The Riemannian distance between two rotations R; and Rs is given by

1
(2.6) dr(Ry, Ry) = —| Log(R{ Ry)| -
It is the length of the shortest geodesic curve that connects R; and Ry given by
(2.7) Q(t) = Ri{(RTR,)! = Ry exp(tLog(RTRy)), 0<t<1.

Note that the geodesic curve of minimal length may not be unique. If RTRQ is an
involution, in other words if (RlTRg)2 = 1, i.e., a rotation through an angle 7, then
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R; and R, can be connected by two curves of equal length. In such a case, the
rotations R; and Ry are said to be antipodal points in SO(3) and R; is said to be
the cut point of R; and vice versa.

The Riemannian distance (2.6) is also bi-invariant in SO(3). Indeed, using the
fact Log(Q 'RQ) = Q '(Log R)Q [3], we can show that dg(PR;Q, PRyQ) =
dR(R17R2) for all P,Q in 50(3)

Remark 2.1. The Euclidean distance (2.5) represents the chordal distance be-
tween R; and Rp, i.e., the length of the Euclidean line segment in the space of M (3)
(except for the end points R; and Ry, this line segment does not lie in SO(3)), whereas
the Riemannian distance (2.6) represents the arc-length of the shortest geodesic curve
(great-circle arc), which lies entirely in SO(3), passing through R; and Rs.

Remark 2.2. If 6 denotes the angle of rotation of RlTRg7 then dp(R1, Rp) =
2v2|sin 4| and dg(Ri, Rs) = [6|. Therefore, when the rotations R; and Ry are
sufficiently close, i.e., § is small, we have dp(R1, Ry) ~ V2dg(R1, Ry).

2.3. Covariant derivative and Hessian. We recall that the tangent space at
a point R of SO(3) is the space of all matrices A such that RT A is skew symmetric
and that the normal space (associated with the Frobenius inner product) at R consists
of all matrices N such that RT IV is symmetric [5].

For a real-valued function f(R) defined on SO(3), the covariant derivative V f is
the unique tangent vector at R such that

)
t=0

(29 w(ATYS) = SH@()

where Q(t) is a geodesic emanating from R in the direction of A, ie., Q(t) =
Rexp(tA) and RT A = A is skew symmetric.
The Hessian of f(R) is given by the quadratic form

2
(29 Hess (A, A) = 5 1(Q()

)
t=0

where Q(t) is a geodesic and A is in the tangent space at R as above.

2.4. Geodesic convexity. We recall that a subset A of a Riemannian manifold
M is said to be convex if the shortest geodesic curve between any two points x and y
in A is unique in M and lies in A. A real-valued function defined on a convex subset
A of M is said to be convex if its restriction to any geodesic path is convex, i.e., if
t — f(t) = f(exp,(tu)) is convex over its domain for all z € M and u € T,(M),
where exp, is the exponential map at x.

With these definitions, one can readily see that any geodesic ball B,.(Q) in SO(3)
of radius 7 less than 7 around @ is convex and that the real-valued function f defined
on B.(Q) by f(R) = || Log(Q" R)|| is convex when r is less than 5. Geodesic balls
with radius greater than or equal to § are not convex.

3. Mean rotation. For a given set of N points z,, n = 1,...,N, in R? the
arithmetic mean  is given by the barycenter & = % ij:l x,, of the N points. The
arithmetic mean also has a variational property; it minimizes the sum of the squared
distances to the given points x,,,

N

(3.1) x= argminZde(m,mn)Q,

d
TERT
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where here d.(,-) represents the usual Euclidean distance in R<.

One can also use the arithmetic mean to average N positive real numbers z,, >
0, n =1,...,N, and the mean is itself a positive number. In many applications,
however, it is more appropriate to use the geometric mean to average positive numbers,
which is possible because positive numbers form a multiplicative group. The geometric

- 1/N 1/N e Y

mean T = x;’ ---x, also has a variational property; it minimizes the sum of the
squared hyperbolic distances to the given data

N
(3.2) Z = argmin Z dp(zp, )%,
x>0 ne1
where dj,(7,y) = |logz — logy| is the hyperbolic distance! between z and y.

As we have seen, for the set of positive real numbers, different notions of mean
can be associated with different metrics. In what follows, we will extend these notions
of mean to the group of proper orthogonal matrices.

By analogy with R?, a plausible definition of the mean of N rotation matri-
ces Ry,..., Ry is that it is the minimizer in SO(3) of the sum of the squared dis-
tances from that rotation matrix to the given rotation matrices Ry,..., Ry, i.e.,
M(Ry, ..., Ry) = argmingegos) SN | d(R,, R)?, where d(-, ) represents a distance
in SO(3). Now the two distance functions (2.5) and (2.6) define the two different
means.

DEFINITION 3.1. The mean rotation in the Euclidean sense, i.e., associated with

the metric (2.5), of N given rotation matrices R1,..., Ry is defined as
N
(3.3) A(Ry,...,Ry) := argmin IR, — R||%.
ReSO(3) ,,—

DEFINITION 3.2. The mean rotation in the Riemannian sense, i.e., associated
with the metric (2.6), of N given rotation matrices Ry, ..., Ry is defined as

N

(3.4) 6(Ry,..., Ry) := argmin » || Log(R R)|.
ReSO(3) , =

The minimum here is understood to be the global minimum. We remark that
in R?, or in the set of positive numbers, the objective functions to be minimized
are convex over their domains, and therefore the means are well defined and unique.
However, in SO(3), as we shall see, the objective functions in (3.3) and (3.4) are not
(geodesically) convex, and therefore the means may not be unique.

Before we proceed to study these two means, we note that both satisfy the fol-
lowing desirable properties that one would expect from a mean in SO(3), and that
are counterparts of properties of means of numbers, namely:

1. Invariance under permutation. For any permutation o of the numbers 1
through N, we have M(Ry (1), ..., Rony) = M(Ry, ..., Ry).

2. Bi-invariance. If R is the mean rotation of {R,}, n=1,..., N, then PRQ
is the mean rotation of {PR,Q}, n=1,...,N, for every P and Q in SO(3). This
property follows immediately from the bi-invariance of the two metrics defined above.

IWe borrow this terminology from the hyperbolic geometry of the Poincaré upper half-plane.
In fact, the hyperbolic length of the geodesic segment joining the points P(a,y1) and Q(a,y2),
y1,y2 > 0, is | log Z—; (see [26]).
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3. Invariance under transposition. If R is the mean rotation of {R,}, n =
., N, then R” is the mean rotation of {RX}, n=1,...,N.
We remark that the bi-invariance property is in some sense the counterpart of the
homogeneity property of means of positive numbers (but here left and right multipli-
cation are both needed because the rotation group is not commutative).

3.1. Characterization of the Euclidean mean. The following proposition
gives a relation between the Euclidean mean and the usual arithmetic mean.

PROPOSITION 3.3. The mean rotation A(Ry,...,Rn) of Ry,..., Ry € SO(3) is
the orthogonal projection of R = Z " onto the special orthogonal group SO(3).
In other words, the mean rotation m the Euclidean sense is the projection of the
arithmetic mean R of Ry, ..., Ry in the linear space M(3) onto SO(3).

Proof. As R,, n=1,...,N, and R are all orthogonal, it follows that

N
A(Ry,...,RN) = argmanHR RHF—argmaxtr(R R).
RESO(3) ;, ReSO(3)
On the other hand, the orthogonal projection of R onto SO(3) is given by

II(R) = argmin |R — R||r = arg min |R — R|/%

ReSO(3) 0(3)
N T
Rn R R
= argmln tr — ] —2tr —R|+trl

N R T
= argmin —2tr Z — R | = argmaxtr (E R) . O
RESO(3) N RE50(3)

Because of Proposition 3.3, the mean in the Euclidean sense will be termed the
projected arithmetic mean to reflect the fact that it is the orthogonal projection of the
usual arithmetic mean in M (3) onto SO(3).

Remark 3.4. The projected arithmetic mean can now be seen to be related to
the classical orthogonal Procrustes problem [10], which seeks the orthogonal matrix
that most closely transforms a given matrix into a second one.

PROPOSITION 3.5. If det R is positive, then the mean rotation in the Fuclidean
sense A(Ry,...,RN) of Ry,..., RN € SO(3) is given by the unique polar factor in
the polar decomposition [10] of R.

Proof. Critical points of the objective function

N
(3.5) F(R)=) |R~-R.|%

defined on SO(3) and corresponding to the minimization problem (3.3) are those
elements of SO(3) for which the covariant derivative of (3.5) vanishes. Using (2.8) we

get VF = 25:1 R(R'R— R”R,,). Therefore, critical points of (3.5) are the rotation
matrices R such that 27]:[:1 R(RTR - R"R,) = 0, or, equivalently, for which the
matrix S defined by

N
(3.6) S=R"> R,=NR'R

n=1
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is symmetric.

Since R is orthogonal, and both S and M = R'R are symmetric, it follows
that §% = N2M. Therefore, there exists an orthogonal matrix U such that §% =
N2UT DU, where D = diag(Aq1, Ag, Ag) with A; > As > A3 > 0 being the eigenvalues
of M. The eight possible square roots of M are U’ diag(£+v/A1, £v/As, £1/A3)U.
To determine the square root S = U’ diag(A1, A2, A3)U of N2M that corresponds
to the minimum of (3.5) we require that the Hessian of the objective function (3.5)
at R given by (3.6) be positive for all tangent vectors A at R. From (2.9) we obtain

Hess F(A,A) = 2N tr (ﬁTRAAT), and therefore at R given by (3.6) we have
Hess F(A, A) = 2[(Az + X3)a® + (A1 4+ A3)b? + (A1 + A2)c?,

where a, b, ¢ are such that

0 —c b
A=U'RBU and B=|c¢c 0 -a
—-b a 0

As we are looking for a proper rotation matrix, i.e., an orthogonal matrix with
determinant one, it follows from (3.6) that detS = Ndet R. We therefore con-
clude that Hess F(A, A) is positive for all tangent vectors A at R if and only
if \i = NvA, A2 = NVA;, and A3 = sNy/A3, where s = 1 if det R is pos-
itive and s = —1 otherwise. In fact, (3.5) has four critical points belonging to
SO(3) which consist of a minimum [(A1, Ao, A3) = N(VA1,VA2,5vA3)], a maxi-
mum [(A1, A2, A3) = N(—v/A1, —v/As, —sv/A3)], and two saddle points [(A1, A2, A3) =
N(—v/Ar. 5v/Kg. —/K3) and (A1, Ao, As) = N(sv/Ar, —v/Ag, —v/A3).

Hence, the projected arithmetic mean is given by

1 1 s ) UT
VAL VA VA3 ’
which, when det R > 0, coincides with the polar factor of the polar decomposition of
R. Of course uniqueness fails when the smallest eigenvalue of M is not simple. o
Remark 3.6. The case where det R = 0 is a degenerate case. However, if R
has rank 2, i.e., when Ay > Ay > A3 = 0, one can still find a unique closest proper
orthogonal matrix to R (see [6] for details) and hence can define the mean rotation
in the Euclidean sense.

(3.7) R = RU diag <

3.2. Characterization of the Riemannian mean. First, we compute the
derivative of the real-valued function H(P(t)) = || Log(Q" P(t))||% with respect to
t, where P(t) = Rexp(tA) is the geodesic emanating from R in the direction of
A = P(0) = RA. As A is in the tangent space at R, we have A = R"A = ~ATR.
Let 6(t) € (—m, ) be the angle of rotation of Q” P(t), i.c., such that

(3.8) tr(QTP(t)) = 1+ 2cos O(t).
Differentiate (3.8) to get %H(P(t))hzg = 7siﬁ¢ tr(QT RA), where ¢ = 6(0) is the

angle of rotation of Q7 R and we have used the fact that H(P(t)) = 6(t)2.
Recall that since A is skew symmetric, tr(SA) = 0 for any symmetric matrix S.
It follows that tr(Q" RA) =  tr([Q" R — R Q] A). Hence

tr(QTRA) = %tr[(QTR ~R'QR"A] = %tr[ATR(RTQ -Q"R)).



8 MAHER MOAKHER

Then, with the help of (2.4) we obtain £ H(P(t))|;—o = tr[A” RLog(Q" R)]. There-
fore, the covariant derivative of H is given by

(3.9) VH = RLog(Q™R).
The second derivative of (3.8) gives

¢
2sin ¢

Let U be an orthogonal matrix and B the skew-symmetric matrix such that

d? _ sing — ¢cos

—pH(P(1)) ey [tr(QTRA)]? — tr(QT RA?).

0 —c b cos¢p —sing 0
QTR=UTVU, B=UAUT = | ¢ 0 —a|, where V= |sing cos¢ 0
b a 0 0 0 1

Then, as tr(QT RA) = tr(V B) and tr(QT RA?) = tr(V B?), it is easy to see that

_ Psing

o l—cos¢

(3.10) j—;H(P(t)) (a® 4+ b?) + 2%

The right-hand side of (3.10) is always positive for arbitrary a, b, ¢ in R and ¢ €
(=m, 7). It follows that Hess H(A, A) is positive for all tangent vectors A.
Now, let G denote the objective function of the minimization problem (3.4), i.e.,

N
(3.11) G(R) =) | Log(RLR)||%-

n=1

Using the above, the covariant derivative of G is found to be VG = R 25:1 Log(R! R).
Therefore, a necessary condition for regular extrema of (3.11) is

N
(3.12) > Log(RLR) =0.

n=1

By (3.10) we conclude that the Hessian Hess G(A, A) of the objective function (3.11)
is positive for all tangent vectors A. Therefore, (3.12) characterizes local minima of
(3.11) only. As a matter of fact, local maxima are not regular points, i.e., they are
points where (3.11) is not differentiable.

It is worth noting that, as R. = R, ', the characterization for the Riemannian
mean given in (3.12) is similar to the characterization

N

(3.13) > In(a,'z) =0

of the geometric mean (3.2) of positive numbers. However, while in the scalar case
the characterization (3.13) has the geometric mean as unique solution, the charac-
terization (3.12) has multiple solutions and hence is a necessary but not a sufficient
condition for determining the Riemannian mean. The lack of uniqueness of solutions
of (3.12) is akin to the fact that, due to the existence of a cut point for each element
of SO(3), the objective function (3.11) is not convex over its domain.
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In general, closed-form solutions to (3.12) cannot be found. However, for some
special cases solutions can be given explicitly. In the following subsections, we will
present some of these special cases.

Remark 3.7. The Riemannian mean of R;,..., Ry may also be called the Rie-
mannian barycenter of Ry, ..., Ry, which is a notion introduced by Grove, Karcher,
and Ruh [11]. In [17] it was proven that for manifolds with negative sectional curva-
ture, the Riemannian barycenter is unique.

3.2.1. Riemannian mean of two rotations. Intuitively, in the case N = 2,
the mean rotation in the Riemannian sense should lie midway between R; and R
along the shortest geodesic curve connecting them, i.e., it should be the rotation
R, (RT R,)'/?. Indeed, straightforward computation shows that R, (RT Ry)'/? does
satisfy condition (3.12). Alternatively, (3.12) can be solved analytically as follows.
First, we rewrite it as

Log(R] R) = — Log(R} R),

then we take the exponential of both sides to obtain R R = RT Ry. After left mul-
tiplying both sides with R} R we get (R} R)?> = R} Ry. Such an equation has two
solutions in SO(3) that correspond to local minima of (3.11). However, the global
minimum is the one that corresponds to taking the square root of the above equa-
tion that has eigenvalues with positive real part, i.e., (Rng)l/ 2. Therefore, for two
nonantipodal rotation matrices Ry and Rs, the mean in the Riemannian sense is
given explicitly by

(3.14) &(Ry,Ry) = R (RTRy)'/? = Ry(RYR,)Y/2.

The second equality can be easily verified by premultiplying R, (R} Ry)'/? by RyRY
which is equal to I. This makes it clear that & is symmetric with respect to R; and
RQ, i.e.7 @(Rl,Rg) = @(RQ,Rl).

3.2.2. Riemannian mean of rotations in a one-parameter subgroup. In
the case where all matrices R,, n = 1,..., N, belong to a one-parameter subgroup
of SO(3), i.e., they represent rotations about a common axis, we expect that their
mean is also in the same subgroup. Further, one can easily show that (3.12) reduces
to saying that R is an Nth root of Hf:;l R,,. Therefore, the Riemannian mean is the
Nth root that yields the minimum value of the objective function (3.11).

In this case, all rotations lie on a single geodesic curve. One can show that
the geometric mean &(R;, Ry, R3) of three rotations Ry, Ry, and Rj3 such that
dr(Ri,R;) < m, i,j = 1,2,3, is the rotation that is located at % of the length
of the shortest geodesic segment connecting R; and & (R, R3), i.e., the rotation
R, (R] Ry(Rj R3)'/?)%*/?. By induction, when dp(R;, R;) <, 4,j = 1,..., N, we
have

N—-2 N-1
71) N,

Z

(3.15) &(Ry,...,Ry) = Ri(RTRy(RYRs(--- Ry_1(RY_,Ry)2)5 )

This explicit formula does not hold in the general case due to the inherent curvature
of SO(3); see the discussion at the end of Example 2 below.

When the rotations Ry, ..., Ry belong to a geodesic segment of length less than
7w and centered at the identity, the above formula reduces to

(3.16) &(Ry,....Ry)=R/" - RY".
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Once again we see the close similarity between the geometric mean of positive numbers
and the Riemannian mean of rotations. This is to be expected since both the set of
positive numbers and SO(3) are multiplicative groups, and we have used their intrinsic
metrics to define the mean. For this reason, we will call the mean in the Riemannian
sense the geometric mean.

3.3. Equivalence of both notions of mean of two rotations. In the follow-
ing, we show that for two rotations the projected arithmetic mean and the geometric
mean coincide. First, we prove the following lemma.

LEMMA 3.8. Let Ry and Ry be two elements of SO(3); then det(R; + R2) > 0.

Proof. Consider the real-valued function defined on [0, 1] by f(¢) = det(R;+tRz).
We see that this function is continuous with f(0) = 1 and f(1) = det(R; + R2).
Assume that f(1) <0, i.e., det(R; + Rs) < 0; then there exists 7 in [0, 1] such that
f(r) = det(R; + TRy) = 0. Since det Ry = 1, it follows that det(R} Ry + 7I) = 0.
Hence, 7 must be in the spectrum of RgRl, which is a proper orthogonal matrix. But
this cannot happen, which contradicts the assumption that det(R; + Rg) < 0. O

In general, the result of the above lemma does not hold for more than two rotations
matrices. We will see examples of three rotation matrices for which the determinant
of their sum can be negative.

PROPOSITION 3.9. The polar factor of the polar decomposition of R+ Ry, where
Ry and Ry are two rotation matrices, is given by R, (RlTRg)l/Q.

Proof. Let Q be the proper orthogonal matrix and S be the positive-definite
matrix such that QS is the unique polar decomposition of Ry + Ry. Then S? =
(RT +RY)(R1+ Ry) = 2I+ R{ Ry + R R;. One can easily verify that (R Ry)'/? +
(R] Ry)~1/2 is the positive-definite square root of 2I + R] Ry + R2 R, and that the
inverse of this square root is given by 7' = (R; + Ry) 'R, (RY R,)"/?. Hence, the
polar factor is @ = (R; + R2)S ™' = R (R] Ry)"/?. O

Since the polar decomposition is unique, the result of this proposition together
with the previous lemma shows that both notions of mean agree for the case of
two rotation matrices. For more than two rotations, however, both notions of mean
coincide only in special cases that present certain symmetries. In Example 2 of section
4 below, we shall consider a two-parameter family of cases illustrating this coincidence.

4. Analytically solvable examples. In this section we present two cases in
which we can solve for both the projected arithmetic mean and the geometric mean
explicitly. These examples help us gain a deeper and concrete insight to both notions
of mean. Furthermore, Example 2 confirms our intuitive idea that for “symmetric”
cases, both notions of mean agree.

4.1. Example 1. We begin with a simple example where all rotation matrices
for which we want to find the mean lie in a one-parameter subgroup of SO(3). Using
the bi-invariance property we can reduce the problem to that of finding the mean of

cost, —sinf, O
(4.1) R, = |sinf, cosf, 0|, n=1,... N.
0 0 1

Projected arithmetic mean. The arithmetic sum of these matrices has a positive
determinant r? = (Zi:;l cos 0,)% + (25:1 sinf,)2. Hence, the projected arithmetic

mean of the given matrices is given by the polar factor of the polar decomposition of
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their sum. After performing such a decomposition we find that

N
1
cos®, —sin®, 0 cos O, = - Z cos b,
A(Ry,...,Ry) = [sin@®, cosO, 0|, where n;l
0 0 1 . 1 )
sin©®, = - ; sin 6,,.

Such a mean is well defined as long as » # 0. This mean agrees with the notion
of directional mean used in the statistics literature for circular and spherical data
[20, 7, 9, 8]. The quantity 1 —r/N, which is called the circular variance, is a measure
of dispersion of the circular data 64, ...,0y. The direction defined by the angle ©, is
called the mean direction of the directions defined by 61,...,0xN.

Geometric mean. Solutions of (3.12) are given by

cos®; —sin®; 0 1 N
sin®; cos©®; 0|, where @l—N<ZHn+27rl>, l=0,...,N—1.
0 0 1 n=1

The geometric mean of these rotation matrices is therefore the solution that yields
the minimum value of the objective function (3.11). Of course, as we have seen in
section 3, the geometric mean is given explicitly by (3.15).

Note that even though elements of a one-parameter subgroup commute, the two
rotations (3.15) and (3.16) are different. This is due to choosing the kth root of a
rotation matrix to be the one with eigenvalues that have the largest positive real parts.
To see this, consider the case N = 2, 0; = 2?”, and 0y = —%ﬂ. Then Rl(RlTRg)l/2 =

P, where P is a rotation of an angle m about the z-axis while R}/QR%/Z =1.

If the rotation matrices R,, are such that « <0, < a+m, n=1,...,N, for a
certain number a € R, then their geometric mean is a rotation about the z-axis of an
angle O, = + Zgil 0.

The geometric mean rotation of the rotations given by (4.1) coincides with the
concept of median direction of circular data [20, 7].

Remark 4.1. When 6; =0, 03 =60+ 7 and N = 2 in (4.1), neither the projected
arithmetic mean nor the geometric mean is well defined. On the one hand R; +
R; = 0, so the projected arithmetic mean is not defined, while on the other hand
the objective function (3.11) for the geometric mean has two local minima with the
same value, namely, Ri(R] R2)"/? and its cut value Ry exp(%7 Log(R{ R»)), and
therefore the global minimum is not unique.

Let F and G be the functions defined on [—m,7] such that F(f) = F(R) and
G(9) = G(R) for any rotation R about the z-axis through an angle 6, i.e., F' and
G are the restrictions of the objective functions (3.5) and (3.11) to the subgroup
considered in this example. In Figure 4.1 we give the plots of F and G for the sets of
data N =4 and 0y = -5, 02 =0, 03 = 7, 04 = m — «, where « takes several different
values. It is clear that neither (3.5) nor (3.11) is convex. While the function (3.5)
is smooth the function (3.11) has cusp points but only at local maxima. However,
if the given rotations are located in a geodesic ball of radius less than 7/2, i.e., in
this example have angles 0; such that |0; — 0;| < m,1 <4,j < N, then the objective
functions restricted to this geodesic ball are convex, and hence the means are well
defined. Such a case is illustrated in Figure 4.2, which shows plots of F' and G for the
sets of data N =3 and 0y = -7, 0 = 7, 03 = ?jf — a, where « takes several different
values.
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F1G. 4.1._ Plots of the objective functions F(0) and G(0) for different values of a. Note that
when o = 0, F is constant and G has four local minima with an equal value. Consequently, neither
the projected arithmetic mean nor the geometric mean is well defined.
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FIG. 4.2. Plots of the objective functions F(0) and G(0) for different values of . Restricted to
[=7/4,37/4], i.e., between the vertical dashed-dotted lines, the objective functions are indeed conves.

4.2. Example 2. In the second example we consider N elements of SO(3) that
represent rotations through an angle 8 about the axes defined by the unit vectors
U, = [sinacos By, sinasin G, cosa]T, where (3, = 2(71%)#, n=1,...,N,and a €
[0,3)-

Projected arithmetic mean. Straightforward computations show that the pro-
jected arithmetic mean is given by

2cos ) — sin® acos @ — 1)

cos®, —sin®, 0 cos Oy = o )
a a 2+ 56— 1
AR,,....,Ry)=|sin®, cos0, 0, s a,(COb )
0 0 1 sinO, 2 cosasin 6

T 24 sin? a(cosh — 1)

By using half-angle tangent formulas in the above we obtain the following simple
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relation between ©, and 0:
O,
(4.2) tan — = cosatan —.
2 2

Geometric mean. Since the rotation axes are symmetric about the z-axis, and
the rotations share the same angle, we expect that their geometric mean is a rotation
about the z-axis through a certain angle ©4. Furthermore, because of this symmetry
we also expect that the mean in the Euclidean sense agrees with the one in the
Riemannian sense.

From the Campbell-Baker—Hausdorff formula for elements of SO(3) [23] we have

Log(R'R) = ¢ (—aLog R, + bLog R — ¢[Log R,,, Log R])

where the coefficients a, b, ¢, and ¢ are given by

0
a0sin? :sinfcos%7 b@gsin? :cosfsin%,
2 2 2 2 2 2
0 (C] 0 G} (C]
chO, sin? = sin = sin -2, cos? = oS — cos —% — cos asin = sin —<.
2 2 2 2 2 2 2 2

Therefore, the characterization (3.12) of the geometric mean reduces to

N N
aZLoan - bNLogR—i—cZ [Log R, Log R] = 0.
n=1 n=1

This is a matrix equation in s0(3), which is equivalent to a system of three nonlinear
equations. Because the axes of rotation of R,, are symmetric about the z-axis we
have Zgzl cos 3, = ZnN:1 sin 3, = 0. It follows that 25:1 [Log R, Log R] = 0 and
Oy ZnNzl Log R, = 6 cosaN Log R. Therefore, this system reduces to the following
single equation for the angle ©,:

©
(4.3) tan 79 = cosatan —,

which when compared with (4.2) indeed shows that ©, = ©4 and therefore the pro-
jected arithmetic mean and the geometric mean coincide.

This example provides a family of mean problems parameterized by 6 and «
where the projected arithmetic and geometric mean coincide. We now further examine
the problem of finding the mean of three rotations about the three coordinate axes
through the same angle 6, which, by the bi-invariance property of both means, can be
considered as a special case of this two-parameter family with N = 3 and cosa = %
Therefore the mean of these three rotations is a rotation through an angle ® about
the axis generated by the vector [1,1,1]7 with tang = v/3tan %. The rotations Ry,
Ry and Rj3 form a geodesic equilateral triangle in SO(3). By symmetry arguments
the geometric mean should be the intersection of the three geodesic medians, i.e., the
geodesic segments joining the vertices of the geodesic triangle to the midpoints of the
opposite sides. In flat geometry, this intersection is located at two-thirds from the
vertices of the triangle. However, in the case of SO(3), due to its intrinsic curvature,
this is not true. The ratio 7y of the length of the geodesic segment joining one rotation
and the geometric mean to the length of the geodesic median joining this rotation
and the midpoint of the geodesic curve joining the two other rotations is plotted as a
function of the angles # in Figure 4.3.
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Fic. 4.3. Plot of the ratio v of the geodesic distance from one vertex to the barycenter over
the geodesic distance from this vertex to the midpoint of the opposed edge in the geodesic equilateral
triangle in SO(3). The departure of v from 2/3, which is due to the curvature of SO(3), increases
with the length, 6, of the sides of the triangle.

5. Weighted means and power means. Our motivation for this work was to
construct a filter that smooths the rotation data giving the relative orientations of
successive base pairs in a DNA fragment; see [19] for details. Such a filter can be a
generalization of moving window filters, which are based on weighted averages, used
in linear spaces to smooth noisy data. The construction of such filters and the direct
analogy we have found between the arithmetic and geometric means in the group of
positive numbers, and the projected arithmetic and geometric means in the group
of rotations, have led us to the introduction of weighted means and power means of
rotations that we discuss next.

DEFINITION 5.1. The weighted projected arithmetic mean of N given rotations
Ry, ..., Ry with weights w = (w1, ..., wy) is defined as

N
(5.1) Ay(Ry,..., Ry;w) := argmin »_w,|[R— Ry|%.
ReSO(3) 7,2,

This mean satisfies the bi-invariance property. Using similar arguments as for the
projected arithmetic mean one can show that the weighted projected arithmetic mean
is given by the polar factor of the polar decomposition of the matrix A = 25:1 wp Ry,
provided that det A is positive.

DEFINITION 5.2. The weighted geometric mean of N rotations Ry, ..., Ry with
weights w = (w1, ..., wy) is defined as
N
(5.2) &,(R1,..., Ry;w) := argmin » _w, | Log(R" R,,)|%-
ReSO(3) “1

This mean also satisfies the bi-invariance property. Using arguments similar to
those used for the geometric mean, we can show that the weighted geometric mean is
characterized by 25:1 w, Log(RER) = 0.

DEFINITION 5.3. For a real number s such that 0 < |s| < 1, we define the
weighted sth power mean rotation of N rotations Ry, Rs, ..., Ry with weights w =
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(wi,...,wN) as
N
(5.3) MEN(R;, ..., Ryiw) == argmin Y _ w,[|R* — R;[3.
RESO(3) -2
We note that [Sﬁgf,](Rl,...,RN;w)]s = A, (R7,...,Ry;w). Of course for s =

1 this is the weighted projected arithmetic mean. Because elements of SO(3) are
orthogonal, and the trace operation is invariant under transposition, the weighted
sth power mean is the same as the weighted (—s)th power mean. Therefore, it is
immediate that the weighted projected harmonic mean, defined by

ﬁw(Rla"'vRN;w) = [mw(Rflw"aR;\Il;w)]_la

coincides with the weighted projected arithmetic mean.

This is a natural generalization of the sth power mean of positive numbers, and
it is in line with the fact that for positive numbers (z1,...,zy) the sth power mean
is given by the sth root of the arithmetic mean of (z5,...,2%) [12, 2]. One has to
note, however, that for s such that 0 < |s| < 1 this mean is not invariant under the
action of elements of SO(3). This is not a surprise, as the power mean of positive
numbers also does not satisfy the homogeneity property.

For the set of positive numbers [12] and similarly for the set of Hermitian defi-
nite positive operators [25], there is a natural ordering of elements and the classical
arithmetic-geometric-harmonic mean inequalities holds. Furthermore, it is well known
[12, 25] that the sth power mean converges to the geometric mean as s goes to 0. How-
ever, for the group of rotations such a natural ordering does not exist. Nonetheless,

one can show that if all rotations R, ..., Ry belong to a geodesic ball of radius less
than 7 centered at the identity, then the projected power mean indeed converges to

the geometric mean as s tends to 0.

Analysis of numerical algorithms for computing the geometric mean rotation and
the use of the different notions of mean rotation for smoothing three-dimensional
orientation data is forthcoming.

Acknowledgments. The author is grateful to Professor J. H. Maddocks for
suggesting this problem and for his valuable comments on this paper. He also thanks
the anonymous referee for his helpful comments.

REFERENCES

[1] M. BERGER AND B. GOSTIAUX, Differential Geometry: Manifolds, Curves, and Surfaces,
Springer-Verlag, New York, 1988.

[2] P.S. BULLEN, D. S. MITRINOVI¢, AND P. M. VasI¢, Means and Their Inequalities, Math. Appl.
(East European Ser.) 31, D. Reidel, Dordrecht, The Netherlands, 1988.

[3] M. L. Curtis, Matriz Groups, Springer-Verlag, New York, Heidelberg, 1979.

[4] T. D. DowNs, Orientation statistics, Biometrika, 59 (1972), pp. 665-676.

[5] A. EDELMAN, T. A. ARias, AND S. T. SMITH, The geometry of algorithms with orthogonality
constraints, STAM J. Matrix Anal. Appl., 20 (1998), pp. 303-353.

[6] D. W. EGGERT, A. LORUSsO, AND R. B. FISHER, Estimating 3-D rigid body transformations:
A comparison of four magor algorithms, Machine Vision Appl., 9 (1997), pp. 272-290.

[7] N. I. FISHER, Spherical medians, J. Roy. Statist. Soc. Ser. B, 47 (1985), pp. 342-348.

[8] N. I. FISHER, Statistical Analysis of Circular Data, Cambridge University Press, Cambridge,
UK, 1993.

[9] N.I. FISHER, T. LEwIis, AND B. J. J. EMBLETON, Statistical Analysis of Spherical Data, Cam-
bridge University Press, Cambridge, UK, 1987.



MAHER MOAKHER

. H. GoruB AND C. F. VAN LoAN, Matriz Computations, The Johns Hopkins University
Press, London, 1989.

. GROVE, H. KARCHER, AND E. A. RUH, Jacobi fields and Finsler metrics on compact Lie
groups with an application to differentiable pinching problem, Math. Ann., 211 (1974),
pp. 7-21.

. H. HarDY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, Cambridge University Press,
Cambridge, UK, 1934.

. HELMKE AND J. B. MOORE, Optimization and Dynamical Systems, Springer-Verlag, London,
1994.

. IsErLES, H. Z. MUNTHE-KAAS, S. P. N@RSETT, AND A. ZANNA, Lie-group methods, Acta

Numer., 9 (2000), pp. 215-365.

E. Jupp AND K. V. MARDIA, Mazimum likelihood estimation for the matriz von Mises-Fisher
and Bingham distributions, Ann. Statist., 7 (1979), pp. 599-606.

E. Jupp AND J. T. KENT, Fitting smooth paths to spherical data, Appl. Statist., 36 (1987),

pp. 34-46.

. KARCHER, Riemannian center of mass and mollifier smoothing, Comm. Pure Appl. Math.,

30 (1977), pp. 509-541.

G. KHATRI AND K. V. MARDIA, The von Mises-Fisher matrix distribution in orientation

statistics, J. Roy. Statist. Soc. Ser. B, 39 (1977), pp. 95-106.

S. MANNING, J. H. MADDOCKS, AND J. D. KAHN, A continuum rod model of sequence-

dependent DNA structure, J. Chem. Phys., 105 (1996), pp. 5626-5646.

. V. MARDIA, Statistics of directional data, Prob. Math. Statist. 13, Academic Press, London,
New York, 1972.

M. MURRAY, Z. L1, AND S. S. SASTRY, A Mathematical Introduction to Robotic Manipula-
tion, CRC Press, Boca Raton, FL, 1996.

. J. PRENTICE, Fitting smooth paths to rotation data, Appl. Statist., 36 (1987), pp. 325-331.

. M. SELIG, Geometrical Methods in Robotics, Springer-Verlag, New York, 1996.
. T. SMITH, Optimization techniques on Riemannian manifolds, in Hamiltonian and Gradient

Flows, Algorithms and Control, A. Bloch, ed., AMS, Providence, RI, 1994, pp. 113-136.
. E. TrRAPP, Hermitian semidefinite matriz means and related matriz inequalities—an intro-
duction, Linear and Multilinear Algebra, 16 (1984), pp. 113-123.
UDRISTE, Convex Functions and Optimization Methods on Riemannian Manifolds, Math.
Appl. 297, Kluwer Academic, Dordrecht, The Netherlands, 1994.
. S. WATSON, Equatorial distributions on a sphere, Biometrika, 52 (1965), pp. 193-201.



SIAM J. MATRIX ANAL. APPL. (© 2002 Society for Industrial and Applied Mathematics
Vol. 24, No. 1, pp. 17-24

ON THE ITERATIVE CRITERION FOR GENERALIZED
DIAGONALLY DOMINANT MATRICES*

LEI LIf

Abstract. An iterative method for identifying generalized diagonally dominant matrices
(GDDMs, or H-matrices) was given in [B. Li et al., Linear Algebra Appl., 271 (1998), pp. 179—
190], where the method is divergent when the matrix is not a GDDM. In this paper, we present an
improved version. The new method is always convergent and needs fewer iterations than the ear-
lier one. Some interesting features of the new method are presented. Spectral radii of nonnegative
matrices with a constant diagonal entry also can be computed by our method.

Key words. H-matrix, diagonally dominant matrix, iteration, criterion
AMS subject classifications. 15A15, 15A09, 15A23

PII. S0895479898348829

1. Introduction. Let A = (a;;) be an n X n complex matrix, N = {1,2,...,n},
and Ni(A) = {i[ |au| > >0, lai;| = Sii € N} # @. A matrix A is called a
strictly diagonally dominant matrix if Ny = N and a generalized diagonally dominant
matriz (GDDM) if there exists a positive diagonal matrix D such that AD is strictly
diagonally dominant.

GDDM is a special class of matrices with wide applications in engineering and
scientific computation [2]. Tterative algorithms for solving systems of linear equations
with generalized diagonally dominant coefficient matrices have been studied; see, e.g.,
[3] for serial iterations and [4] for asynchronous parallel iterations with arbitrary
splitting form. The extension to some nonlinear cases was studied in [5]. Another
special class of matrices is the M-matrix. It has been proved that when the coefficient
matrix of a linear system is an M-matrix, many iterative algorithms are convergent,
e.g., multiple splitting methods [9] and some recent methods for solving elliptic PDEs
with domain decomposition and Schwarz’s relaxation [10]. A matrix A = (a;;) is an
M-matrix if a;; < 0 for ¢ # j and a;; > 0 and A isa GDDM. Then the identification of
GDDMs plays an important role in analyzing the convergence of iterative algorithms.

The problem that interests us is how to identify the generalized diagonally dom-
inant for a general matrix, particularly in a large scale. A matrix A is a GDDM if
and only if m(A) is an M-matrix, where m(A) is the comparison matrix of A. More
than forty equivalent conditions for the M-matrix have been given in [2]. All of these
conditions are difficult for practical purposes. Several direct algorithms for identifying
GDDMs were given in [3, 6, 7, 11]. However, those algorithms are successful only for
some special cases. No direct algorithms have been explored for a general matrix. Re-
cently, an iterative criterion for the identification of GDDMs was presented in [1, 12].
It has been proved that this iterative criterion is successful (convergent) only if the
matrix is a GDDM. However, the method in [1, 12] is divergent when A is not a
GDDM. The method has been applied in many engineering computations [13, 14].

*Received by the editors November 25, 1998; accepted for publication (in revised form) by P.
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In this paper, we present an improved iterative method. The new method is
always convergent in finite iterative steps for general matrices, and the number of
iterations in the new method is less than that of the method in [1]. Also we present
some interesting features of this method, which enable it to compute the spectral radii
of nonnegative matrices with a constant diagonal entry.

2. An improved iterative criterion. An iterative criterion for general GDDMs
is given as follows.
ALGORITHM 1.
For a given complex matrix A = (aij)nxn, ¢ii #0,1=1,2,...,m
Compute S; =3, ; lai;|, i =1,2,...,n.
Set t =0. For i =1,2,...,n,if |a;| > S;, then set t =t + 1.
If t = 0, then print “A is not a GDDM” : END.
If t = n, then print “A is a GDDM” : END.
For ¢ =1,2,...,n, compute

S W=

S; + ¢

= ai; = a;; - d; j:12...
) Ji Ji (2] s 4y
‘CL“‘|+<€

(3
where € > 0 is a positive parameter.

6. Go to step 1.

Remark. Algorithm 1 generates two sequences of matrices, {A®} and {D®},
where A®) and D) denote the matrices A and D in the ith iteration, respectively.
When A©®) = A is a GDDM, the sequence { A} obtained in [1] satisfies the following
monotonicity:

N (A Cc Ny AWy C ... Cc Ny(AW) C ... = N,

where Ny = {i||ai;| > Si,i =1,2,...,n}. But it is not true for our algorithm.

In Algorithm 1, £q is a small positive parameter to be determined by users. Usu-
ally, the number of iterations is a function of the parameter e. Our numerical inves-
tigations illustrate that the number of iterations has its minimum at a small ¢y and
is a constant when ¢ < g9. However, it is difficult to find ¢y in general. In fact, one
only needs to find the smallest one (g,,;,) that can be discriminated by computer.

Let 6 denote the accuracy of the computer and let

Si + Emi .
ﬁ‘a”‘787>67 ZGNl.
Then
Olag; ,
Emin>Ms, ZGNl.

So, we can take

0(|ass .
Emin = Min M, 1€ Nyp .
lai; — Sil

Theoretically, one can choose € based on the above formula in each iteration step. For
simplicity, the above &,,, is used until the iteration stops. It was shown in [2] that
one can choose € = 0 when A is an irreducible matrix.
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3. Theoretical analysis of algorithm. In this section we shall present some
theoretical analysis.

THEOREM 1. If Algorithm 1 stops in finite iterative steps, then its output is
correct.

Proof. There are only two possible outputs in Algorithm 1: “A is not a GDDM”
and “A is a GDDM.” We consider these two cases, respectively, as follows.

(i) If “A is not a GDDM” is the output in the kth iterative step, we need to
prove that both A®) and A are not GDDMs. By Algorithm 1, in this case, t = 0 and
N1 (A®)) = &, where

AR — A0 pO  p@) . . pk-1) _ 4.p

and D = D . DM ... D=1 jg 4 positive diagonal matrix.
If A®) is a GDDM, then there exists a positive diagonal matrix E such that A E
is a strictly diagonally dominant matrix. Let

e; = min{ey, ea,..., e},

where e;, j =1,2,...,n, are the diagonal entries of £J. We have

k k
laile; > 3 Jal ey,

J#i

k k), €j k
a1> Dl 1 = 3 el

J#i J#i

and therefore i € Ny (A®*)). This contradicts N;(A®)) = ®.

Similarly, if A is a GDDM, there exists a positive diagonal matrix F' such that
AF is a strictly diagonally dominant matrix. Since AF = A®) . D='. F and D~'F
is also a positive diagonal matrix, A%®) is a GDDM, which results in a contradiction.
Thus, the output “A is not a GDDM?” is correct.

(ii) If “A is a GDDM” is the output in the kth iterative step, then ¢ = n,
N (A®) = n and

AR — A0) . pO) . pQ) ... pk=-1) — 4D

is strictly diagonally dominant. Since D = D@ DM ... D(k=1) js 4 positive diagonal
matrix, A is a GDDM. The theorem is proved. ]
THEOREM 2. Let

D®) = diag{d{",...,d®}
be the positive diagonal matriz in the kth iterative step of Algorithm 1. Then

(1) lim lim D®) = I,

e—0k—oo

where u s a positive constant and I is the identity matriz.
Proof. (i) Let B®) = (bg)) be the Jacobi iterative matrix of the comparison
matrix m(A®), ie.,

B® .= T — D(m(A®))"Im(AR),
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where D(m(A®))) is a diagonal matrix in which the diagonal entries are the same as
m(A®*)). By the definition of A®), we have
B® = [ — D(m(A®)) " m(A)
= I = [D(m(A¥ D)) DED] L (A% D kD)
S [D(k—l)]— D(m (A(’“ 1))) L, (A(k—l)) . p=1)
= (DU D] = Dm(A*)) (A pE-Y
— [D(k‘fl)]le(kfl)D(kfl)

and therefore
AB®Y = \(BE D) =... = \(BW) = \(BO),

(ii) We denote by S;(B™*)) the sum of entries in the ith row of B*). Then we
have

(2) S;(B®y=d®,  i=12,...n,

by noting the fact that B*) is nonnegative. Since dl(-k) is a continuous function of ¢,
we can consider only the case of e = 0 to prove (1). It follows from Algorithm 1 that

(k)
g _ 2zl |

L)

> | (k=1) | l(k—l)
j#’L
‘ (k— 1)| lk 1)

k—1
Zg;ﬁz |CL( )l dgiaacl)

IN

di* Y - iy
= = i
d!

and

(k=1)| 7(k=1) (k=1)| 4(k—1)
d(k) o Z];ﬁz‘ i |d > quéz I(l |dm7,n o d(kfl)

i |k1)|dk 1) = |a(].€ 1)|-d(.k 0 Ymin >

(2

where dfz,) 1= maxj{djk_l)} and d*-Y .= minj{d(.k_l)}. Let

min

L® =g q*)

man *

It follows that
k _ k—1 _
L(k) - dgvlfz)zm dinz)n <7 dgrljazl) d( ) - L(k 1) .

min

It can be seen that L(*) > 0, k = 1,2,..., is decreasing monotonically. Then there
exists L such that

L = limy_ oo L.
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If L > 0, there exist a constant o and an integer M > 0 such that for &k > M,

dR), —d%) > a,

max mwn

or

dgj()w > d®) + .

min

For convenience, we assume

di, = di” <dy < <dP =dlf), .
Then
B+ — [pW]=1E) . ()
and
(k)
G _ g G
ij EZEROR

In this case, if ¢ > j, we have bgﬁl) > bz(-;-c), and if ¢ < j, bl(-;-cﬂ) < b%-c); i.e., the upper

triangle of B(*+1) is increasing monotonically, and the lower triangle is decreasing.
Since

d, d
b = o) T sl (SEN) =681 ),
ay a

and pF+Y — p(R)

(4 (X

where 3 = d% > 0, we have

d®) > 5 (B®) > bg? — 00 as k — oo
and

d¥) < 5,(B®) < 5,(BO),

which contradicts |d$7’§2m - dgfz)n| being convergent. The proof is complete. d
THEOREM 3. Let u be the positive number defined in Theorem 2. Then
3) u=p(B),

where B is the Jacobi iterative matriz of m(A) and p(B) is the spectral radius of B.
Proof. From the proof of Theorem 2, we have

Let
B* = lim B

By (1) and (2),

S;(B®) — S;(B*) =u as k — oo
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and

B*e = ue,
where e = (1,1,...,1)T. Then u is an eigenvalue of B* and e is the corresponding
eigenvector. It follows that

[1B*|loo = u

by noting the fact that B* is nonnegative. Equation (3) is obtained immediately. ]

THEOREM 4. For any given n x n matrizc A = (a;;), a; # 0, 1 = 1,2,...,n,
Algorithm 1 always stops in finite iterative steps.

Proof. 1t is known that A is a GDDM if and only if m(A4) is an M-matrix, and
m(A) is an M-matrix if and only if the Jacobi iterative matrix B = I—D(m(A))"tm(A)
of m(A) is convergent, i.e., p(B) < 1.

From the proof of Theorem 2, we have

p(B)=p(B®),  k=1,2,...,
and from the proof of Theorem 3,

lim dl(k) =u = p(B).

k—oo
If u < 1, there exists an integer k such that ¢ = n (or ¢ € N) in the kth iteration; if
u > 1, m(A®) is not an M-matrix and there exists an integer k satisfying

Zi >, i=1,2,...,n,

i.e., t = 0 in the kth iteration. The proof is complete. ]

4. Numerical examples.
Ezxample 1. First we consider the matrix

1 -02 -01 -0.2 -0.1
—-0.4 1 -02 -0.1 -0.1
A= -09 -0.2 1 -0.1 =01
-03 —-0.7 =03 1 —-0.1
-1 -03 -02 -04 1

by using both the method in [1] and Algorithm 1. 13 iterations are needed when the
method in [1] with e = 0.001 is used and only 3 iterations are needed for Algorithm 1
with € = 0.1.

Ezxample 2. The second example is

1 —-0.8 —-0.1
A=| -05 1 c
-0.8 —-0.6 1

with a parameter c. It is easy to show that A is not a GDDM when |¢| > 0.3951 and
is a GDDM when |c¢| < 0.3951. Algorithm 1 is always successful for any ¢, while the
method in [1] is divergent for |c| > 0.3951.
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Ezample 3. Finally, we consider the Jacobi matrix B = I — D(m(A)) " m(A)
where A is defined in Example 1. A simple calculation gives

0 02 0.1 02 0.1

04 0 02 0.1 0.1
B=]109 02 0 01 01
03 07 03 0 01

1 03 02 04 O

We replace the convergence conditions ¢ = 0 and ¢ = n in Algorithm 1 with
d —dM] < 0.0001  for i3
Numerical calculation with 12 iterations gives
p(B) =d™ =0991878---, i=1,2...,n,

which confirms our theoretical analysis in Theorem 3 and shows that the method can
be used for computing the spectral radius of a nonnegative matrix with a constant
diagonal entry.

5. Conclusions. We have presented a new iterative method for identifying the
generalized diagonal dominant of a matrix and showed some interesting properties of
the method. Comparing this method to that of [1], we find that the new one needs
fewer iterations and is applicable to any matrices. The new method also can be used
for computing the spectral radius of the Jacobi matrix of an M-matrix. The Gauss
version of the new method remains for future research.

Acknowledgment. The author thanks Prof. Weiwei Sun, City University of
Hong Kong, for his suggestions and comments on the paper.
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SOME NEW RESULTS FOR THE SEMIDEFINITE LINEAR
COMPLEMENTARITY PROBLEM*

M. SEETHARAMA GOWDAT AND Y. SONGT

Abstract. In this paper, we present some new results for the semidefinite linear complemen-
tarity problem (SDLCP). In the first part, we introduce the concepts of (i) nondegeneracy for a
linear transformation L : 8™ — 8™ and (ii) the locally-star-like property of a solution point of an
SDLCP(L, Q) for Q € 8™, and we relate them to the finiteness of the solution set of SDLCP(L, Q) as

Q varies in §™. In the second part, we show that for positive stable matrices Ay, ..., Ay, the linear
transformation L := L4, o La, o---0 Ly, has the Q-property where L4, (X) := A; X + xXAT. A
similar result is proved for the transformation S := S4, 0S4, 0--- 0S4, , where each A; is Schur

stable and S4,(X) := X — AiXAZT. We relate these results to the simultaneous stability of a finite
set of matrices.

Key words. nondegenerate, locally-star-like, semidefinite linear complementarity problem, Q-
property, P-property

AMS subject classifications. 90C33, 93D05

PII. S0895479800377927

1. Introduction. Let 8™ be the vector space of all real symmetric n xn matrices
and let ST be the cone of symmetric positive semidefinite matrices in S™. Given a
linear transformation L : 8™ — 8™ and a matrix Q € 8™, the semidefinite linear
complementarity problem, SDLCP(L,Q), is

(1) Find X € 8} such that Y :=L(X)+Q €S}
and trace(XY)=0 (& XY =0).

This problem, which is a generalization of the standard LCP [4], is equivalent to
finding a pair

(X,Y) € S with X, Y € S} and trace(XY) = 0,
where
S={(X,)Y)eS"x8":Y - L(X)=Q}

is an affine subspace of §™ x 8™ of dimension w By considering a general

affine subspace F (of dimension @ in 8™ x §") instead of S, Kojima, Shindoh,
and Hara [14] introduced the geometric-SDLCP as a model unifying semidefinite
linear programs and various problems arising from system and control theory and
combinatorial optimization [21], [27], [3]. (In [13], Kojima, Shida, and Shindoh show
that when F is monotone, the geometric-SDLCP is equivalent to a semidefinite linear
program.)

It is easily seen (see Appendix A) that the geometric-SDLCP can be reformu-
lated (at the expense of increase in dimension) as an “explicit” SDLCP (1). Thus, we
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timore, MD 21250 (gowda@math.umbc.edu, http://www.math.umbc.edu/ gowda, song@math.
umbc.edu).
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may regard the geometric-SDLCP as equivalent to our SDLCP. While the geometric-
SDLCP may be computationally more attractive (particularly for semidefinite pro-
grams), our “explicit” formulation has certain advantages: It allows us to use cone
LCP results (e.g., Karamardian’s theorem [12]), ideas and results from variational in-
equality theory (e.g., the fixed point map; see section 2), and standard degree theoretic
tools. In addition, our formulation allows us to study monotone and nonmonotone
problems, whereas only the monotone problem has been studied in the geometric-
SDLCP setting; see [19] and the references therein.

While the SDLCP (1) is a generalization of the standard LCP, the nonpolyhedral-
ity of S does not allow us to routinely extend results of standard LCP to SDLCPs.
However, because of extra structure available in 8™, one can expect interesting and
useful results for the SDLCP (that are not available for a general cone LCP).

Motivated by the study of nonmonotone matrices in the standard LCP theory,
Gowda and Song [7] introduced and characterized, in the context of the SDLCP above,
the Ro-, Q-, P- and globally uniquely solvable (GUS) properties of a linear trans-
formation on §™. In [7] and [6] these properties were specialized to transformations

La(X):=AX + XAT and Sa(X):=X - AXAT,

and complementarity forms of theorems of Lyapunov and Stein were obtained. In
particular, it was shown in [7] and [6] that A is positive stable (which means that
every eigenvalue of A has positive real part) if and only if L 4 has the P-property and
that A is Schur stable (that is, every eigenvalue of A has absolute value less than one)
if and only if S4 has the P-property, where the P-property of a linear transformation
L : 8™ — 8" is defined by the condition

X eS", XL(X)=L(X)X negative semidefinite = X = 0.

(As is well known [16], [23], these eigenvalue conditions are related to the (global)
asymptotic stability of the continuous linear dynamical system i—f = —Az(t) and the
discrete linear dynamical system x(k + 1) = Az(k).)

In the standard LCP theory, a matrix M is said to have the nondegeneracy
property if all principal minors of M are nonzero. This is equivalent to saying that
for all ¢ € R", the solution set of standard LCP(M,q) is finite [4]. Motivated by
this equivalence, we address the following question in the first part of the paper:
When does a linear transformation L : 8™ — 8" have the property that for all
Q@ € 8™, SDLCP(L, Q) has a finite number of solutions? We provide an answer by
introducing the concepts of nondegeneracy for a linear transformation and locally-
star-like property of a solution of an SDLCP.

In the second part of the paper, motivated by a result regarding the simultaneous
Lyapunov stability problem for a finite set of matrices, we prove the Q-property of
the composite transformation L := L4, o La, o---0 Ly, , where each A; is positive
stable and L4,(X) := A;X + XA;7. We prove a similar result for the composite
transformation S := S, 054,0---084,, where each A; is Schur stable and S4,(X) :=
X — A; X AT These results are proved using degree theoretic ideas.

2. Preliminaries. As noted earlier, S™ denotes the set of all real symmetric
n x n matrices and S C S™ is the cone of (symmetric) positive semidefinite matrices.
S" is a Hilbert space under the inner product

(2) (X,Y) :=trace(XY).
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It is well known that S is a closed convex self-dual cone in §™. We use the symbol
X=(=)0

to say that X is symmetric and positive semidefinite (respectively, positive definite);
the symbol X < 0 means —X > 0. For a vector x, we write x > 0 to mean that every
component of z is nonnegative. Given a linear transformation L : S — 8™ and a
matrix @ € 8", SOL(L, Q) denotes the solution set of SDLCP(L, Q). For X,Y € 8™,
[X,Y] denotes the line segment joining X and Y, i.e.,

(X, Y] = {(1— )X +1Y : t € [0,1]}.

For a real number «, we write a™ := max{c,0} and o~ := o™ — «a; for a diagonal
matrix D = diag (d1,ds,...,d,), we write D" := diag (d],dJ,...,d}). For X € 8",
writing X = UDU7T with an orthogonal U and a diagonal D, we define Xt :=
UDTUT and X~ :=UD~UT. (Note that X = X — X~.) For a real number r > 0,
B(X,r) denotes a ball of radius r with the center X under the norm induced by the
inner product in (2). Given X,Y € 8™ with XY = Y X, it is well known that there
exist an orthogonal matrix U and diagonal matrices D and E such that X = UDU7T
and Y = UEUT [10]. We use I to denote (depending on the context) either the
identity matrix or the identity transformation.

A matrix A € R™ "™ is positive stable if every eigenvalue of A has positive real
part. For such a matrix, we recall Lyapunov’s result [16], [5]: For any given matriz
G >~ 0(> 0), there is a unique X > 0(>= 0) such that

AX + X AT = G.

A matrix A € R™*™ is Schur stable if every eigenvalue of A has absolute value
less than one. For such a matrix, we recall Stein’s result [23]: For any given matriz
G = 0(=0), there is a unique X = 0 (= 0) such that

X - AXAT = G.

We have the following from [7].
DEFINITION 1. For a linear transformation L : 8™ — 8™, we say that L has the
(a) Q-property if for all Q € S™, SDLCP(L,Q) has a solution;
(b) P-property if XL(X) = L(X)X 20 = X = 0;
(¢) Ro-property if SDLCP(L,0) has a unique solution (namely zero).
We recall some results from [6] and [7].
ProPOSITION 2. Let L : 8™ — 8™ be linear.
(i) If L has the Q-property, then there exists X = 0 such that L(X) > 0.
(ii) P-property implies Q- and Ro-properties.
(iii) If L has the Ro-property, then for all Q € 8™, SDLCP(L, Q) has a bounded
(compact) solution set (which may be empty).
(iv) A matrix A € R™*™ is positive stable if and only if L4, defined by

Li(X):=AX + XAT,

has the P-property.
(v) A matriz A € R™*" is Schur stable if and only if Sa, defined by

SA(X):=X - AXAT,

has the P-property.
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In the second part of the paper, we will use the equation-based reformulation of
SDLCP(L, @): The zero set of the fixed point map

F(X) =X —Ilsp (X — [L(X) + Q)),

where Hgi is the projection mapping from S™ onto S, coincides with the solution
set of SDLCP(L, Q) [8].

3. Nondegeneracy, locally-star-like property, and finiteness of SDLCP
solution sets. In the standard LCP theory, the nondegeneracy of a matrix is defined
as follows: A matrix M € R™ " is nondegenerate if every principal minor of M is
nonzero. It is well known (see section 3.6 in [4]) that M is nondegenerate if and only
if for all ¢ € R™, the linear complementarity problem LCP (M, ¢) has a finite number
of solutions, where LCP(M, q) is to find a vector € R™ such that

>0, y:=Mz+qg>0, and z'y =0 (or equivalently, z *y = 0)

with x * y denoting the componentwise product of x and y. Here we make the obser-
vation (which is easy to verify) that M is nondegenerate if and only if

rx(Mz)=0=2=0.

This motivates us to introduce the concept of nondegeneracy for a linear transforma-
tion from S™ to 8™ in the following way.
DEFINITION 3. A linear transformation L : 8™ — S™ is said to be nondegenerate
if
XL(X)=0= X =0.

It is clear that if L has the P-property, then it is nondegenerate. Also, every
nondegenerate transformation has the Rg-property.

In the results below, we describe the nondegeneracy property for transformations
L4 and S4. But first we recall a result of Taussky and Wielandt [24]: For an m x m
complex matrix C, the spectrum of the transformation Lo : H™ — H™ defined by
Lo(X) :=CX + XC* is 0(C) + o(C*), where o(C) denotes the spectrum (i.e., the
set of all eigenvalues) of C, etc. Here H™ denotes the space of all Hermitian m x m
matrices.

THEOREM 4. Let A € R"*™. Then the following are equivalent:

(i) 0 o(A)+o(A).

(ii) La is nondegenerate.

(iii) L4 s invertible as a transformation from S™ to itself.

(iv) Ly is invertible as a transformation from H™ to itself.

Proof. (1) = (ii). Assume that (i) holds and that there is a nonzero X such that
XLA(X) = 0. Noting commutativity of X and L4(X), we may assume that X and
Y := La(X) are diagonal matrices. (This can be achieved by considering UXU7,
UYUT and UAUT for an appropriate orthogonal matrix U [10].) We write

(3) X:Hj 8} and Y:[gg}

where D and FE are diagonal matrices with D invertible. Writing A in an appropriate
block form as

=[5 1]
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we get DLc(D) = 0 and DDNT = 0 from XL4(X) = 0. Since D is invertible, we
get Lo(D) =0 and N = 0. From the block form of A it follows that the spectrum of
C'is a subset of the spectrum of A, and hence C' inherits the property (i) from A. But
then (because of the Taussky—Wielandt result above), L¢ is invertible, and hence D
must be zero, leading to a contradiction.

(ii) = (iii). The proof is obvious.

(iii) = (iv). Assume that (iii) holds. First we observe that A is invertible. (If
Au = 0, then A(uu®) + (uvu®)AT = 0; since uwu? € 8", from (iii), uu? = 0, and
so u = 0.) Suppose, if possible, that for some Z € H", AZ + ZAT = 0. Writing
Z = X +1Y with X and Y real, noting that A is real and using (iii), we see that
Z =iY, where Y is skew-symmetric. From AY +Y AT = 0, we see that S := AY € S™.
But then AS + SAT = A(AY + Y AT) = 0 implies that S = 0; since A is invertible,
we see that Y = 0. The invertibility of L4 : H™ — H" follows.

(iv) = (i). The proof follows from the above Taussky—Wielandt result. |

Similar to Theorem 4, we have the following for S 4.

THEOREM 5. Let A € R"*". Then the following are equivalent:

(i) 1€o(A)o(A).

(ii) Sa is nondegenerate.

(iii) Sa is invertible as a transformation from S™ to itself.

(iv) Sa is invertible as a transformation from H™ to itself.

Proof. Here we provide (only) a sketch of the proof. Suppose any of the given
conditions holds. Then —1 is not an eigenvalue of A and so (I + A) is invertible. (This
is clear when (i) holds. In the presence of other conditions, Au = —u implies that
X — AXAT = 0 with X = uu” and so u = 0.) Let B := (I + A)~'(I — A). Then

(5) o) = {15 ceat).

Now it can be easily verified that
1

6) Y =BX +XBT with XeH" <<= _-(I+AYI+AT)=X-AXA".
2

It follows from (5) and (6) that (i), (iii), and (iv) are respectively equivalent to
(1) 0¢ o(B) + o(B);
(ii") Lp is invertible as a transformation from S™ to itself;
(iv') Lp is invertible as a transformation from H" to itself.
Because of Theorem 4 (applied to B), we see that ('), (iii’), and (iv'), and hence
(i), (iii), and (iv), are equivalent. To complete the proof, we show that (i) implies
(ii), the implication (ii) = (iii) being obvious. Assuming (i), we suppose that for
some X € 8", XS4(X) = 0. Writing X and A as in (3) and (4) with D diagonal
and invertible, we deduce that D(D — CDCT) = 0 and —DCDN' = 0. Since D is
invertible, we get D = CDCT and (hence) the invertibility of C. We also see that
N = 0. From the block form of A, we see that C' inherits the property (i) from A. Thus
1 & o(C)o(C). Now let A € 0(C) and u # 0 with CTu = Au. Then Du = AC(Du)
implies that + € o(C), leading to a contradiction. Hence S, is nondegenerate and
the proof is complete. ]
In view of the LCP result for nondegenerate matrices mentioned above, we may
ask whether the SDLCP solution sets corresponding to a nondegenerate transforma-
tion are finite. The following example shows that this is false.
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Example 1. In R**2 let A = —1I and @ = I. Then the solution set of
SDLCP(L 4, @), consisting of all matrices of the form
L+VI—422 I\
X = 2
A 17\/1274/\2

with \ real and 4\? < 1, is infinite. For any diagonal (or, more generally, symmetric)
matrix A € R"*™ with a repeated negative eigenvalue, we can modify X and Q
appropriately so that the SOL(L 4, Q) is infinite.

Now, to address the finiteness issue, we introduce the following.

DEFINITION 6. For a linear transformation L : 8™ — 8™ and Q € 8™, let Xy be
a solution of SDLCP(L, Q). We say that Xo has the locally-star-like property if there
exists a ball B(Xg,r) such that for all X € B(Xo,7) N SOL(L,Q),

[Xo0, X] € SOL(L, @),
or, equivalently,
tXo+(1-)X)tYo+ (1 —-8)Y)=0 Vte0,1],

where Y = L(X)+ Q and Yy = L(Xo) + Q.

We note that if SOL(L, Q) is convex, then every solution in SOL(L, Q) has the
locally-star-like property.

We now give a characterization of the finiteness of solution sets in SDLCPs;
recall that a solution X, of SDLCP(L, Q) is locally unique if it is the only solution in
a neighborhood of Xj.

THEOREM 7. For a linear transformation L : S — S, the following are equiv-
alent:

(a) For all Q@ € 8™, SDLCP(L,Q) has a finite number of solutions.

(b) For all Q € 8™, each solution of SDLCP(L,Q) is locally unique.

(¢) L is nondegenerate, and for all Q € S", every solution of SDLCP(L,Q) is

locally-star-like.

Proof. (a)=> (b) is clear.

(b)= (a). Condition (b) implies that SDLCP(L,0) has the trivial solution.
(This is because SOL(L,0) is a cone.) Hence L has the Rg-property, which means
that the SOL(L, Q) is compact for all Q. This, with assumption (b), gives (a).

(b)=(c). To show the nondegeneracy part, let X € S™ be a nonzero matrix
such that X L(X) = 0. Noting the commutativity, we write

X =UDUT and L(X)=UFEU"
for some orthogonal matrix U and diagonal matrices D and E. From DE = 0, we get
XHLX)T =X (L(X))” = X" (L(X))” =X (L(X))" =0.

Defining @ := (L(X))" — L(X ") = (L(X))™ — L(X ), we see that SDLCP(L, Q) has
two distinct solutions X+ and X~ with

tXT+ 1 =X )LD+ (1 —-t)(L(X)")=0 Vte][o1],

ie., [X7,XT] C SOL(L,Q). This contradicts (b).
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Now take any @ € 8™. For an Xy € SOL(L, Q), the locally-star-like property is
trivially satisfied since Xg is locally unique.

(¢c)=(b). Fix Q € 8™ and suppose that there is a sequence {X,} C SOL(L, Q)
which converges to Xg € SOL(L,Q) with X, # X, for all k. By the locally-star-
like condition, [Xo, Xx] € SOL(L,Q) for all large k, resulting in (Xy — Xo)(Yx —
Yy) = 0, where Yy = L(Xy) + Q for all kK =0,1,2,.... But from the nondegeneracy
property, this implies that X = X for all large k, contradicting our assumption.
This completes the proof. 1]

While the locally-star-like property of a solution point of an SDLCP comes up
naturally in Theorem 7, it is not clear how to characterize (or verify) this property
when a (nonlocally unique) solution of SDLCP is given. When A € R™*" is positive
stable and positive semidefinite, it is known (see [7]) that for every @, SDLCP(L 4, Q)
has a unique solution and hence provides an instance of a situation where item (a) of
Theorem 7 holds. It is not clear if item (a) holds for L4 when A is (merely) positive
stable or, more generally, for an L that has the P-property. In the following example,
we describe a matrix A such that A is neither positive stable nor positive semidefinite,
yet SOL(L 4, Q) is finite for every Q.

Ezample 2. Let
-1 0
A= { 0 2 ] '

Then for all Q € S?, SDLCP(L 4, Q) has a finite solution set; see Appendix B.

It is very likely, in light of Examples 1 and 2 above, that SOL(L 4, @) is finite for
all @ € 8™ when the following conditions hold:

(a) A is diagonal (or symmetric);

(b) 0 & o(A)+o(A); and

(c) every negative eigenvalue of A is simple.

4. The Q-property of a composite transformation and simultaneous
stability of a commuting family. Given a set A of matrices, the simultaneous
stability problem is as follows: Find a (symmetric) positive semidefinite X such that
AX + X AT is positive definite for all A € A. As is well known, the above stability
problem is related to the asymptotic stability of the linear time-varying system

dx
pri A(t)x,
where z(t) € R™ and A(t) € A for all ¢ [3].

In connection with this problem, Narendra and Balakrishnan [20] prove the fol-
lowing.

THEOREM 8. Let {Ay,..., A} consist of (pairwise) commuting positive stable
matrices. Then there exists X = 0 such that Ly, (X) = A X + XA T = 0 for all
1=1,...,k.

Their proof consists of proving the existence of the finite sequence { Xy, X1, ..., Xt}
of (symmetric) positive definite matrices with Xo = I and 4; X; 4+ X;4;7 = X;_; (this
is done by using the positive stable property of each A;) and then showing (by com-
mutativity of the A4;’s) that X := X, satisfies the conclusion of the theorem. This
proof reveals the existence of an X > 0 such that L(X) > 0, where L : S” — S§™ is
defined by

L:ZLAIO OLAk-
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Motivated by the equivalence of the P- and Q-properties of L 4 to the positive
stable property of A [7], we may ask whether the above L has the P- and Q-properties
when each A; is positive stable. We answer this by means of the following theorem
and an example.

THEOREM 9. Let {Ay,..., Ar} consist of positive stable matrices. Then L :=
La, 0 0Ly, has the Q-property. In particular, there exists an X > 0 such that
L(X) = 0.

Proof. We first claim that L has the Rg-property. To see the claim, suppose
X»0,Y:=L(X) =0, and XY = 0. Without loss of generality, we can write

(7) X:{g 8} and Y:[gg}

where D and FE are diagonal matrices with D > 0 and E > 0. Now writing Z; :=
(La, 0-+-0Ly, )(X), we see that La,(Z1) = L(X) =Y = 0. Since A; is positive
stable, by Lyapunov’s theorem (see section 2), Z; = 0. Repeating this argument, we
get Zp_1 := L4, (X) > 0. Now using the (block) form of X, we get

(Zi-1)1 (Zik—1)2 ]
(Zi—1)2" 0 ’

From this we get (Zx—1)2 = 0. This implies that Z;_; (in block form) looks like X
with (Zk_1)1 in place of D. By repeating this argument several times, we see that

le[(Zol)l 8]

0=Zr1=1La (X)= {

But then, because of the block forms of Z; and Y, Z1L4,(Z1) = Z1Y = 0. Since 4;
is positive stable, L4, has the P-property and so Z; = 0. Since each transformation
L4, is nonsingular (once again by the P-property), we see from Ly, (Z;) = L(X) that
X = 0. Thus we have shown that SDLCP(L,0) has only one solution, namely, the
zero solution.

Now, fix any @Q € 8™. We show that SDLCP(L, Q) has a solution by showing
that the fixed point map

F(X) =X —Ilsp (X — [L(X) + Q)),

where Hgi denotes the projection mapping from S™ onto S¥, has a zero in S".
That F has a zero is shown via degree theoretic arguments. Define a homotopy
H:8"x[0,1] — 8™ by

H(X, ) 1= X~ Tsy (X — [Lo(X) +1Q)),

where
Liy(X) = (LtAl-&-(l—t)%I © LtAg-i-(l—t)%I 0+ 0 LtAk+(1—t)%I)(X)'
We see that
H(X,0)=1(X)
and

H(X,1) = X = Tgn (X — [L(X) +Q]) = F(X).



SEMIDEFINITE LINEAR COMPLEMENTARITY PROBLEMS 33

Now for each index i and ¢ € [0,1], tA; + (1 — )31 is positive stable, and from
the first part of the proof, L; has the Rg-property for all ¢ € [0, 1]. We now show that
the zero sets of H(-,t) as ¢ varies over [0, 1] are (uniformly) bounded. Suppose there
exist sequences { X} C 8™ and {tx} C [0,1] such that H(Xj,tx) = 0 for all k and
| Xk|| — oo, where | X|| = /trace(X?2). Then X}, solves SDLCP(L;, ,t;Q) and so

(8) X =0, Y=L (Xk) +t.Q =0, and X Y =0.
Assuming ¢ — t* and Hﬁ—zn — X*, it follows from (8) that
X*=0, Y*:=L.(X*)=0, and X*V*=0.

Since X* has norm one, it is a nonzero solution of SDLCP(L;+,0), contradicting the
earlier observation. Hence we have the uniform boundedness of the zero sets of H( -, t)
as t varies. Now let £ be a bounded open set in 8™ containing all of these zero sets
(note that 0 € Q). Then, by the homotopy invariance of the degree [15, Thm. 2.1.2],

deg(F,Q,0) = deg(1,9,0) = 1.

By Theorem 2.1.1 in [15], we conclude that SDLCP(L, @) has a solution.

Now to see the second conclusion of the theorem, we consider a solution Xy of
SDLCP(L,—1I). Then L(Xy) — I = 0 implies that L(Xy) > 0. Since Xy > 0, we may
perturb it to get an X > 0 such that L(X) > 0. This completes the proof. ]

We may ask if the transformation L in the above theorem has the P-property. The
following example shows that this is not the case even when the matrices commute.

Ezxample 3. Let

-1 -3 -1 —6
A= [ 1 9 ] and B = [ 9 5 } .
It can be easily checked that A and B are commuting positive stable matrices. For

1 0 -8 0
X—[O 0},wehave XLA(LB(X))—[ 0 0}50,

so L := L 4 o Lg does not have the P-property.

For a matrix A € R"*" we recall that S4(X) := X — AXAT. Motivated by the
previous theorem, we may ask if a similar result is valid for the composition of several
transformations of the form S4. The following theorem answers this question.

THEOREM 10. Let {A1,...,Ar} consist of Schur stable matrices. Then S :=
Sa, 0 -+ 084, has the Q-property. In particular, there exists an X > 0 such that
S(X) > 0. Moreover, if the matrices A; (j = 1,2,...,k) commute pairwise, then
there is an X > 0 such that

Sa,(X) =0 Vj=1,2,...,k

Proof. The proof is similar to that of the previous theorem. For completeness, we
sketch a proof for two matrices A and B with S(X) = S40S5p5(X). We first claim that
S has the Ro-property. Let 0 # X > 0 be such that ¥ := S(X) = 0 and XY = 0.
If X is nonsingular, then Y = 0 and X = 0 (by the nonsingularity of S4 and Sg),
leading to a contradiction. Without loss of generality, we may write X and Y as in
(7), where D and E are diagonal with D > 0. From 0 < Y = S4(Sp(X)) and Stein’s



34 M. SEETHARAMA GOWDA AND Y. SONG

result mentioned before, we see that Sg(X) > 0. Let B, in the block form, be given
by the right-hand side of (4). Using the block form of X, we compute Sp(X) and
observe that the block in the lower right-hand corner, namely, —NDNT, is positive
semidefinite. But —NDNT is negative semidefinite, and hence —NDN” = 0. Since
D is positive definite, we must have N = 0. This leads to

D-CcDCT 0

Now ZSa(Z) = ZY = 0. Since S has the P-property, we see that Z = 0, and hence
X = 0 (because of the P-property of Sg). This is a contradiction, and so S has the
Ry-property. To see the Q-property of S, we fix a Q € S™ and consider the homotopy

H(X,1) ==X —Ilsp (X = [Si(X) +1Q)),
where
Si := Sia 0SB
and t € [0,1]. We see that H(X,0) = X and H(X,1) = F(X), where
F(X) = X —Ilsz (X = [S(X) +QJ).

We proceed as in the previous theorem and show that F' has a zero, say, X, in an
appropriate bounded open set. This X will solve SDLCP(S, Q). By specializing Q =
—1I (as in the proof of the previous theorem), we deduce the existence of X >~ 0 such
that S(X) > 0. By Stein’s theorem, 0 < S4(Sp(X)) implies that Sp(X) > 0. Finally,
when A and B commute, S4 and Sp commute, and we see that 0 < Sp(Sa(X))
implies S4(X) > 0. This completes the proof. O

Remarks. The last conclusion in the previous theorem is well known in control
theory; see [17]. The above two results motivate us to ask whether similar results exist
in the standard LCP theory. To answer this, we first recall some definitions from the
LCP theory [4]. We say that a matrix M is

(i) a P-matrix if all principal minors of M are positive, or, equivalently,

xx (Mz)<0= 2 =0,

where z % (Mx) is the componentwise product of  and M;

(ii) a Z-matrix if all off-diagonal entries of M are nonpositive;

(iii) a Q-matrix if for all ¢ € R", LCP(M, ¢) has a solution.

The LCP analogue of Theorems 9 and 10 is the following.

PROPOSITION 11. Let {My,..., My} be a set of n X n matrices such that each
M; is a P-matriz with Mi_1 > 0, i.e., every entry in Mi_1 is nonnegative. Then
M = MMy --- My, is a Q-matriz. In particular, this conclusion holds if each M; is
a P N Z-matrix.

To compare this proposition with Theorem 9, we note that the P-matrix property
(described with respect to the cone R’} of nonnegative vectors in R™) is analogous
to the P-property of Definition 1. The condition Mfl > 0 (which is equivalent to
M;'(R%) C R") is analogous to the condition LZil (S%) € 87, which holds when A;
is positive stable.

Now, while a degree theoretic proof, similar to those of Theorems 9 and 10, can be
given for this proposition, we present an elementary argument due to Parthasarathy
based on the following well-known results from the LCP theory [4]:
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(a) Every P-matrix is a Q-matrix. Also, the inverse of a P-matrix is a P-matrix.

(b) An (entrywise) nonnegative matrix M is a Q-matrix if and only if each diag-

onal entry of M is positive.

(c) If M is a P N Z-matrix, then M~! is a nonnegative matrix with positive

diagonal.

(d) The inverse of an invertible Q-matrix is a Q-matrix.

Now to justify the proposition, assume that each M; is a P-matrix with Mi_1 > 0.
Then M{l is a P-matrix and hence a Q-matrix. Since M{l > 0, the diagonal
entries of M[l are all positive. It follows that the inverse of M := MM, --- My is a
nonnegative matrix with a positive diagonal. Hence M ~! is a Q-matrix. From this
we conclude that M is a Q-matrix. The second part of the proposition follows from
the first part and item (c) above.

At this stage one may wonder whether a product of P N Z-matrices is necessarily
either a P-matrix or a Z-matrix. In the following example, we describe a P NZ-matrix
whose third power is neither a P-matrix nor a Z-matrix.

Ezxample 4. Let

2 -2 -1 7 —136 52
A= 0 7 -3 sothat A3=1| 30 337 —174
-1 0 1 -8 20 -1

We see that A is a P N Z-matrix, while A3 is neither a P-matrix nor a Z-matrix.

Remarks. In [22, p. 14], Parthasarathy presents two P N Z-matrices of size 4 x 4
whose product is neither a P-matrix nor a Z-matrix. He also notes [22, p. 13] that a
product of two P N Z-matrices of size 3 x 3 must be a P-matrix.

Appendix A. Here we show that the geometric-SDLCP of Kojima, Shindoh,
and Hara can be reformulated as SDLCP (1).

Let F be an affine subspace of 8™ x 8™ of dimension
geometric-SDLCP (F):

% and consider the
Find (X,Y) € FN (S} x S}) such that trace (XY) = 0.
We may write, without loss of generality,
F={(X,Y)eS"x8": Li(X)+ Lo(Y) = B},

where Ly and Lo are linear transformations from S™ to itself, and B € S".
We define L : S3* — S3" and Q € S3" by

X x % Y 0 0
L x Y % =| 0 Li(X)+ L2(Y) 0 ,

* * Z 0 O 7L1(X) - LQ(Y)
0 0 0
Q=0 —-B 0
0 0 B

It is easily verified that if

X * x
W = * Y %
*  x  J
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solves SDLCP(L, @), then (X,Y) solves the geometric-SDLCP(F). On the other
hand, if (X,Y") solves the geometric-SDLCP(F), then

0 0
W = Y 0
0 0

solves SDLCP(L, Q). Thus the solvability of geometric-SDLCP(F) is equivalent to

the solvability of SDLCP(L, Q).

Appendix B. Here we justify the assertion made in Example 2, namely, that for

-1 0
=[hs)
SDLCP(L 4, Q) has a finite solution set for all Q € S2.
Suppose, if possible, that there is a @ with SDLCP(L 4, @) consisting of infinitely

many solutions. Let {Xj} be an infinite sequence of solutions for SDLCP(L 4, Q),
where we write

Xk_{xk y’“] and Q_[p q].

Yk 2k q T

From Xj, = 0, Ls(Xk)+Q = 0, and Xi[La(Xg) + Q] = 0, we see the existence
of infinitely many positive \;’s satisfying

(9) rp(p — 2x1) = —yr(yr +q) = ze(d2p +7) = Ag
with
(10) Ye = Tz

for each k. From (9) we see that p > 0 and ¢ # 0. Solving various equations in (9),
we get

(11) Tp = pE VP -8
4 b

—q £ +/q? — 4\
(12) Yk = g 2q k, and
(13) ; - EVr? 4 16),
k= .
8

From (11) and (12), we see that {Ax} is bounded; without loss of generality, we may
say that

2 2
(14) A — A € {O,min{pg,qél}] .

Assuming that the signs (+or —) in g, yx, and z are fixed for all k, we let xp —

Tsy Y — Yx, and Zk T Zx.
2 2
Case 1. A\, = min{%&-, 4-}. We consider the following subcases.
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2

< B From (10), we have

INEW

(1)
(15) Ur® =y = (T — Tu) 2k + T (2 — 24)-

Dividing both sides of (15) by (A — A«) and taking the limit, we see that the
left-hand side is infinite, whereas the right-hand side is finite. So this subcase
is not possible.

(2) % > %: This is similar to item (1). The right-hand side is infinite yet the
I%ft—hand side is finite. Once again, this subcase is not possible.
q

2
(3) 4 = & In this case, we see that

Yk = CT  OF TpYr = dAg,

where ¢ and d are constants. From these relations and (10), we have (i)
xp = 2 or (i) yp® = dAgzk. Since

lim Tk 7 T and lim ye’ —
k— o0 )\k — A k— o0 /\k — A
are infinite while
2k — Zx
lim =k

k—oo )\k — )\*

is finite, neither (i) nor (ii) can be true.
Therefore, Case 1 is not possible.
Case 2. 0 < A, < min{%, %}. By suppressing & in (11)—(13) and putting ¢ =
Vr? + 16\, we may regard x, y, and z as functions of ¢ with power series expansions
valid in (o, 8), where a := |r| and 8 := /min{(2p? + r2), (4¢2 + 12) }:

oo
x = Z an(t?)",
n=0

(16) y=3 b2,
n=0

and
1
z= g(—r +1).

Then (10) shows that

. 2 -
(17) <an(’f2)”> = (Z an(tQ)"> %(—r:l:t)
n=0 n=0

holds for all t = ¢;. Since t; — t. € [, 8) C (=03, ) and the power series in (17)
are defined in (—g, 8), the above equality must hold for all ¢ € (=3, 3). But since the
left-hand side has only even powers of ¢t while the right-hand side has both even and
odd powers of ¢, the series on the left must be identically zero. Thus y and hence y;
must be zero for all k. This implies that Ay = 0, which is a contradiction. Therefore
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Case 2 does not occur either. Thus we cannot have infinitely many solutions in the
solution set of SDLCP(Ly4, Q).
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BLOCK-ITERATIVE ALGORITHMS WITH
DIAGONALLY SCALED OBLIQUE PROJECTIONS
FOR THE LINEAR FEASIBILITY PROBLEM*

YAIR CENSOR' AND TOMMY ELFVING#

Abstract. We formulate a block-iterative algorithmic scheme for the solution of systems of
linear inequalities and/or equations and analyze its convergence. This study provides as special
cases proofs of convergence of (i) the recently proposed component averaging (CAV) method of
Censor, Gordon, and Gordon [Parallel Comput., 27 (2001), pp. 777-808], (ii) the recently proposed
block-iterative CAV (BICAV) method of the same authors [[EEE Trans. Medical Imaging, 20 (2001),
pp. 1050-1060], and (iii) the simultaneous algebraic reconstruction technique (SART) of Andersen
and Kak [Ultrasonic Imaging, 6 (1984), pp. 81-94] and generalizes them to linear inequalities. The
first two algorithms are projection algorithms which use certain generalized oblique projections and
diagonal weighting matrices which reflect the sparsity of the underlying matrix of the linear system.
The previously reported experimental acceleration of the initial behavior of CAV and BICAYV is thus
complemented here by a mathematical study of the convergence of the algorithms.

Key words. block-iterative algorithms, component averaging (CAV), block-iterative CAV,
simultaneous algebraic reconstruction technique, oblique projections, linear feasibility problem
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1. Introduction. Recently Censor, Gordon, and Gordon proposed and studied
new iterative schemes for linear equations: In [7] the CAV (component averaging)
method was presented as a simultaneous projection algorithm and in [8] BICAV was
proposed as a block-iterative companion to CAV. In these methods the sparsity of
the matrix is explicitly used when constructing the iteration formula. Using this
new scaling we observed considerable improvement compared to traditionally scaled
iteration methods. In [7] a proof of convergence was given for unity relaxation only,
whereas no proofs at all were given for the block-iterative case [8].

The purpose of this paper is to describe a generalization to linear inequalities
(with linear equations as a special case) of the Censor, Gordon, and Gordon schemes
and study its convergence. It is shown that for the consistent case the block-iterative
scheme (of which the fully simultaneous method is a special case) converges. For the
inconsistent case we consider only linear equations and show that the simultaneous
scheme converges to a weighted least squares solution. The treatment of the consistent
case is based on our paper [6], in which an accelerated version of the fully simultaneous
method with orthogonal projections for linear inequalities was proposed and studied.
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Recent relevant work of Byrne [5] and Jiang and Wang [19] is referred to at the
end of Examples 7.1 and 7.2, respectively.

2. The CAV algorithm: Motivation and review. To motivate this work,
let us consider linear equations and denote the hyperplanes

(2.1) Hi:={z eR" [ (d',2) = bi}

fori=1,2,...,m, where (-, -) is the inner product and a’ = (aj»);?:l € R", a' # 0, and
b; € R are given vectors and given real numbers, respectively. Then the orthogonal
(nearest Euclidean distance) projection P;(z) of any z € R™ onto H; is

b; — (a', z)

2
||GZH2

A
)

(2.2) Pi(z) = z+
where || - ||2 is the Euclidean norm.

In Cimmino’s simultaneous projections method [11] (see also, e.g., Censor and
Zenios [9, Algorithm 5.6.1] with relaxation parameters and with equal weights w; =
1/m), the next iterate x**! is the average of the projections of 2* on the hyperplanes
H;, as follows.

ALGORITHM 2.1 (Cimmino).

Initialization: z° € R™ is arbitrary.
Tterative Step: Given z*, compute

m
(2.3) af = gk X
m

where {A}r>o are relazation parameters.
Expanding the iterative step (2.3) according to (2.2) produces, for every compo-
nent 5 =1,2,...,n,

Mo wm by — (a, zF)
k+1 k k 7 )

= el
i.

When the m X n system matrix A = (a%) is sparse, only a relatively small number

J
of the elements {a]l, a?, ...,a'} in the jth column of A are nonzero, but in (2.4) the
sum of their contributions is divided by the relatively large m. This observation led

Censor, Gordon, and Gordon [7] to consider replacement of the factor 1/m in (2.4) by

a factor that depends only on the nonzero elements in the set {aj,a3,...,a7"}. For
each j =1,2,...,n, denote by s; the number of nonzero elements of column j of the

matrix A, and replace (2.4) by

Mo o= by — (@, z%)

& k

= o - e By
J =1 2

Certainly, if A is sparse, then the s; values will be much smaller than m. But this
posed a theoretical difficulty. The iterative step (2.4) is a special case of

b; — {(at, z¥)

a3

i
)

(2.6) AR LI V) Zwi
i=1
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where the fixed weights {w;}, must be positive for all i and > ", w; = 1. The
attempt to use 1/s; as weights in (2.5) does not fit into the scheme (2.6), unless one
can prove convergence of the iterates of a fully simultaneous iterative scheme with
component-dependent (i.e., j-dependent) weights of the form

“ b; — {a’,x*) ,

k+1 k i ) i

(27) R S P
i=1

forall j =1,2,...,n.

To derive a proof of convergence for (2.7), Censor, Gordon, and Gordon modified
it further by replacing the orthogonal projections onto the hyperplanes H; by certain
oblique projections induced by appropriately defined weight matrices, as will be ex-
plained next. Consider a hyperplane H := {z € R" | {(a,x) = b}, with a = (a;) € R",
b € R, and a # 0. Let G be an n x n symmetric positive definite matrix and let
2|2 := (z,Gz) be the associated ellipsoidal norm; see, e.g., Bertsekas and Tsitsiklis
[4, Proposition A.28]. Given a point z € R™, the oblique projection of z onto H with
respect to G is the unique point P§(z) € H for which

(2.8) PS(2) = argmin{|jz —z||¢ |z € H}.
Solving this minimization problem leads to

b—{a,z) ,_4

2
lallg-

a,

(2.9) PS(z) = 2+

where G~! is the inverse of G. For G = I, the identity matrix, (2.9) yields the
orthogonal projection of z onto H, as given by (2.2); see, e.g., Ben-Israel and Greville
[3, section 2.6].

In order to consider oblique projections onto H with respect to a diagonal matrix
G = diag(g1, g2, - - -, gn) for which some diagonal elements might be zero, the following
definition is used.

DEFINITION 2.1 (see [7]). Let G = diag(g1,92,--.,9n) with g; > 0 for all j =
1,2,...,n, let H = {z € R" | {a,x) = b} be a hyperplane with a = (a;) € R"
and b € R, and assume that g; = 0 if and only if a; = 0. The generalized oblique
projection of a point z € R™ onto H with respect to G is defined, for allj =1,2,...,n,
by

b—{a,z) a; .
Zj‘i’ﬁ‘ﬁ if gj7é0,
(2.10) (P§(2)); = Sy

Zj if gj:0

It is not difficult to verify that this P (z) belongs to H, that it solves (2.8) if
|z —z||¢ is replaced there by (x—z, G(x—z2)), and that it is uniquely defined, although
other solutions of (2.8) may exist due to the possibly zero-valued g;’s. This P ()
reduces to (2.9) if g; #0 for all j =1,2,...,n.

Consider next a set {G;}™, of real diagonal n x n matrices G; = diag(g:1, gi2, - - - ,
gin) With g;; > 0foralli=1,2,...,mand j =1,2,...,n and such that ) ;" | G; = I.
Referring to the sparsity pattern of A, one needs the following definition.

DEFINITION 2.2 (see [7]). A family {G;}7, of real diagonal n x n matrices with
all diagonal elements g;; > 0 and such that Y .- G; = I is called sparsity pattern
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oriented (SPO) with respect to an m xn matriz A if, for everyi=1,2,...,m, ¢g;; =0
if and only if aé =0.

The CAV algorithm of [7] combined three features: (i) Each orthogonal projection
onto H; in (2.3) was replaced by a generalized oblique projection with respect to G;.
(ii) The scalar weights {w;} in (2.6) were replaced by the diagonal weighting matrices
{G;}. (iil) The actual weights were set inversely proportional to the number of nonzero
elements in each column, as motivated by the discussion preceding (2.5). The iterative
step resulting from the first two features has the form

(2.11) ghl = gk +)\kiGi (Pg;(xk) ka),

i=1

or, equivalently, substituting from (2.10) for each Pg, one gets the following.
ALGORITHM 2.2 (diagonal weighting (DWE); see [7]).
Initialization: z° € R™ is arbitrary.

Iterative Step: Given x¥, compute ¥t by using, for j =1,2,...,n, the formula
m ik
b — {a", 2"y
k+1 __ k 4 )
(2.12) T = x A E o @ -aj,
9;;#10 il?zl?fo git

where {G; 14 is a given family of diagonal SPO (with respect to A) weighting matrices
as in Definition 2.2, and {\,}r>0 are relazation parameters.

Finally, the diagonal matrices {G;}", are constructed in order to achieve the
acceleration discussed above. Define

| T
55 if aj #0,
0 if aé =0.

With this particular SPO family of G;’s one obtains the CAV algorithm.
ALGORITHM 2.3 (component averaging (CAV); see [7]).

Initialization: z° € R™ is arbitrary.

Iterative Step: Given z¥, compute ¥t by using, for j =1,2,...,n, the formula

(A

k+1 __ k 7 ) 7

(214) AT NU VA o Sl L
i=1 2.1=1 51 (az)

where {A}r>o are relazation parameters and {s;}]_, are as defined above.

It was shown in [7] that Algorithm 2.2, with A\, = 1 for all & > 0, generates
sequences {x” }e>0 which always converge regardless of the initial point z° and in-
dependently from the consistency or inconsistency of the underlying system Az = b.
Moreover, it always converges to a minimizer of a certain proximity function.

3. The block-iterative component averaging algorithm (BICAV). The
basic idea of the block-iterative CAV (BICAV) algorithm is to break up the system
Ax = binto “blocks” of equations and treat each block according to the CAV method-
ology, passing cyclically over all the blocks. Throughout the following, T" will be the
number of blocks and, for t = 1,2,...,T, let the block of indices By C {1,2,...,m}
be an ordered subset of the form By = {i{,15,...,4,, ., }, where m(t) is the number of
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elements in B;. There is nothing preventing different blocks from containing common
indices; we require, however, the following.

ASSUMPTION 3.1. Ewvery element of {1,2,...,m} appears in at least one of the
sets By, t =1,2,...,T.

For t = 1,2,...,T, let A; denote the matrix formed by taking all the rows {a’}
of A whose indices belong to the block of indices By, i.e.,

al
(3.1) Ay = . ,t=1,2,....T
‘t'
a'm()
The iterative step of the BICAV algorithm, developed and experimentally tested by
Censor, Gordon, and Gordon in [8], uses, for every block index t = 1,2,...,T, general-
ized oblique projections with respect to a family {G!};cp, of diagonal matrices which

are SPO with respect to A;. The same family is also used to perform the diagonal
weighting. The resulting iterative step has the form

t(k)
(3.2) A= Y G (Pﬁ; (ﬂ)ﬁ),
iEBt(k)

where {t(k)}r>0 is a control sequence according to which the ¢(k)th block is chosen
by the algorithm to be acted upon at the kth iteration, and thus, 1 < t(k) < T for all
k > 0. The real numbers {\x }x>0 are user-chosen relazation parameters. Substituting

(k)
from (2.10) for each Pg , one obtains the following.

ALGORITHM 3.1 (block-iterative diagonal weighting (BIDWE); see [8]).
Initialization: z° € R™ is arbitrary.

Iterative Step: Given a¥, compute ¥t by using, for j =1,2,...,n, the formula
b — (a’, 2%y |
k+1 k 1 9 i
3.3 T = x4+ X E — a4t
o : S R C
D T (S S
g:;k)¢0 9; 70 Tl

where, for each t = 1,2,...,T, {G'}icp, is a given family of diagonal SPO (with
respect to Ai) weighting matrices, as in Definition 2.2, the control sequence is cyclic,
ie., t(k) = kmodT + 1 for all k > 0, {M\x}k>0 are relazation parameters, and
G} = diag(gi1, iz - -+ Gin)-

Finally, in order to achieve the acceleration, the diagonal matrices {G'};cp, are
constructed as in the original CAV algorithm [7], but with respect to each A;. Let s}
be the number of nonzero elements a§- # 0 in the jth column of A; and define

slt if aj» # 0,
to._ J
(3.4) 9ij =
0 ifa%=0.

It is easy to verify that, foreacht =1,2,...,T, ZZEB‘ G = I holds for these matrices.
With these particular SPO families of G!’s one obtains the block-iterative algorithm.
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ALGORITHM 3.2 (block-iterative component averaging (BICAV); see [8]).
Initialization: 20 € R™ is arbitrary.
Iterative Step: Given =¥, compute z*+1 by using, for j =1,2,...,n, the formula

b; — (ai xk> )

k+1 k T 9 7

(35) x] =T + Ak Z n t(k)/ i\ Yo
$€By () 2u1=1 51 (a})

where {\y }x>0 are relazation parameters, {st}], are as defined above, and the control
sequence is cyclic, i.e., t(k) = kmod T + 1 for all k > 0.

For the case T'=1 and By = {1,2,...,m}, Algorithm 3.2 becomes fully simulta-
neous, i.e., it is the CAV algorithm of [7]. For T =m and B, = {t}, t =1,2,...,m,
BICAV simply becomes the well-known ART (algebraic reconstruction technique)
(see, e.g., Herman [17]), also known as Kaczmarz’s algorithm [20] (see also, e.g., [9,
Algorithm 5.4.3]).

4. The algorithmic schemes that cover the CAV and BICAV algo-
rithms. We consider the system of linear inequalities

(4.1) Az < b,

where A is a real m x n matrix. We partition A into row blocks, precisely as done at
the beginning of section 3. The right-hand-side vector b is partitioned similarly with
b denoting those elements of b whose indices belong to the block of indices By,

(4.2) po=| | t=12..T

The classical partitioning with fixed nonoverlapping blocks of equal sizes results by
taking m(t) =1, t =1,2,...,T, with [ x T'=m. For each i = 1,2,...,m, the closed
half-space

(4.3) Li:={zcR"| {a",z) <b; }

has (2.1) as its bounding hyperplane. Define L := N, L; and note that L is a closed
convex set in R™. The task of finding a member of L, i.e., a solution of (4.1), is called
the linear feasibility problem, which is a special case of the convex feasibility problem;
see, e.g., Bauschke and Borwein [2] or [9, Chapter 5].

It is well known and easy to verify that the orthogonal projection Py, (z) of a
point z € R™ onto L; is

(4.4) P (z)=z+ ci(z)ai, where ¢;(z) = min {0, W} .
a’|la

Note that if z ¢ L;, then ¢;(z) < 0; otherwise ¢;(z) = 0. Further define

(4.5) Li(z):={i|i <i< ifn(t) and ¢;(z) <0}



46 YAIR CENSOR AND TOMMY ELFVING

as the set of indices of the half-spaces in the ¢th block which are violated by z. We
also introduce diagonal matrices {D;}]_;, corresponding to the blocks {4;}Z ;,

() O ={ 5 e

Let {M;}_, be some given positive definite and symmetric matrices with nonnegative
elements. Define

(47) Mt(Z) = Dt(Z)MtDt(Z), t= 1,2,...,T.

If {z*}1>0 is a sequence of vectors, then we use the following abbreviations: ¢;(z*) =
¥ I, (z%) = IF, Dy(2*) = DF, and M;(2*) = M}. We propose now the block-iterative
algorithmic scheme which will work as an algorithmic structure that covers the CAV
and BICAV algorithms and extends them from methods for solving linear equations
to methods for solving the linear feasibility problem (i.e., both linear equations and
linear inequalities). We use T to denote matrix transposition, but no ambiguity with
the index T can arise.
ALGORITHM 4.1 (block-iterations for linear inequalities).

Initialization: z° € R™ is arbitrary.

Iterative Step: Given a¥, compute

(4.8) et = 2 N A My (0 — Aygya®),

where { A, }k>0 are relaxation parameters, and {¢t(k)}x>0 s the control sequence gov-
erning which block is taken up at the kth iteration.

For the choice T' = 1 there is only one block, and we get the fully simultaneous
version of Algorithm 4.1. In fact this method is then identical to Algorithm 2 of
Censor and Elfving [6]. In addition to the cyclic control sequence, defined and used
in Algorithms 3.1 and 3.2 above, we consider here two additional control sequences.
These additional controls are problem-dependent. Denote by d(z, L;) the Euclidean
distance between a point z € R™ and the set L; and define

(4.9) O(z) = {supd(x, L;)|1 <i<m}.

DEFINITION 4.1. (i) We say that a sequence {t(k)}r>0 such that 1 < ¢(k) < T
for all k > 0 is an approximately remotest block control sequence (with respect to the
sequence {x*}r>0, the family of sets {L;}, and the blocks {B,}_,) if, for every
k >0, there exists an i € By, such that

(4.10) lim d(z*,L;) = 0 implies that lim ®(z*) = 0.
k—o0 k—o0

(ii) We say that a sequence {t(k)}r>0 such that 1 < t(k) < T for allk >0 is a
remotest block control sequence (with respect to the sequence {mk}kzo, the family of
sets {L;} 1, and the blocks {B}{—,) if, for every k > 0, there exists an i € By,
such that

(4.11) Jim d(z*, L;) = ®(z").

Every remotest block control is an approximately remotest block control. If all
blocks consist of a single index, then these two definitions coincide with the definitions
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of the approximately remotest set control and the remotest set control, respectively, of
Gubin, Polyak, and Raik [16, section 1] (see also [9, section 5.1]). We will prove the
next result in what follows.

THEOREM 4.1. Assume that L # () and that the relaxzation parameters are re-
stricted to

(4.12) 0 <e< A < (2—6)/p(Aly My Aury) for all k > 0,

where € is an arbitrarily small but fived constant and {M;}]_, are given symmetric and
positive definite matrices with nonnegative elements. If {t(k)}r>o0 is a cyclic control
or an approximately remotest block control, then any sequence {xk}kzo, generated by
Algorithm 4.1, converges to a solution of the system (4.1).

We also formulate the corresponding block-iterative algorithmic scheme for linear
equalities

(4.13) Az =b.

ALGORITHM 4.2 (block-iterations for linear equalities).
Initialization: z° € R™ is arbitrary.
Iterative Step: Given a¥, compute

(4.14) 2 = b N AT My (0 — Ay 2®),

where { A\, }k>0 are relaxation parameters, and {t(k)}r>0 s the control sequence gov-
erning which block is taken up at the kth iteration.
For this algorithm the following theorem will be proven in the next section.
THEOREM 4.2. Assume that H := N H; # () and that the relazation parameters
are restricted to

(4.15) 0 <e< Ak < (2= €)/p(Afjy Myry Ag(ry) for all k>0,

where € is an arbitrarily small but fived constant and {M;}L_| are given symmetric and
positive definite matrices with nonnegative elements. If {t(k)}r>0 is a cyclic control
or an approximately remotest block control, then any sequence {xk}kzo, generated by
Algorithm 4.2, converges to a solution of the system (4.13). If, in addition, 2° €
R(AT) (the range of AT), then {z*}r>0 converges to the solution of (4.13), which
has minimal FEuclidean norm.

5. Proofs of the convergence theorems. In proving Theorem 4.1 we use a
convergence theory developed by Gubin, Polyak, and Raik [16]; see Bauschke and
Borwein [2, Theorem 2.16 and Remark 2.17], which also contains a review and gener-
alizations.

DEFINITION 5.1. A sequence {xk}kzo is called Fejér-monotone with respect to
the set L if, for every x € L,

(5.1) [|2F T — ||y < ||z* — z||2 for all k> 0.

It is easy to verify that every Fejér-monotone sequence is bounded. The conver-
gence theory of Gubin, Polyak, and Raik applies to convex closed sets in general. For
the sets L;, defined here, their theorem is the following.
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THEOREM 5.1. Let L = N, L; # 0. If, for a sequence {a*}r>0, the following
conditions hold, then limy_ oo ¥ = 2* € L:

(i) {z*}x>0 is Fejér-monotone with respect to L, and

(ii) limg_ o0 ®(z%) = 0.

Theorem 4.1 will be proved by establishing the conditions of Theorem 5.1. First
we establish, in the next proposition, condition (i) of Theorem 5.1.

PROPOSITION 5.2. Under the assumptions of Theorem 4.1, any sequence {xk}kzo,
generated by Algorithm 4.1, is Fejér-monotone with respect to L, provided that z* ¢ L
for all k > 0.

Proof. We use the notation

(5.2) rt Rk = pitk) At(k)xk and  dtk)F Mk( k)" rtkk,
Let z € L (i.e.,, b— Az > 0), and define e* := 2% — x. Then, by (4.8),
(5.3) eF Tl = eF 4 XAl dT P,

It follows that

(5-4) 1415 = 1P 113 + AR ATy " F113 + 200 (Af a1, ).

From z € L, it we obtain (recall that b; ¢*) is the jth component of the block b*(¥) of
the vector b)

-t (k)

(5.5)  rE g @i by > @l ey =12, mt(k)).
Hence we have for the last summand on the right-hand side of (5.4) that
(¢(k)

<At(k)dt(k)’k7 Z t(k) k t(k),ek>
m(t(k))
(5.6) < - Z d;(k)’kY‘;(k)’k _ _<dt(k),k’7,t(k),k>7
provided that
(5.7) dé(k)’k <0 for j=1,2,...,m(t(k)) and for all k> 0.

To see that (5.7) holds, observe that
(5.8)

0% = (8 ©4) = (Dl D) = (k) | 3 il

SEIWC)

)
where {ms } are the entries of the zj( )th row of Mk, which are nonnegative by

t(k), k

assumption, and observe that r < 0 whenever s € I¥ t(k)*

Turning now to the second summand in the right-hand side of (5.4), we decompose
the semidefinite matrix M t(k) S Mt(k) = WTW and use the well-known inequality

(5.9) (Qy,y) < p(Q)y,y),
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which holds for any symmetric and positive semidefinite matrix ¢ (where p(Q) denotes
the spectral radius of the matrix @Q; see, e.g., Demmel [12, equation (5.2)]), to obtain
||At(k)d k||2 = <ATk)M(k)7" k)k A;‘F(k)Mtk(k)Tt(k)’k>

= t(k)At(k)At(k)Mt(k)rt(k)vk’Tt(k),k>

= <(WAt(k)At’IEk)WT)W7,t(k)7k;7 W,r.t(k)),k)>
g p(WAt(k)AZEk WT)<W1"t(]C)’k’ W']"t(k)’k>
(5.10) = p(At(k At(k))<d t(k),k (k)7k>.

Substituting (5.10) and (5.6) into (5.4), we get
(5.11) 113 < 11113 + Ak (Af g My Acry) — 2){d EIH, B8,

where (dt(F)k ptR)EY — (Wptk)k J7ptk)kY > 0, Now using (4.12), the desired con-
clusion |[eF*1|] < ||e’“\| follows. 0O

Note that if I =0 (ie., Aygyz® < b'®), then Df(k) =0, and hence dt()-F =
so that the second summand in the right-hand side of (5.11) disappears. The next
proposition establishes condition (ii) of Theorem 5.1.

PROPOSITION 5.3. Under the assumptions of Theorem 4.1, any sequence {xk}kzo,
generated by Algorithm 4.1, has the property

(5.12) lim ®(2%) = 0.

k—o0

Proof. Fejér-monotonicity, guaranteed by Proposition 5.2, implies that the se-
quence {||e¥||2}x>0 is monotonically decreasing, and thus converging. It follows then
from (5.11) that

(5.13) lim (dt(F)k ptk)ky — g

k—oo

But

(5.14) (@' VK 1R = (0l R, 0R) = (M ) DE oy et F, DE et 98,

and thus
(5.15) lim Df(k)rt(k)*k =0.
k—oo
Using (4.4),
(k) )
(5.16) (Dl ®*) = chioalla B, =12, m(t(k),
leads to

d(xk’ Lﬁ(k‘)) = ||PLit_(k) (xk) - 'rk||2

it
(5.17) =ik a” ll: = | (Do @) | /1"
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for all j =1,2,...,m(t(k)). This shows, by (5.15), that
(5.18) Jim d(z*,L;) = 0 for all i € By ).

If {t(k)}r>0 is an approximately remotest block control, then the required result
follows directly from (5.18) and Definition 4.1(i) and Assumption 3.1. For a cyclic
control we argue as follows. From (4.8) and (4.7) we get

kaH - 95k||2 = )\k\|AtT(zc)Df(k)Mt(k)Df(k)Tt(k)’k||2

1/2 1/2
(5.19) < Nl AT Do M3 1 - 1M 2] [ D gy F1- |

Therefore, using (4.12) and the fact that, for any matrix Q, it is true that p(Q7Q) =
QT3 (see, e.g., Demmel [12, Fact 9, p. 23]), we obtain

(5.20) [+ — 22 < 0105 | Dyyr ™2,

where

(5.21)
01 == 2max{||M/?|]3 | 1 <i<T} and 65 := max{||ATDFM?||, | 1<i<T}.

The max in the expression of #; exists and is independent of k because of the way
these matrices were defined. If 6, = 0, then, by (4.8), 2**! = 2%, If, on the other
hand, 65 # 0, then 05 is bounded away from zero and, thus, (5.15) and (5.20) yield

(5.22) kllr&||xk+1 — 2|y =0.

Let € > 0 be such that for all k > K, we have ||zFT! — zF||y < ¢/T. To reach the
required conclusion (5.12) we look at d(z*, L;) = ||Pr,(z*) — 2%||2 and observe that
if i € Byx), then (5.18) shows that ||Pr, (z¥) — 2*||2 < € for all k > K. Otherwise,
if i & By, the cyclicality of {#(k)}r>0 guarantees that there exists a 7 such that
1 <7 <T and i€ Bygqr). Then,

d(z, L;) = ||z* — Pp, (2")|]2 < ||l2* — P, (2"17)]]2
< |la? = aFH7T()p + (| — P (2R
<l — a4 [T = 2T 4 (| — P (2T

(5.23) <(T-1)(e/T)+e=¢ 1

for all k > K. Therefore, ®(2*) < € for all k > K, and, using Assumption 3.1, the
result follows. d

So, we see that the last two propositions, combined with Theorem 4.1, imply the
truth of Theorem 4.1.

Proof of Theorem 4.2. Theorem 4.2 follows from Theorem 4.1. To simplify the
discussion we deal only with the case that the weight matrices {M;} are positive
diagonal matrices. This assumption actually holds in all three examples given in
section 7. The general case can be proved along lines similar to the following argument.
Any equation {(a’,x) = b; can be written as a pair of inequalities (a’,x) < b; and
(—a®, ) < —b;. Now for a given linear system Az = b, where A € R™*", and given
diagonal weight matrices {M;} we construct the inequalities Az < b as follows:

(5.24)  a¥t=d', a* =—d', by_1=Dbs by =—b, i=1,2,...,m.
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Denoting the (4, j)th element of a matrix A by (A); ;, we also set
(5.25) (Mt) - (Mt) = (M,),, foralli=1,2,....m.
2i—1,2i—1 24,23 ’

Recall that M} = D,(z*)M,D,(z*), where the matrix Dy(z) is defined in (4.6). Then,
for any x*, one can verify that

(5.26) Ay My (0" — Ay 2y = AT My (0% — Ayya®)

so that the two iteration formulas (4.8) and (4.14) generate the same sequence of
iterates, provided they are initialized with the same vector. It is also true, for any x*,
that

(5.27) (AL M3y Auiy) = PUAT Gy My Avcry )
hence Theorem 4.2 follows. 0

6. The inconsistent case. When there is just one block, i.e., t =T = 1, the
resulting methods are fully simultaneous. We consider here the inconsistent case
behavior only for linear equations. Let M; = M, ¢ = ATMb, and T' = ATM A. Then
the iteration (4.14) can be written as

(6.1) oF T = 2% 4 A\ (e — Tab),

This is the nonstationary Richardson iteration method; cf. Young [24, p. 361]. We
observe that ¢ € R(I") (the range of I') and, if we assume that & satisfies ¢ = I'z, then
# = argmin || Az — b||yr (with ||z||3, = (z, Mz)). Let u* = # — 2% and note that, with
v® = ¢ —T'z¥, it is true that v* = Tu®. It follows that

k—1

(6.2) ub =TT = M),
j=0

Assume first that T is a positive definite matrix. Then any sequence {z*} k>0 gener-
ated by Algorithm 4.2, as given by (6.1), is convergent for any z if and only if

k—1
(6.3) Jim. [[u-x1)=0.
j=0

Since || Hﬁ:é (I =X D)2 < Hf;é p(I — \;T), it follows that any sequence {x*};>o,
generated by Algorithm 4.2, as given by (6.1), converges to a weighted least squares
solution if 0 < € < A\, < (2 —€)/p(T"). In case I is only positive semidefinite we have
a similar result. All of these observations lead to the following theorem.

THEOREM 6.1. Assume that M is a positive definite matriz. If 0 < € < A <
(2—¢€)/p(AT M A) for all k > 0, where € is an arbitrarily small but fived constant, then
any sequence {x*}>0, generated by Algorithm 4.2, as given by (6.1), converges to a
weighted least squares solution # = argmin ||Az — b||ar. If, in addition, z° € R(AT),
then {xk}kzo converges to the unique solution of minimal Euclidean norm among all
weighted least squares solutions.

The proof of Theorem 6.1 can essentially be found in, e.g., Eggermont, Herman,
and Lent [13, p. 44]; see also Elfving [14, p. 4].

We do not give a proof of convergence for the case of linear inequalities. We note,
however, that a variant of Algorithm 4.1 for "= 1 (Cimmino’s method; see Example
7.3 below) was shown to converge locally for the inconsistent case by Iusem and De
Pierro [18] and to converge globally in that case by Combettes [10].
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7. Applications. In this section we will consider only diagonal matrices M; =
diag{ug |7 =1,2,...,m(t)} with positive diagonal elements. For such diagonal ma-
trices let

(7.1)
Wy = AT M A forall t =1,2,...,T and W[,y = Al Ml Ay for all k>0,

and note the expansions

m(t(k

T it N T
(7.2) t(k) Z ’ut(k) t(’”)(zt(k)> ’ Wt(k)— Z Mt(k) (k) (a’yk))

jEIt(k)

Hence the iterative step of Algorithm 4.1 takes the form

(7.3) 2P = gk 4, Z N;(k) (bj( ) _ (ai;(k>,xk>> ai;(k)7

jGIt(k)

and the iterative step of Algorithm 4.2 becomes

m(t(k)) ‘ .
(7.4) gkt — gk, Z u;(k) (b (k) <ai5(k),q;’f>> “ ](m.

j
j=1
Also note that, by (7.2), for all k¥ > 0,

(7.5) P(Wity) < p(Winy)-

In the following examples we show that several algorithms, including the BICAV
and simultaneous algebraic reconstruction technique (SART) algorithms, are in fact
special cases of the algorithmic schemes studied in the previous sections.

Ezample 7.1. The BICAV (Algorithm 3.2) and CAV (Algorithm 2.3) are both
algorithms for equalities and of the form (7.4) with

k 1 1
(7.6) M;( )= i

t(k)
a2, ., zn,lsz“@( )

Here {t(k)}x>0 is the control sequence, st is the number of nonzero elements in the

vth column of the block Ay ), and Sy 1) = diag{s,t,(k) lv=1,2,...,n}. We first study
the upper bound on the relaxation parameters for CAV, i.e., allowing one block only
so that t =T =1 and m(1) = m; cf. (3.1). The following result (Lemma 7.1) is due
to Dr. Arnold Lent [22] (see the acknowledgments at the end of this paper).

LEMMA 7.1. Lett =T =1 and m(1) = m, let M = diag{u; | j = 1,2,...,m}
with p; = u; obtained from (7.6) fort =t(k) =1, and let A = A, s, =s,, 51 =9,
and W := AT M A. Then p(W) < 1.

Proof. Let aé- be the element in the ith row and jth column of A and write, by
(7.6),

i=1,2,...,m(t(k)).

(7.7) (ui)*lzzesj (a;-)2, 1=1,2,...,m.
j=1



DIAGONALLY SCALED OBLIQUE PROJECTIONS 53

Let (A, v) be an eigenpair (i.e., eigenvalue and eigenvector) of W so that AT M Av =
M or AATMAv = AM~'MAv, or, with w := MAv, AATw = AM~'w. Hence
[|ATw||3 = MwTM~tw or, in component form, switching the order of summations
and using (7.7),

(7.8)

lATwi%=i(iazwi)2=Aiw3 > )' | <A (iws <a;¢>2).

j=1 \i=1

From Cauchy’s inequality we have

m 2 m
i=1 =1

and by summing both sides of (7.9) over j and comparing with (7.8), one finds that
A< 1. O

Remark 7.1. The critical estimate is (7.9). Let a,w, and e be three vectors of
equal length. Denote by z = a * w componentwise multiplication, i.e., z; = a;w; for
all j. Further, let e; = 0 if 2; = 0, and let e¢; = 1 otherwise. Then

2 2
(7.10) (a,w)" = (e, 2)” < [lell3 - [I2113 < sl2ll3,

where s is the number of nonzero elements in the vector a.
By applying Lemma 7.1 to each block A;, t =1,2,...,T, we obtain the following.
COROLLARY 7.1. Let My = diag{p}" | j = 1,2,...,m(t(k))}, k > 0, with

uz-(k) obtained from (7.6), and let Wy, = AtT(k)Mt(k)At(k). Then p(Wywy) < 1 for all

k> 0.

The next theorems establish the convergence of the BICAV algorithm in the
consistent case for linear equations and linear inequalities, respectively, with relaxation
parameters within the interval [e, 2 — €].

THEOREM 7.1 (BICAV for linear equalities). Let 0 < e < A\, < 2—¢ for allk > 0,
where € is an arbitrarily small but fized constant. If the system (4.13) is consistent,
then any sequence {x*}i>0, generated by Algorithm 3.2 (BICAV), converges to a
solution of the system (4.13). If, in addition, 2° € R(AT), then {x*}r>0 converges to
the solution of (4.13), which has minimal Euclidean norm.

Proof. The proof follows from Theorem 4.2 and Corollary 7.1. 0

THEOREM 7.2 (BICAV for linear inequalities). Let 0 < € < A\ < 2 — € for
all k > 0, where € is an arbitrarily small but fized constant. If the system (4.1) is
consistent, then any sequence {xk}kzo, generated by Algorithm 4.1, with Mgy =
diag{,u;(k) |i=1,2,...,m(t(k))} and {uz(k)} given by (7.6), converges to a solution
of the system (4.1).

Proof. The proof follows from Theorem 4.1, Corollary 7.1, and (7.5). ]

The next theorem shows that any sequence {z*} k>0, generated by the fully simul-
taneous Algorithm 2.3 (CAV), converges to a weighted least squares solution of the
system of equations Az = b, regardless of its consistency, for relaxation parameters
in the interval [e,2 — €]. Only the case of unity relaxation, i.e., Ay = 1 for all k > 0,
was proven by Censor, Gordon, and Gordon in [7], where CAV was first proposed and
experimented with.
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THEOREM 7.3 (CAV for linear equalities). If0 < e < Ay <2 —¢€ for all k > 0,
where € is an arbitrarily small but fixed constant, then any sequence {:ck}kzo, generated
by Algorithm 2.3 (CAV for linear equations), converges to a weighted least squares
solution with weight matriz My = Mcay = diag{1/|[a’||% | i = 1,2,...,m} and with
S = diag{s; | j = 1,2,...,n}, where s; is the number of nonzero elements in the
jth column of A. If, in addition, 2° € R(AT), then {z*}r>0 converges to the unique
solution of minimal Fuclidean norm among all weighted least squares solutions.

Proof. The proof follows from Theorem 6.1 and Lemma 7.1. 0

Note that Theorems 7.1 and 7.2 assumed cyclic control of the blocks, as formu-
lated in Algorithm 3.2; however, due to the analysis presented here, we may also allow
approximately remotest block control of the blocks (by Theorems 4.2 and 6.1). Re-
cently, and independently of our work, Byrne [5] derived convergence results analogous
to Theorems 7.1 and 7.3, but only for the cyclic control and without explicit consid-
eration of weighting. He also used Lent’s result as expressed above in Lemma 7.1.

Ezample 7.2. The simultaneous algebraic reconstruction technique (SART) was
proposed by Andersen and Kak [1] for solving the large and very sparse systems of
linear equations arising from a fully discretized model of transmission computerized
tomography problems; see also Kak and Slaney [21, section 7.4]. We show that a
simplified version of SART falls within the convergence analysis presented here. First
recall that the 1-norm of a vector x € R" is ||z||; = Z?Zl |z;| and that the induced
matrix norm of an m X n matrix A4 is [|A]|; = max{>_\" | |a;;| | 7 =1,2,...,n}. Let
ak? be the Ith column of A;. Then the iterative step of the original SART algorithm
for linear equalities [1, equation (32)] (see also [23, equation (4)]) is

t(k)
L )\k- m(t(k)) bt(k) _ <alj k ’xk‘> Zt(k>

k+1 _ J J —
(711) o} 7xl+||a?t(k)”1 Zl e a’ . 1=12,...,n
iz

Note that in (7.11) it is tacitly assumed that all blocks A; have nonzero columns.
The formula (7.11) is slightly more general than the original algorithm in [1] since
it allows (i) a relaxation parameter A\, (ii) a more flexible row-partitioning (origi-
nally the matrix was partitioned into nonoverlapping row blocks, where each block
corresponds to all equations in one tomographic scan direction), (iii) arbitrary sign of
the matrix elements (originally only nonnegative elements were considered), and (iv)
apart from the cyclic control of blocks also the remotest block control.

We first note that (7.11) can be written in matrix-vector form, using our previous
notation, as

(7.12) 2P = 2 4 XDy Al Migry (0% — Ayya®),
where

(7.13) Dy = diag{1/||a%"®||y | 1=1,2,...,n}
and

(7.14) My = diag{1/[|a’ |l | j=1,2,...,m(t(k))}.

We will not, however, analyze this iteration here. Instead, we consider a simplified
version which fits into the class of methods (4.8) and (4.14), respectively. Let a’ be
the Ith column of A and put D = diag{1/||d!||; | I =1,2,...,n}.
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Replacing Dy(;y by D in (7.12) we get
(7.15) 2F T = aF £ N DAL My (0" — Ayya®).

We will call the method which uses the iterative step (7.15) block simplified SART
(BSSART). The method is a scaled version of (7.4). To see this we put

(716) yk = Dil/zxk and At(k) = At(k)Dl/Z,
which converts (7.15) into
(7.17) YT =y A My (0" = Ayayy”),

which is of the form (7.4) (or equivalently (4.14)). Next observe that with W) =
D1/2A§k)Mt(k)At(k)D1/2a we have

(7~18) P(Wt(k)) = p(AtTEk)Mt(k)At(k)D) < ||AtT(k)Mt(k)H1 ) ||At(k)D||1 =1L

It follows from Theorem 4.2 that y* converges to some y*. Since, by (7.16), every
row of A is postmultiplied by D'/2, we also conclude that AD'/2y* = b. Then, using
(7.16),

(7.19) lim z* = D'/2y* = 2*.

k—o00

Hence Az* =b.
Now consider BSSART adapted to inequalities, i.e., the iterative step

(7.20) aF T = 2P N DAT ) ME G (6 — Ay a?).

It is clear, using (7.5) and Theorem 4.2, that the above analysis also holds for the
iteration (7.20). Hence the following companion results to Theorems 7.1 and 7.2 hold.

THEOREM 7.4 (BSSART for linear equalities). Let 0 < ¢ < A\, < 2 — € for all
k > 0, where € is an arbitrarily small but fixed constant. If the system (4.13) is con-
sistent, then any sequence {x*}>0, generated by the iterative step (7.15) (BSSART),
converges to a solution of the system (4.13).

THEOREM 7.5 (BSSART for linear inequalities). Let 0 < € < A\ < 2 — € for all
k > 0, where € is an arbitrarily small but fixed constant. If the system (4.1) is con-
sistent, then any sequence {x*}r>0, generated by the iterative step (7.20) (BSSART
for inequalities), converges to a solution of the system (4.1).

When T =1, SART (7.12) and BSSART (7.15) coincide and can be written

(7.21) " = 2% 4+ N DAT M (b — Az"),

with M = diag{1/||a’||1 | 7 =1,2,...,m}. Using the corresponding transformations
as in (7.16),

(7.22) y* =D7Y2% and A= AD'Y?,
we find that

(7.23) Yl = b L M AT M (b — AyP).
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It follows from Theorem 6.1, and by using (as above) the fact that p(ATMAD) < 1,
that

(7.24) klim y* =y* such that ||[Ay* —b||ps is minimal.
— 00

But limg_ o 2F = DY2y* = 2* so that * minimizes ||Az — b|| 5. Also, by using
(7.25) ly*[l2 = [|ID~2DY2y*||5 = [|2*|| p-1,

it follows that =* has minimal D~ !-norm. Hence the following result holds.

THEOREM 7.6. If0 < e < Ay < 2—¢€ for all k > 0, where € is an arbitrarily small
but fived constant, then any sequence {x*}r>0, generated by Algorithm (7.21), con-
verges to a weighted least squares solution with weight matriz M = diag{1/||a’||y | i =
1,2,...,m}. If, in addition, z° € R(DAT), then the limit point has minimal D™1-
norm.

No proof of convergence was given in [1] or has, to the best of our knowledge,
been published elsewhere since then. Recently, however, and independently of our
work, Jiang and Wang [19] have also derived, under the additional assumption that
the elements of the matrix A are nonnegative, Theorem 7.6.

Ezxample 7.3. Block-Cimmino methods for linear equations and linear inequalities
can also be viewed as special cases of Algorithms 4.1 and 4.2. To see this we define

#(k) bisco
(7.26) py = | i&mHQ, i=1,2,...,m(tk)),
a 2

3

where 6..x) > 0 and Z;"':(i(k))ﬂ,;(k> = 1. Tt follows, using (7.2), that p(Wyu)) =
Wi llz < 700,000 = 1 and that
(7.27) P(Wiiny) = Wi ll2 < Z Oi;m <1
GETE
Therefore, also in this example, we may conclude convergence just as in Theorems 7.1,

7.2, and 7.3 with My = Mcry = diag{6;/||a’||3 | i = 1,2,...,m} in Theorem 7.3.
The geometric interpretation of this scaling is as follows. By (2.2),

(7.28) Pu, () —x = (b — (@', 2)) ——,
lla®|]5
so that
i m 92 bi— ai,x 2
(729) S Pu@) -2l =3 W b Azl
=1 i=1

Cimmino’s original algorithm for linear equations [11] is purely simultaneous (T = 1),
i.e., of the form (2.4). An interesting detail is that Ay = 2 is used by Cimmino, and for
this a special convergence analysis is furnished. We also remark that for inequalities
the requirement on the relaxation parameters can be relaxed, using (7.27), to

2—¢€
Zje[k at(k)

t(k) Y

(7.30) 0<e<A <
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In fact, the choice A\, =2/ > jelky, 0, is also allowed but requires a special analysis,
(k)

which appears, for the fully simultaneous case T' = 1, assuming consistency, in Censor
and Elfving [6]. See also Bauschke and Borwein [2, Remark 6.48] for a correction. A
similar analysis can be done also for the block-iterative case. Iusem and De Pierro
[18] have shown that this method (with T = 1) also converges (locally) for the incon-
sistent case and generalized it to closed convex sets in R™. A generalization to global
convergence in infinite dimensional Hilbert spaces was done by Combettes [10].

We finally mention that if all block sizes are equal to 1 (m(t) = 1) and linear
equations are considered, then we get the algebraic reconstruction technique (ART)
of Gordon, Bender, and Herman [15], also known as Kaczmarz’s method. For more
on the history of this method and many of its variants, see, for example, Herman [17]
and Censor and Zenios [9].
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A FINER ASPECT OF EIGENVALUE DISTRIBUTION OF
SELFADJOINT BAND TOEPLITZ MATRICES*

PETER ZIZLER', ROB A. ZUIDWILJK!, KEITH F. TAYLORS, AND SHIGERU ARIMOTOY

Abstract. The asymptotics of eigenvalues of Toeplitz operators has received a lot of attention
in the mathematical literature and has been applied in several disciplines. This paper describes
two such application disciplines and provides refinements of existing asymptotic results using new
methods of proof. The following result is typical: Let T'(¢) be a selfadjoint band limited Toeplitz
operator with a (real valued) symbol ¢, which is a nonconstant trigonometric polynomial. Consider
finite truncations Tr (¢) of T'(¢), and a finite union of finite intervals of real numbers E. We prove
a refinement of the Szeg6 asymptotic formula

Nn(E 1
lim ﬁ = —m(F).
n—oo N 2w

Indeed, we show that
1
Nn(E) — —m(F)n = 0(1).
2T

Here m(F) denotes the measure of F = ¢~ !(FE) on the unit circle, and Ny, (E) denotes the number
of eigenvalues of T}, (p) inside E. We prove similar results for singular values of general Toeplitz
operators involving a refinement of the Avram—Parter theorem.

Key words. Toeplitz matrix, eigenvalue distribution, Szeg6 formula, Avram—Parter theorem
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1. Introduction. The eigenvalue distribution of Toeplitz matrices and operators
has been a fascinating and abundant source of topics of mathematical inquiries. The
prominent monographs [9] and [10] respectively provide extensive analysis of Toeplitz
matrices and operators. Among key historical papers are [11] (on operators), [19]
(on matrices), and [20] (on block matrices). A comprehensive account on the theory
involved is provided in [12].

From the interdisciplinary point of view, the above field also possesses a consider-
able potential, especially in terms of a wide range of applications and connections to
disciplines outside mathematics. In the first part of this section, two application areas
(see (I) and (II) below) which have motivated the authors to study the asymptotics
of Toeplitz eigenvalues are addressed.

In the second part of the introduction, the mathematical contribution of this
paper to the asymptotics of eigenvalues and singular values shall be outlined. We
conclude the introduction with some clarification on notation used in the paper.
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(I) Vast uncharted regions lie between mathematics and chemistry on the map
of science. Communication across the border of these disciplines is still generally
sporadic and uncoordinated, despite modern trends of cross-disciplinary investigations
in each of these fields. In the present work, we have for the first time formed a linkage
between

(i) the mathematical branch of Toeplitz matrices, and

(ii) the “repeat space theory” (RST) in theoretical chemistry, which originates

in the study of the zero-point vibrational energies of hydrocarbons having

repeating identical moieties [1].
Namely, in dealing with Toeplitz matrices in the proof of our main theorem, Theo-
rem 2.3, we have recalled, sharpened, and applied a mathematical technique developed
in the RST (to estimate quantum boundary effects in polymeric molecules). It is also
remarkable that the sharpened technique in the proof of Theorem 2.3 can be applied
to molecular problems by embedding the technique into the RST. In our opinion,
researchers investigating in areas of (i) and (ii) can mutually benefit. The reader who
is interested in cross-disciplinary mathematical investigations in chemistry is referred
to [1, 2, 3, 4, 5, 6] and references therein, where he can find the genesis of the RST (in
conjunction with experimental chemistry) and a variety of applications of the RST to
quantum, thermodynamic, and structural chemistry.

Sequences of band circulant matrices are called “alpha sequences” and play a
dominant role in the RST [1, 2, 3, 4, 5, 6]. The band circulant matrix associated
with a band Toeplitz matrix has been used in the proof of the present paper based on
the approach and technique originally developed in the RST, especially in [1] and [6].
Further, we remark that the study of asymptotic spectra of band Toeplitz matrices in
[7] arises from the analysis of difference approximations of partial differential equations
and that in [7] the asymptotic spectra of the band Toeplitz matrix and its associated
circulant matrix were studied.

(IT) The asymptotics of eigenvalues of Toeplitz operators is an important issue
in the study of time-frequency localization of signals. Essentially time- and band-
limited functions can be studied by means of Toeplitz matrix eigenvalue asymptotics;
see [15, 17]. Quite recently, these results have been used in the analysis of seismic
records [16].

It is hoped that the present work provides researchers of the asymptotic eigen-
value distribution of Toeplitz matrices with a fresh insight into the theme and that it
contributes to dissolving the traditional boundary between the mathematical branch
of Toeplitz matrices and other research areas such as quantum chemistry of molecules
having repeating identical moieties, and time-frequency localization of (seismic) sig-
nals.

We shall now discuss the asymptotics of eigenvalues of Toeplitz matrices in fur-
ther detail. Let ¢ be a real valued continuous function defined on the unit cir-
cle T = {z € C : |z| = 1}. The Fourier coefficients of ¢ are given by ¢ =
(2mi)~! [p(z)z%"' dz, k € Z. The corresponding Toeplitz operator T(¢) =

;10 are Hermi-

(¢i—j)ijez+ is selfadjoint and its finite truncations T, (¢) = (pi—;);;
tian matrices. The spectrum of the operator T'(¢) coincides with the closed interval
T ={p(z): z € T}. In particular, the norm of T'(¢) is given by ||T'(¢)|| = sup{|p(z)| :
zeT}.

Moreover, the eigenvalues of the truncations T, (¢) are contained in the closed
interval Z; see, for example, section 5.2b in [13] and Proposition 2.17 in [9]. However,

much more can be said about the eigenvalue distribution of T, (). As a first step,
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we mention that the asymptotic behavior of the eigenvalues is expressed by the well-
known Szegé formula (cf. Theorem 5.2 in [13] and Theorem 5.10 in [9]): If f is a
continuous function on the closed interval Z, and if {)\;,}? , are the eigenvalues of
T,.(¢), then

Jim =3 F ) = o [ Fele®)) db
i=1 o

Moreover, if ¢ is smooth, e.g., C17¢ with £ > 0 and f is analytic in an open neigh-
borhood of Z, then one has a second order formula

230 = 5 [ sttt pan+ 242 o (1)

n n

with some completely identified constant Ef(p) (see [20] or Theorem 5.6 in [9]).

We shall now make the further assumption that ¢ is actually a nonconstant
trigonometric polynomial of degree r > 1, i.e., ¢(2) = >, __ ¢xzF. In this manner,
T(p) becomes a selfadjoint band limited Toeplitz operator. Let E denote a finite
union of compact intervals on the real line and y g be its characteristic function. Let
m denote the Lebesgue measure on the unit circle. Since m(¢~1(9F)) = 0, the Szegd
formula can be extended to f = xg (see [22]) and we get
(1.1) lim Nal(E) _ im(F),

n—o0 n 21

where N, (F) denotes the number of eigenvalues of T),(¢) in the set F and F =
¢ Y(E). The purpose of this paper is to sharpen the formula for the case of band
limited Toeplitz operators. Indeed, (1.1) states that N,(E) — 3=m(F)n = o(n). The
main result of this paper refines this asymptotic result to Ny, (E) — s=m(F)n = O(1).
In addition to such results for eigenvalues of selfadjoint Toeplitz operators, we prove
similar results for singular values of general Toeplitz operators.

In the remaining part of this paper, tr A denotes the trace of the square matrix
A. The space BV (Z) consists of functions of bounded variation on the closed interval
Z = [a,b]. For such a function f, there exists a constant V' > 0, such that for each
partition a = xp < 21 < -+ < T, = b, We get

ST (5) = flzi)| < V.
j=1

The minimum V > 0 which satisfies this condition is called the total variation of f
on 7 and is denoted by Vz(f). If the natural domain of f contains Z and f|z is of
bounded variation on Z, then Vz(f) = Vz(flz). If g: T — R, let f(t) = g(e®), for
t € R, and let Vir(g) = Vi_z x(f). Denote the eigenvalues of a Hermitian n x n matrix
H by M(H) < X(H) < --- < A\ (H). The singular values of an arbitrary complex
m x n matrix M are equal to the eigenvalues of the Hermitian matrix (M*M)'/? and
labeled so that o1(M) < 0o(M) < -+ < 0,(M). The spectral norm ||M]|| of M is
equal to o, (M).

2. Refined eigenvalue asymptotics. In this section, we prove a number of
estimates which lead to the refined asymptotics result in Corollary 2.5. This corollary
involves the characteristic function yg, while the preparatory results are stated for
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general functions of bounded variation. First, we state Theorem 2.1 from [6]. For
convenience of the reader and for reference later on, we include the proof.

THEOREM 2.1. Consider the integers 1 < r < n and let K = {k1,... ,k.} be a
subset of {1,2,... ,n} consisting of r distinct elements. Define L = {1,2,... ,n}\K.
Let M and M' be n x n Hermitian matrices such that the ijth entries of M and M’
coincide for all (i,j) € L x L, i.e., such that

(M —M');; =0

for all (i,j) € L x L. Consider a closed interval T = [a,b] which contains all the
etgenvalues of both M and M'. Then we have

[tr f(M) = tr f(M")| < rVZ(f)

for all f € BV (T).
Proof. Case 1: r = 1. We may and do assume that K = {n}, since this situation
can be achieved by transforming M — M’ by means of a permutation similarity. Let M

denote the (n—1) x (n—1) matrix given by (MU)?J_:I1 Observe that My = (M{J);Lj_:ll
If we write \g = a, Aj = X\;(Mp) for j =1,... ,n—1, and A, = b, then by the Sturmian

separation theorem [14], we get
)\j,lg)\j(M)g)\j, )\j,lg)\j(M')g)\j, j:l,...,n.

Therefore, we arrive at
[tr f(M) —tr f(M')| = Z {F (X (M) = (N (M)}

<D IFGM)) = FOG(MN)] < V(f).

Jj=1

Case 2: r > 1. As in the first part of the proof, we may and do assume that K
has a specific form, say K = {n —r 4+ 1,... ,n}. Define n x n Hermitian matrices
MO MO M) such that M© = M, M) = M’ and such that the pairs
M®=D M®) for v = 1,...,r each satisfy the conditions of Case 1. This can be
achieved by setting (0 < v <r)

M(y): Mij; lgi,jgn—u,
ij M{j, n—v<i<norn-—v<j<n.
Let [@,b] = Z D T = [a,b] be an interval which contains all eigenvalues of M®) for
v=1,...,7—1, and let f be the extension of f to Z given by
fla), a<t<a,
f(t): f(t)a agtgéa
F(b), b<t<b.

We have obtained

jtr f(M) —tr f(M)] <)
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We now state and prove two new results for functions of bounded variation f
and apply them to the characteristic function yg in the corollaries. If n is a positive
integer, let P,, denote the cyclic shift n x n matrix with (P,);; = 1if ¢ —j =1 mod
n and 0 otherwise. Let 4, = A, (¢) =Y __, ppPr.

THEOREM 2.2. For any f € BV(Z) and any positive integer n, we have

() [6r(F(T0)) — tr(f(An))] <7‘Vz(f)

(i) [tr(f(An)) = 3% J7, F(o(e)) db] < 2rVz(f),
(i) [tr(f(T0)) — 3% [, F(e(e?)) db] < 3rVz(f).
Proof. (i) If n < r then tr(f(T )) — tr(f(Ay)) is just the sum of the differences

of the values of f at n pairs of points from Z. Thus,

[tr(f(T)) = tr(f(An))| < nVz(f) < rVz(f).

If r < n, then we make use of some auxiliary matrices. We have already introduced
P, in order to define the circulant matrix A,,. Further, for |k| < n, let S, (k) denote
the n x n matrix with (S,(k));; = 1 if i — j = k and 0 otherwise. Let S, (k) = 0 if
|k| > n. Clearly ((P,)%)ij = (Sn(k))ij for 1 < i,j < n — |k|. Since T;, = T,,(¢) =
ZZ:—T PrSn(k), we get

T, = An =Y ¢(Su(k) — PF).
k=—r

Since (T3,)ij = (Ap)i; for 1 <i,5 <n —r, we get, by Theorem 2.1,

ltr(f(T0)) — tr(f (An))| < rVZ(f).
(ii) Let h(0) = f(¢(e?)) for § € R. Then

This implies
(£ (4,) — - :f«p(e”))de\ _ ;h () - 5 [ noyas
Z/( N (T) - h(&)' do

< — Z/Qﬂ] N V27r(] 1) zm](h) df = V[ogﬂ](h).

| /\

Now, let u(f) = ¢(e*?). Since ¢ is a nonconstant trigonometric polynomial of degree
r, v’ has at least 2 and at most 2r distinct roots in [0,27). Let 6; < 63 < --- < 6; be
the roots of v’ in [0,27). Then

Vio,2x1(h) = Vig, 0,427 (f o u)

Vioy 0] (f 0 u) + Vig, 05 (f o) + - -+ Vig, 0,424 (f 0 u) < IVZ(f).
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It follows that

ar(A) = 5o [ Fete 8] < 2rva(s).
Now (iii) follows immediately from (i) and (ii). |

THEOREM 2.3. If f € BV(Z) and if n is any positive integer, then

n

- fOu) = g [ S ) o) < V() + V(o) < BrVa ()

Proof. If we apply Theorem 2.2 (i) to the setting of this theorem, we get

[tr(f(T0)) = tr(f(An))| < V2 (),
and the proof of Theorem 2.2 (ii) yields

n

(A — 2 [ Fe(e®) de\ <Vp(fop) < 2Vi(f).

2r J_,

This, together with tr(f(7,)) = >_i; f(Ain), provides

< ’I“VI(f> + VT(f o 30) < 37‘V1(f) a

S FOn) = 5= | F(e(e?) o
i=1 -

The following two corollaries are easy consequences of Theorem 2.3. We leave it
to the reader to check the necessary minor details. Let E be a subset of R that is
a finite union of compact intervals and F = ¢~!(E) be the corresponding subset of
T. Note that if F is a union of N compact intervals and Z is an interval in R, then
VI(XE) S 2N.

COROLLARY 2.4. Let T be a band limited selfadjoint Toeplitz operator with the
symbol p, a real-valued trigonometric polynomial of degree r > 1. Then

Nu(B) — -m(F)n| < rVi(xe) + Vip(xr) < 3rVz(x)

for everyn > 1.
COROLLARY 2.5. Let T be a band limited selfadjoint Toeplitz operator with the
symbol @, a real-valued trigonometric polynomial of degree r > 1. Then

n

(F) = O).

3. Singular values. The results proved in the previous section for the eigenval-
ues of selfadjoint band Toeplitz matrices can easily be generalized to results concerning
the singular values of arbitrary band Toeplitz matrices, although the constants in the
new estimates are slightly worse. In this section, the main steps of the proofs are
outlined. The analogue of Theorem 2.1 reads as follows.

THEOREM 3.1. For 1 <r <mn, let K = {k1,...,k.} be a subset of {1,2,... ,n}
having ezactly r elements, and put L = {1,2,... ,n}\K. Let M and M' be two
complex n xn matrices such that (M —M");; =0 for all (i,j) € LxL. IfT = [a,b] is a
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closed interval which contains the singular values of both M and M’ and if f € BV (I),
then

Z (o5 (M)) = f(o;(M"))| < 2rVz(f).

Proof. We can proceed as in the proof of Theorem 2.1. The only difference is
that we need to replace the Sturmian separation theorem by the following interlacing
result (see, e.g., [8, pp. 81-82]). Let A = (a;;)}';—; be a complex n x n matrix and
B = (asj);;. L be the (n — 1) x (n — 1) principal submatrix. Then

0 <01(4) <02(B),

O—j—l(B)go—j(A)go—j+l(B)v j:2a"'an727

and ||B|| < ||A|. If we abbreviate o; = ¢;(My) for j =1,... ,n — 1 (notation as in
Theorem 2.1), then in the case of r = 1, we get

Z — flo;(M")]

Via,o) (f) + Z Vie, 1,051 (F) ¥ View_2.01(f) < Viaor_1)(f) + Viers) (f) < 2Via g (f)-

The case of r > 1 is dealt with in the same fashion as in Theorem 2.1. a
THEOREM 3.2. Let ¥ be a nonconstant trigonometric polynomial of degree r > 1,
let T =0, ||¢]|co], and let g € BV(I). Then for alln > 1,

S 0T - 5 [ a9 8] < 2Va(g) + Viplg o u) < 6rVi(o).

=1

Proof. The singular values of the circulant matrix A,, introduced in the proof of
Theorem 2.2 (ii) are given by |¢(27ij/n)| (j = 1,... ,n). Consequently, the reasoning
of the proof of Theorem 2.2 (i), in conjunction with Theorem 3.1, gives

> 9(o5(Tu(¥))) — - (|¢( ) do| < 2rVz(g) + Vio.2x (9 © [¢])-
2T

Jj=1

Since |¢(e??)|? is a trigonometric polynomial of degree 2r, we obtain as in the proof
of Theorem 2.2 (ii) that [1)(e?)| has at most 4r local extrema in [0,27), whence
Vio,2my (g © [20]) < 4rVz(g). This implies the assertion. |

While Theorem 2.3 is a refined version of Szegd’s formula, Theorem 3.2 may be
regarded as a refinement of the Avram—Parter theorem, which states that

T 25 (@) = 5 [ (vt as

n -
=1
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if, for example, v is continuous on T' and ¢ is continuous on the range of || (see [9]
and [18] and the references therein). The counterpart of Corollaries 2.4 and 2.5 for
singular values is as follows.

COROLLARY 3.3. Let ¢ be a trigonometric polynomial of degreer > 1, let E C R
be a finite union of compact intervals, and let F = {t € T : |(t)| € E}. If Np(E)
denotes the number of singular values of T, (¢) in E, then

Na(E) = 5-m(F)| < 2rVz(xe) + Vp(xr) < 6rVz(xp)

7r
for every n > 1. In particular,

n

Na(E) = 5-m(F) = O(1).
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COMPARISON OF CONVERGENCE OF GENERAL STATIONARY
ITERATIVE METHODS FOR SINGULAR MATRICES*
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Abstract. New comparison theorems are presented comparing the asymptotic convergence
factor of iterative methods for the solution of consistent (as well as inconsistent) singular systems
of linear equations. The asymptotic convergence factor of the iteration matrix 7" is the quantity
Y(T) = max{|A\|,A € o(T),\ # 1}, where o(T) is the spectrum of 7. In the new theorems, no
restrictions are imposed on the projections associated with the two iteration matrices being compared.
The splittings of the well-known example of Kaufman [SIAM J. Sci. Statist. Comput., 4 (1983), pp.
525-552] satisfy the hypotheses of the new theorems.
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1. Introduction. In this paper we study certain properties of iterative methods
for the solution of n x n consistent (as well as inconsistent) singular linear systems of
equations of the form

(1.1) Az =b.
One case important in applications is when
(1.2) A=I-B, Ble=e, e'=]1,1,...,1],

B is the stochastic matrix representing a Markov chain, and the solution of (1.1), for
b = 0, is the stationary probability distribution of the Markov chain (normalized so
that 27e = 1); see, e.g., [3], [25]. In this case, p(B) = 1, where p(B) denotes the
spectral radius of B.

Iterative methods for the solution of (1.1) based on splittings of the form A =
M — N, where M is nonsingular, have been successfully used for this problem; see,
e.g., [1], [2], [8], [10], [14], [21]. These methods include point and block versions of the
classical Jacobi, Gauss—Seidel, and SOR methods [3], [25], [29] and can be written as
the following iteration, starting from an initial vector zq):

(1.3) Ty =Tr) +c, c= M1,

The matrix T = M !N is called the iteration matrix, and it is generally assumed to
be nonnegative (denoted T' > O), e.g., when the splittings are weak regular [3], i.e.,
M~'> O and M~'N > O. A regular splitting is such that M~! > O and N > O
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[29]. A weak splitting is such that M ~'N > O [13] (some authors call these splittings
nonnegative splittings; see, e.g., [6], [31]). Since A = M (I — T) it follows that A
singular implies that 1 is an eigenvalue of T', and p(T') = 1 is implied in the case of
stochastic matrices such as in the case of Markov chains. It also follows that the null
space of A, N(A), coincides with A'(I —T'), the null space of I —T.

The rate of convergence of these iterative methods is governed by the quan-
tity v(T) = max{|A|,A € o(T), A # 1}, where o(T) is the spectrum of T. When
~(T) =1 convergence is not guaranteed. When v(T') < 1 and ind(I —T') = 1, there
is convergence; see, e.g., [3] and section 2. We call the quantity y(T) the asymptotic
convergence factor of the iterative method (1.3).

In the case of nonsingular A, the quantity governing the rate of convergence of the
iterative methods is p(T'). The Perron—Frobenius theory provides the first comparison
theorem for two iteration matrices; see, e.g., [3], [29].

THEOREM 1.1. Let 0 < Ty < Tb; then p(Th) < p(T3).

There exists a rich literature comparing two splittings of the same matrix; see,
e.g., [6], [7], [9], [12], [13], [18], [30], [31]. The following result goes back forty years
to Varga [29].

THEOREM 1.2. Let A be a nonsingular matriz with A=' > O and let A =
My — N1 = My — Ny be two regqular splittings. If

(14) Nl S N27

then p(M;*Ny) < p(M; *Ny) < 1.

The relation (1.4) means that Ny — N7 > O, i.e., that (N — Ny)x > 0 whenever
x > 0; in other words, if L = R/, the nonnegative orthant, (No— N1 )KC C K. Woznicki
[30] was the first to prove that the hypothesis (1.4) can be replaced with

(1.5) Mt > MY

see also [7], [31]. Condition (1.4) implies (1.5); see, e.g., [7], [15].

Comparison results such as Theorems 1.1 and 1.2 and their variants have been
extended to nonnegative operators over Banach spaces, using partial orders defined
by general cones K generating the appropriate Banach space; see, e.g., [6], [12], [22],
[24], [27], [28]. See the appendix for the definition of a generating cone. The concept
of nonnegativity carries over to any cone K: z = O ifx € K, and T »= O if TK C K.
The concepts of weak regular, regular splitting, etc., with respect to the cone K are
based on this concept of K-nonnegativity; see the mentioned references and [15].

When A is singular, several authors have provided examples where (1.4) holds,
while v(M; ' N1) £ v(My ' Ny); see [4], [10]. The following example is due to Kaufman
[10].

EXAMPLE 1.3. Consider the matrix

1 -1/2 -1/2 0
4 | 12 1 0 —1/2
a —1/2 0 1 -1/2
0 -1/2 -1/2 1
and the two regular splittings A = My — N1 = My — Ny defined by
0 0 1/2 0 0 1/2 1/2 0
_ 0 0 0 1/2 _ 0 0 0 1/2
M=100 0o ol M™=]o0o 0o o 1/2
00 0 0 0 0 0 0
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Then N1 < Ny, but y(M;'Ny) =1/9 > y(M; *Ny) = 0.

In [15] we showed that conditions of the form (1.4) or (1.5) would imply the
relation y(M; ' Ny) < v(M; ' Ny) if these conditions are interpreted using a specific
partial order, which is different than the usual partial order defined by the nonneg-
ative orthant I = R'}. The new partial order is derived from the projection matrix
associated with the iteration matrix, as described in the next section. In [15], our
results required that both iteration matrices 17 = M, Ny and Ty = My LN, be asso-
ciated with the same projection (onto N'(A)). The splittings of Example 1.3 do not
have this property; see Example 2.3 below.

In section 3 we present new comparison results without the requirement that the
two projections be the same. In particular, unlike the results in [15], no restriction
is imposed on dimN(A). In other words, the new theorems can be applied to a
much more general collection of splittings of A. In particular, our theorems apply to
Example 1.3.

In these theorems we implicitly assume that v(T") € o(T'). In section 4 we extend
our theory to some splittings where this assumption is not needed.

2. The partial order. A matrix T € R™*" is called convergent if limy_ o, T*
exists. A splitting A = M — N is called convergent if its iteration matrix T = M !N
is convergent. In this paper we consider the case where p(T') = 1. The following result
indicates an equivalent definition of convergence; see [3, Lemma 7.6.9], [14] [15], [17].
For other equivalent conditions, see, e.g., [16], [19], [20], [26].

THEOREM 2.1. Let T € R™*"™. T is convergent if and only if

(2.1) T =P+ Z, where P2=P, PZ =ZP = O,

and p(Z) < 1. Moreover, P is a projection onto N'(I —T).

It follows from Theorem 2.1 that limj_., 7% = P. In the case studied in this
paper, i.e., when A = M — N and T = M~'N, the matrix P is a projection onto
N(A). As is well known, an expression for this projection is P = I — (I — T)#(I —T),
where the notation Q# stands for the (unique) group inverse of Q; see, e.g., [5], [16].
Thus, [ — P = (I - T)#(I - T).

REMARK 2.2. If T > O is irreducible, the Perron—Frobenius theorem implies that
dim N (I —T) = dimN(A) = 1. In this case, any projection onto N (A) necessarily
has the form

(2.2) P=a:T, with T2 =1,

where & € N'(A) and 2 is some vector in R".

ExamMpLE 2.3. Consider the matricx A = I — B and the two splittings of Fx-
ample 1.3. Let Ty = B, T; = Mi_lN,L-, i=1,2. We have 2 = e € N(A), e as in
(1.2). Let T; = P, + Z;, satisfying (2.1), i = 0,1,2. We obtain P; = #21,i =0,1,2,
where 5T = [1/4,1/4,1/4,1/4], 2T =[0,0,1/2,1/2], and 2T = [0,1/4,1/4,1/2]. Note,
however, that p(Zy) =1 and Ty is not convergent.

It follows from Example 2.3 that the iteration matrices obtained from different
splittings of the same matrix A may have associated with them totally different pro-
jections P; onto the same subspace N (A4) = R(P;).

Given a convergent matrix T; = P; + Z; satisfying (2.1), the cone which we
use for our comparison is a (pointed) cone generating the range of the projection
I—-P;,=(I-T,)#(I—T,). In other words, we will use K; such that for every element
u € R(I — P;), there are v, w € K; (usually not unique) such that v = v — w, i.e.,
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Ki—K; =R(I—P;). (We review the definition of a generating cone in the appendix.)
Note that we always have (I — P,)K; = K;, and furthermore I — P; is the identity
operator on K; and on R(I — F;).

REMARK 2.4. In the important and practical case of dim N (A) = 1, e.g., when B
in (1.2) is irreducible, it was pointed out in [15] that we can compute R(I — P;) even if
we do not know P;. This follows since from (2.2), PF'2 = 2, i.e., that (I — P;)T2 = 0.
Then we can characterize R(I — P;) as

(2.3) R(I - P)={xrecR" : z72=0}.

We can then choose
n—1

(2.4) ICi:{xER" :x:Zakvk, akZO,kzl,...7n—l},
k=1

where the n — 1 vectors v, € R(I — P;) (i.e., v}2 = 0) are linearly independent;
cf. (A.1).

Let IC; — K; = R(I — P;). By definition, the cone K; generates a proper subspace,
i.e., not the whole space. Therefore, to define a partial order on R™ using K;, these
vectors and the matrices operating on them need to be restricted to the subspace
R(I — P;). Thus, we say that = %y, =, y € R", if (I — P;)(x —y) € K;. Similarly, a
matrix T € R™*" is said to be K;-nonnegative, denoted T 20 if (I — P;)Tx € K; for all
x € K;. Similarly, a splitting A = M — N is called K;-weak, IC;-weak regular, or /C;-
regular if M~'N £0, M~' £0, and M~ N £0, or M~! £0 and N £O, respectively;
see examples and further discussion in [15].

3. Comparison theorems. We begin with the observation that if one has two
projections F; and P; onto the same subspace S, then

(3.1) P;P; = P, and consequently (I —P;)({ —P;))=1—-P;

since for two projections F; and Pj, there obviously holds P;P; = P; if and only if
R(P) C R(P,).

In the particular case where S is one-dimensional and the two projections have
the form (2.2), the identity (3.1) can be computed directly.

We are ready now to show an important tool for our comparisons.

LEMMA 3.1. Let A be a singular matriz. Let A = My — Ny = My — No be two
convergent splittings, and let T; = M;lNi = P+ Z, Pf =P, PZ, = Z;P, = O,
p(Z;) <1,i=1,2. Then o((I — P;)Z;) = 0(Z;).

Proof. If i = j there is nothing to prove. Thus, we assume i # j. Let A € 0(Z;)
and z such that Z;o = Az. Since Z;(I — P;) = Z;, we have, using (3.1), that

Zj = Z;(I = Py)(I = P;) = Z;(I - P)
and therefore Z;(I — P;)(I — P;)x = Az. Consequently,

and thus A € o((I — F;)Z;).
Conversely, let A € o((I — P;)Z;) and let v such that (I — P;)Z;v = Av. Multiply
the last equation by (I — P;) and, using (3.1), we have

(I — PJ)(I — Pi)ZjU = (I — Pj)Zj’U = Zj’l) = ZJ[(I - Pj)’l)] = )\(I — Pj)’U
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and thus A € 0(Z;). O

The following result was proved in [13], and the nonnegativity is with respect to
any cone.

LEMMA 3.2. Let V = O, and let x = 0, x # 0, be such that Vo — ax = 0. Then
a<pV).

We can now proceed with the main result, which generalizes [15, Theorem 5.6]
and is the general counterpart to Theorem 1.2 with the hypothesis (1.5).

THEOREM 3.3. Let A be singular. Let A= My — Ny = My(I —T1) = My — Ny =
Ms(I —T3) be two (convergent) IC;-regular splittings, where IC; is the cone generating
R(I — Py) for either i =1 ori =2, and Ty = P; + Z;, P} = P;, P;Z; = Z;P; = O,
p(Z;)<1,j=12 If

(3.2) Myt EMG

then (1) < y(T2).

Proof. We assume first that ¢ = 1. If v(T}) = 0, there is nothing to prove, so
we assume v(77) # 0. Since K is the cone generating R(I — Py), and by hypothesis
Z1K1 = ThK1 C Ky, there is a Perron eigenvector x = (I — Py)z € Ky for which
Ty = Zix = p(Z1)x = v(T1)x > 0. Here and in the rest of the proof we use the
symbol > to indicate £, since there is no possibility of confusion. Then

(3.3) Mz = ﬁNﬂ‘ =0
and
Az = Mi(I —Ty)z = 1_L(Tl)l\hgc = 0.
v(T1)
Using (3.2), it follows that
(3.4) (M — My YAz = (I —Th)x — (I —Ty)x = Tox —~(T1)x = 0.

Premultiply the last equation by (I—P;) which is not only ;-nonnegative but actually
the identity on Ky, and observe that because of (3.1), (I — P1)Ts = (I — P1)Z3. Thus,
we have that

(I = P1)Zyx = ~(Th)z,

which implies by Lemma 3.2 that p((I — P;)Z2) > v(T1). Using Lemma 3.1, we can
rewrite this as v(T3) = p(Z2) > v(T1), completing the proof for i = 1.

The proof for ¢ = 2 is similar, using the eigenvector x of T5, except that we need
to require the additional hypothesis that « is in the interior of Kz, so we can use [13,
Lemma 3.3]. a

REMARK 3.4. We point out that this theorem is valid with weaker hypotheses,
using the same proof, namely, that the splittings be IC;-weak splittings and convergent
(or K;-weak regular splittings) and that if the Perron eigenvector x of Zi satisfies
Nz £0. Alternatively the Perron eigenvector x of Zs (in the interior of Ko) needs to
satisfy Nox 20. We also remark that, as it can be seen from the hypotheses and the
proof, no restriction on dim N (A) is needed.

The following result was shown in [15]; see also [7] or [31] for the nonsingular case.
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LEMMA 3.5. Let A = My — Ny = My — Ny be two K;-weak regular splittings,
where KC; is a cone generating R(I — P;), for eitheri=1 ori=2, and T; = P; + Z;,
P} =P;, PiZ; = Z;P; = O, p(Z;) <1, j = 1,2. If Ny &Ny, then My " M.

We can write the counterpart to Theorem 1.2. The proof follows directly from
Lemma 3.5 and Theorem 3.3.

THEOREM 3.6. Let A be singular. Let A= M; — Ny = My(I —Ty) = My — Ny =
Ms(I —T3) be two (convergent) KC;-reqular splittings, where IC; is the cone generating
R(I — B;), for eitheri=1ori=2, and T; = P; + Zj, Pj2 =P, PjZ;=Z;P; =0,
p(Z;) <1, =1,2. If Ny Ny, then v(Tv) < 4(T3).

Again, this theorem is valid with weaker hypotheses; see Remark 3.4.

EXAMPLE 3.7. Consider the matrix A and the splittings of Example 1.3. The
projections Py and P, are shown in Erample 2.3. A simple computation gives the
matrix

0 —1/2 0 1/4
o 0o o 14
0 0 0 1/4

which is nonnegative with respect to the following cone generating R(I — P;):
3
Ky = {Zakvk,ak >0,vf =[-1,0,0,0],05 = [1,1,-1,1],05 = {0,170,0}}.
k=1

Indeed, (I — P1)(N1 — N2)'U1 = 0, (I - Pl)(Nl - NQ)UQ = %1}1 + ivg, and
(I — P1)(N1 — No)vg = 2v1. Furthermore, consider the matriz

0 —-1/2 0 1/8

lo o0 o 18
(I_P2)(N1_N2) - 0 0 0 —3/8
0 0 0 1/8

This matriz is nonnegative with respect to the following cone generating R(I — Py):

3
Ky = {Zakwk,ak > 0,wl =[-1,0,0,0],w =[-2,2,-2,0],wl =[1,1, -3, 1]} .
k=1

Indeed, (I_PQ)(Nl_NQ)wl = O, (I—PQ)(Nl—NQ)’UJQ = wq, and (I—PQ)(Nl—NQ)wg =
%wl + %U}g,

We have shown in [15] examples when two matrices cannot be compared in the
usual partial order but are comparable with the appropriate choice of generating
cone. Example 3.7 indicates that even in the case when two matrices are comparable
in the usual partial order, the direction of the comparison can be reversed with the
appropriate cone, and thus the comparison of the asymptotic convergence factors can
be obtained.

We note that in the special case when P; = P5, Theorems 3.3 and 3.6 reduce to
the comparison theorems in [15], but these do not apply to Example 1.3.

We now present the counterpart to Theorem 1.1 in the singular case.

THEOREM 3.8. Let A be singular. Let A= M; — Ny = My(I —T1) = My — Ny =
Ms(I — Tb) be two convergent K;-weak splittings, where IC; is the cone generating
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R(I — B;) for eitheri=1 ori=2, and T; = P; + Zj, Pj2 =P, PjZ;=Z;P; =0,
(Z) <1, j=12.1f

(3.5) T, £ Ty,

then v(T1) < v(T»).
Proof. We assume that i = 1. The proof for the case ¢ = 2 is analogous. Premul-
tiply (3.5) by (I — Py), the identity in Ky, and using (3.1), we obtain

(I—P)Zy 27, LO.

We now apply the Perron—Frobenius theorem in the subspace R(I — P;) (see, e.g.,
[12], [22]) and obtain p((I — P1)Z2) > p(Z1). By Lemma 3.1 we then have

Y(Ts) = p(Z2) = p((I — P1)Z2) > p(Z1) =~(T1). O

ExXAMPLE 3.9. Consider the matrix A and the splittings of Example 1.3. The
projections Py and Py are shown in Example 2.3. One can directly compute the matrix

0 —1/4 -1/12  1/3
0 0 1/6 —1/6
0 0 1/18 —1/18 |~
0o o0 -1/18 1/18

(I —P)(T1 - T3) =
which is nonnegative with respect to the following cone generating R(I — Py):

3

15

K= {§ g, o > 0,0] =[0,-1,0,0],v3 = [1,0,0,0],v = [—470,1,—1] }
k=1

Indeed, (I—Pl)(Tl —Tg)?]l = ivg, (I—Pl)(Tl —Tg)’l}g = 0, and (I—Pl)(Tl —TQ)’U3 =
%UQ + %U3. Furthermore, the matriz

0 —1/4 —1/36 5/18
C-P)TG-T) = | o o _%3 _%3
0 0 0 0

is nonnegative with respect to the following cone generating R(I — Py):
Ko =

3
{Zakwk,ak >0,wl =[-1,0,0,0],w} =[-1,3,-1,—1],wl = [-1,1, —1,0]} .
k=1

Indeed, (I—PQ)(Tl —Tg)w1 = 0, (I_PQ)(Tl —Tg)wg = w1y, and (I—Pg)(Tl —T2)w3 =
éwl + %wg.

4. Majorizing splittings. We conclude with some observations which enlarge
the class of splittings for which we can compare the asymptotic convergence factors.
In Theorems 3.3, 3.6, and 3.8, we assume that the splittings are convergent K;-weak,
and thus, we are implicitly assuming that the asymptotic convergence factor belongs
to the spectrum, i.e., that v(T;) € o(T3), T; = M[lNi, A = M; — N;. We can capture
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some of the cases where the splittings are such that v(T;) ¢ o(T;) by the following
construction.

DEFINITION 4.1. Given a cone K and its induced partial order >, one can define
the absolute value of a matriz Z by |Z| = Z+ + Z~, where

(4.1) Z=27"—-7Z", with Zt =0, Z= = O.

This definition of absolute value of an operator with respect to a partial order
can be seen as a slight generalization of that defined in [23] in the case of a vector
lattice space (Riesz space). Here, we do not need a vector lattice order but need only
that the matrix Z be regular in the sense of [23, Definition 1.1]. The decomposition
(4.1) is then possible (although not necessarily in a unique manner).

DEFINITION 4.2. Let A be singular. Let A= My —Ny = Miy(I-T1) = My— Ny =
My (I — Ty) be two splittings. Let T; = P; + Zj, sz =P;, P;Z; = Z;P; = O for
j=1, 2. Let A = Ms — Ny be a Ko-weak splitting, where Ko is a cone generating
R(I — P2). We say that the splitting A = M; — Ny is majorized by the splitting
A = My — Ny when | Z4] %ZQ, In a similar manner one defines a minorized splitting.

REMARK 4.3. Majorizing splittings were introduced in [12, section 7] for splittings
of a nonsingular operator A and, in particular, were applied to SOR splittings. Many
of the results from [12] using majorizing splittings can be easily extended to the singular
case. Note that a basic hypothesis for deriving the results in [12] is the normality of
the cones under consideration; see the appendix for definitions and comments.

We are now ready to present a comparison result between a splitting for which
the asymptotic convergence factor is not in the spectrum of the iteration matrix and
another splitting for which it is.

THEOREM 4.4. Let A= M, — Ny = My(I —Ty) = My — Ny = Mo(I — T3) be
two splittings. Let T; = P; + Z;, P} = P;, PjZ; = ZjP; = O for j =1, 2. Let
A = My — Ny be a (convergent) Ko-weak splitting, where Ko is a cone generating
R(I — Py), with p(Z2) < 1. Assume that the splitting A = M — No magorizes the
splitting A = My — Ny. Then

1(Th) = p(2Z1) < p(121]) < p(Z2) = A(T2).
Proof. Relations
—|Z\ly & Ziy 2 |Zuly,
valid for any y € Ky, imply that p(Z1) < p(|Z1]). Further, by hypothesis, we have

)
|Z1ly 2 Zyy for all y € Ko,

[ Ao

0

and consequently p(|Z1]) < p(Z3). 0
REMARK 4.5. The fact that Ty is convergent is a consequence of the hypothesis
that Zy is convergent. Therefore, Z, need not be assumed to be convergent.

5. Concluding remarks. We have demonstrated that the usual partial order
(>) defined by the nonnegative orthant R’} is not the appropriate choice of order
when comparing splittings of singular matrices.

We have provided two different partial orders with which the comparison of the
splittings implies the comparison of the asymptotic convergence factors of the corre-
sponding iteration matrices.
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Example 1.3, due to Kaufman [10], was originally presented as a counterexample
to possible theorems of the form of Theorem 1.2. It now becomes a good example to
show that the alternative partial orders are the appropriate ones to use in the context
of singular matrices.

Appendix.

DEFINITION A.1. Let £ be a real Banach space. A normal cone K is a subset
of €& with the following properties:

i) K+KCK,

(ii) ol C K for o >0,

(iii) KN (=K) = {0}, i.e., it is pointed,

(iv) K = K, where K denotes the norm-closure of IC, and

(v) 3 o > 0 such that for z, y € K one has ||z +y|| > o||z].

We say that K is generating if £ = K — K. The typical example is £ = R", and a
generating cone is the standard cone

K=R} ={zecR" : >0}

n
zeR" : x:Zakek, ap>0k=1,...,n,,
k=1

(A1)

where ey, is the standard kth canonical vector, i.e., the kth column of the identity.
We should remark that condition (v) is simply saying that the norm ||.|| of the
Banach space £ is K-semimonotone (and fC-monotone if it holds with ¢ = 1). The
following result, which can be found, e.g., in [11], indicates when it holds.
PRrROPOSITION A.2. Assume £ is a Banach space over the field of reals with the
norm ||.]le. A cone K C & satisfying (1)—(iv) is normal, i.e., it fulfills (v), if and only
if the norm on & ||.||. defined by

lz]]« = Max (inf{||ulle : v € &, (u — ) € K},sup{||v]le :v € &, (x —v) € K}), z €K,

is equivalent with ||.||s.

As a consequence of Proposition A.2 we conclude that any closed cone in R", i.e.,
any set satisfying (i)—(iv) of Definition A.1, is normal, since all the norms on a finite
dimensional space are equivalent.
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MIRRORSYMMETRIC MATRICES, THEIR BASIC PROPERTIES,
AND AN APPLICATION ON ODD/EVEN-MODE DECOMPOSITION
OF SYMMETRIC MULTICONDUCTOR TRANSMISSION LINES*

GUO-LIN LI" AND ZHENG-HE FENGT

Abstract. Mirrorsymmetric matrices, which are the interaction matrices of mirrorsymmetric
structures, are defined in this paper. The well-known centrosymmetric matrices, which can only
reflect the mirror reflection relations of mirrorsymmetric structures with no component or one com-
ponent on the mirror plane, are special cases of mirrorsymmetric matrices. However, almost all
the properties of centrosymmetric matrices can be directly generalized to mirrorsymmetric matri-
ces. It is proved that the eigenvectors of a mirrorsymmetric matrix are either mirrorsymmetric or
skew-mirrorsymmetric corresponding to even-modes and odd-modes of the real physical systems.
The application on odd/even-mode decomposition of symmetric multiconductor transmission lines
is investigated in detail.

Key words. mirrorsymmetric matrices, centrosymmetric matrices, mode decomposition, mul-
ticonductor transmission lines

AMS subject classifications. 15A18, 15A57, 20B35, 78A50
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1. Introduction. Real or complex matrices of rather high order are commonly
encountered in real physical systems analysis. Usually, a physical system possesses
certain geometrical symmetry. Mirror symmetry is the most common one. Interaction
matrices of mirrorsymmetric structures are centrosymmetric while no component or
only one component is on the mirror plane. Weeks exploits such symmetry in elec-
trical packaging analysis in [1]. The properties of centrosymmetric matrices have
already been thoroughly investigated; see, e.g., [2, 3, 4, 5] and the references therein.
Centrosymmetric matrices cannot represent mirrorsymmetric structures with more
than one component on the mirror plane. A new matrix type, which is much like the
centrosymmetric matrix, is defined and called a mirrorsymmetric matrix because it
is the interaction matrix of the mirrorsymmetric structure with any components on
the mirror plane. Though centrosymmetric matrices are special cases of mirrorsym-
metric matrices, almost all the properties of centrosymmetric matrices can be directly
generalized to mirrorsymmetric matrices. Some basic properties of mirrorsymmetric
matrices are discussed in section 2. In sections 3 and 4, multiconductor transmission
line (MTL) equations with mirrorsymmetric per-unit-length (PUL) matrices are stud-
ied. Mirrorsymmetric MTL equations are divided into two subequations: odd-mode
MTL equations and even-mode MTL equations. The order of equations (and matri-
ces) is reduced from n to k and k + p corresponding to odd-modes and even-modes,
where p is the conductor number of the mirror plane.
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2. Definition and basic properties of mirrorsymmetric matrices.
DEFINITION 1. The (k, p)-mirror matriz W, is defined by

Ik

(1) Wikp) = I, ,
Ik

where I,, is the p-square identity matriz and Jy is the k-square backward identity
matriz with ones along the secondary diagonal and zeros elsewhere.

The dimension of the (k,p)-mirror matrix is n = 2k + p, where k > 1, p > 0.
The (k, p)-mirror matrix Wy ;) is orthogonal and symmetric, i.e., wWl=wT=w.
When p = 0 or 1, mirror matrix W ;) is backward identity matrix Jp,.

DEFINITION 2. An n-dimensional vector a is called (k, p)-mirrorsymmetric if

(2a) Wapa =a

or (k, p)-skew-mirrorsymmetric if

(2b) W(k,p)a = —a.
From the definition, we know that (k, p)-mirrorsymmetric vector a may be written
as
ag
(3a) a= ap
Jra

and (k, p)-skew-mirrorsymmetric vector a may be written as

ay
(3b) a= 0p ,
—Jkak

where ay, is the k-dimensional vector and a,, is the p-dimensional vector.
DEFINITION 3. Let Q1 ) be the set of n X n matrices such that Q € Q) if and

only if
(4) Q@ = Witep) QWi p)»

where n =2k +p, k>1,p>0.
DEFINITION 4. Qkp) € Qi,p) is called the (k,p)-mirrorsymmetric matriz.
From the definitions, a (k, p)-mirrorsymmetric matrix Qj p) is of the form

Ak xk Bixp CrxiJr
(5) Q(k,p) = Dpxk prp Dpkak )
JCrxk  JBixp JrApxiJk

where Apyxk, Bixps Cixk, Dpxk, Epxp are k x k, k x p, k X k, p X k, p x p matrices.

PROPOSITION 5. Suppose that the dimension of centrosymmetric matrices is n.
When n is odd (n = 2k+1), centrosymmetric matrices are (k,1)-mirrorsymmetric ma-
trices; when n is even (n = 2k), centrosymmetric matrices are (k,0)-mirrorsymmetric
matrices.
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That is to say, all centrosymmetric matrices are the special cases of mirrorsym-
metric matrices. The proof is obvious, because when p = 0 or 1, mirror matrix W ;)
is the backward identity matrix J,. Then (4) becomes Q = J,QJ,, which is the
definition of centrosymmetric matrices [4]. Mirrorsymmetric matrices are centrosym-
metric only when p = 0 or 1. However, almost all properties of centrosymmetric
matrices can be directly grafted onto mirrorsymmetric matrices.

LEMMA 6. (k,p)-mirrorsymmetric matriz Q. ) and Q are orthogonally similar,
where

Apxk + Crxr  V2Bixp Ok xk
(6) Q = \/EDpXk: prp Opxk
Okxk Orxp  Jk(Arxk — Crxi)Jk

Proof. The matrix

Iy, —Ji
1
7 K=— 21
(7) 7 V2lI,
Jk Iy,
is clearly orthogonal, and multiplication gives K Q) K = K ' Q) K = Q. d
Especially, W, ,,) € Q) and
Iy
K" W K = I, ;
—I

i.e., K is the eigenvector matrix of mirror matrix W ,) and the mirror matrix has
k+p repeated eigenvalues 1 and k repeated eigenvalues —1. Because the eigenvalues of
the mirror matrix is repeated, the eigenvector matrix is not unique. K is the simplest
one.
PROPOSITION 7. The (k,p)-mirrorsymmetric matriz has k + p mirrorsymmetric
etgenvectors and k skew-mirrorsymmetric eigenvectors when it is diagonalizable.
Proof. Using Lemma 6, K_IQ(kﬁp)K = (. Suppose

Apxr + Crxr  V2Bixp
\/iDpXk prp

H_I(Akxk — Ckxk)H = Dlag()\f)

- G = Diag(X?),

Then if $ =] © Jum g, s it is clear that Sl=[% Jom-1y, ) and

N N I Diag(\¢
SUK1QKS = 108 = g(X)

JiDiag (A7) Jj, ] '
It follows that the columns of K S are the eigenvectors of (). Further suppose

Gixk Grxp
prk prp

G:

)

H = [Hyxx).
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Then the eigenvectors matrix of (k,p)-mirrorsymmetric matrix Q) is S:

Grxi Grxp  —HpxrJk
(8) S = KS = = \/iGpXk \/iGpo O]o><k
JGrxk  JuGrxp  JeHpxiJk

From Definition 2, we know that the first k£ + p eigenvectors are mirrorsymmetric and
the second k eigenvectors are skew-mirrorsymmetric.
LEMMA 8. If matrices P € Q. ) and Q € Q. p), then
(a) aP + BQ € Qi p for any complex o, 3;
(b) PT ¢ Q(k,p);
( ) if det(P) £ 0, then Plec Q(k},p);
(d) PQ € Q. p), especially when P = W, ) or Q = W, )5
() Wik P = PWip).
The proofs are elementary and are omitted.

[oFle)

3. Application on odd/even-mode decomposition of mirrorsymmetric
MTLs. Multiconductor transmission lines (MTLs) is a system of (n + 1)-conductor
lines which are parallel to z-axis. The MTL equations for frequency domain analysis
are

dv
9a — =7
(99) Y-z
di
9b —=—Yv
(90) ey
where v = (vi,vs,...,v,)7 are the line-voltages with respect to the reference
conductor—the zeroth conductor (ground conductor)—and i = (iy,ia,...,i,)7 are

the line currents. Generally, the n x n complex PUL impedance matrix Z and admit-
tance matrix Y are symmetric (Z1 = Z, YT =Y).

The general MTL with mirrorsymmetric structure is shown in Figure 1, where
the right & lines are the mirror images of the left k lines and there are p lines on the
mirror plane, i.e., n = 2k +p (k > 1,p > 0). For the mirrorsymmetric structure,
the PUL impedance matrix Z and admittance matrix Y are (k,p)-mirrorsymmetric
matrices.

Ay Ae Ay

(10) A= Acl Acc Acle B
JeApdy  JrAe JAuJk

where A denotes Z and Y. The subscripts [, r, ¢ denote the left, right, and central
parts of the mirrorsymmetric structure. Though we can transform mirrorsymmetric
PUL matrices Z and Y by using K, the factor /2 in (6) is difficult to explain physi-
cally. In view of the two difference variables of voltages and currents, we define two
transforming matrices Ty 1 = T'(k1,2):

(11a) v =Ty,
(11b) i =Ty,
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k bkt *'i"l
k42 ¥ L
i 2k+p+i-i
e + e
-

- = :
- | el tktp ®
w -y
L]

Fic. 1. General MTL structure with mirror symmetry.

where T'(k) is the eigenvectors matrix of (k,p)-mirror matrix W ), while & # 0.

I —J
(12) T(k) = kI,

Then the transforming voltages and currents are given by (13a), (13b), where
(T(k))~! = 0.5(T(2671))T:

v + Jpv,
2
(13a) =T v = Ky e — v
v —kao ’
v — Jpu
2
1+ Jiiy
2
~ 1 —1. ie
13b =T li= | Ryt - ,
( ) I 2 e [ —Jkio ]
1 — Jii
2
where v; = (v1,...,v)7, ve = (Vky1,--- ,vkﬂ,)T, and vy = (Vggptis--- ,on) T are

the line-voltages of the left, central, and right conductors shown in Figure 1. Three
currents vectors are denoted as 4;, i., and i,. Obviously, ¥ and 7 include two parts:
even-mode and odd-mode parts. For those mirrorsymmetric structures, x; = 1 and
ko = 2 have definite physical sense—voltages on central conductors are unchanged
(k;! = 1), but currents are divided into two equal parts (k5 * = 0.5) when a magnetic
wall is placed on the symmetric plane (even-mode parts). Substituting transformation
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(13a), (13b) into (9a), (9b) yields

(14a)
In+ ZiJy 27
7 =T, ' ZT; = Diag(Z¢, Jy Z°Jy) = 270 2. ,
Je(Zu — Zin Ji) T
(14Db)
lel + ler']k lec
Y = T;7'YTy = Diag(Y®, JY°J,,) = Yy 0.5Y,.

Je(Yu — Yir Ji) J

Here k1 = 1 and ko = 2 are assumed. The odd/even-mode decomposition results
(14a), (14b) can be testified by using the well-known electric/magnetic-wall analysis
on mirrorsymmetric waveguide structures. In fact, if physical meaning is not required,
k1,2 can be any nonzero factors. kjky = 2 is needed if 7T = Z and YT = Y are
wanted. The odd/even-mode decomposition scheme proposed above reduces the order
of MTL from n to k and k£ + p. Odd-mode and even-mode MTL equations can be
solved independently.

PRrROPOSITION 9. Mirrorsymmetric MTL systems can be divided into even-mode
and odd-mode subsystems.

ProOPOSITION 10. If the eigenvector matrices S‘O,EI of odd/even-mode PUL ma-
trices Z°¢, Y ¢ are found, then the eigenvector matrices Sy,; of Z, Y can be gotten
from S35, e,

S\C}J(kxk) S\e/,l(kxp) *S\O/,I(kxk)‘]k
(15) Svr = “17255,1(;7%) “1,2S€,I(po) Opxk)

JkS\e/J(kxk) JkS\c},I(kXp) Jks\o/,l(kxk)‘]k

The proof of Proposition 10 can be directly obtained from relations Sy; =
TV,ISV,L where

S‘?I(kxk) S‘c},l(kxp)

(16) SV,I:Diag(Sf/JaJkSXO/,IJk): S\E/,I(pxk) S\c},l(po)

JkS{J/,I(kxk)Jk

Here Sy is the eigenvector matrix of ZY, and S} is eigenvector matrix of Y Z. They
simultaneously diagonalize PUL matrices Z and Y, i.e.,

(17a) D. = 5,25,
(17b) D, = S;'Y Sy,
where diagonal matrices D, = Diag(z1, 22, . .., 2,) and D, = Diag(y1,y2,...,yn) are

decoupled circuit PUL parameters. And the eigenvalues of ZY or Y Z are given by

(18) D?=D.D,
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where D, = Diag(y1,72,...,73) are propagation constants of each mode. If PUL
matrices are symmetric, the two eigenvector matrices must be biorthogonal when the
eigenvalues (7]2 = 2;yj,j = 1,2,...,n) are distinct because of [Y Z]T = ZTYT = [ZY].

(19) SLS; = D2,

where Dy = Diag(dy,ds,...,d,) is a diagonal matrix. There are several methods to
normalize the eigenvector matrices Sy and S7. Usually, they are normalized to satisfy
the relation SES; = I [6, 7]. For example, they can be normalized as Sy D' and
S IDd_l. Another normalization method is to make the diagonal elements of Sy ; to
be I’s, ie., Svj; = Srj; =1 (j = 1,2,...,n). Such normalization gives a simple
calculation of decoupled circuit parameters:

(20a) zj = Z ZikS1,kj)
k=1

(20Db) i = YikSv
k=1

The decoupled circuit parameters are given by the inner product of the row vectors
of Z, Y and the corresponding column vectors of Sy y. If this normalization method
is adopted, the form of eigenvector matrices shown in (15) becomes

e —1 ge o
SV,I(kxk) “1,2Sv,1(kx;)) *Sv,z(kxk)Jk
(21) SVJ = K’LQS‘C},I(pXk) S‘e/,l(pxp) O(PXk) )

e -1 e o
JkSV,I(kxk) “172Jksv,1(kx;)) Jksv,f(kxk)‘]k
where the diagonal elements of 577 have already been normalized to 1’s.

4. Some symmetric MTL examples. Though the concept of odd/even-modes
is well known in the electric/magnetic-wall analysis on mirrorsymmetric waveguide
structures, and there are some isolated study cases of mirrorsymmetric MTL equations
[6, 7], the general theory of decomposing the MTL equations with the structures
was not proposed until the definition of mirrorsymmetric matrices. In section 3,
we have given a general theory of odd/even-mode decomposition of mirrorsymmetric
MTL equations. In this section, some examples are discussed, and it is proved that
rotational symmetric MTL equations can also be solved from the view of mirror
symmetry.

Taking the case of p=1, k =1, n = 3 as the first example, we can give the ana-
lytical modes-decomposition solutions under the light of the general theory proposed
in section 3. Another analytical solution is given in [6], but the procedure is complex
and not as clear as the following:

Zy Zmi Zm2 i Yo Yoo
(22) Z=\Zm Zys Zm |, Y=|Ym Yo Y. |,
| Zm2 Zma 21 Yoo You Vi
[ Zi+ Zims 22 i+ Y Y,
(23) 7o _ 1 2 1 Cye- 1 2 1 |
27 m1 275 Y1 0.5Y5

(24) Z° =21 — Zma], Y°=[V1 - V.
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The eigenvector matrices Sy, ; of even-modes can be gotten analytically, as shown in
[8] because the order of even-mode MTL equations is 2.

1 —ﬂe]’ S?:ll ael.
—at 1 g 1

Then the eigenvector matrices of the original MTL system can be represented by

(25) S5 =

1 —-p -1 1 05a¢ -1
(26) Sy=|-a° 1 0 |, S;=]28 1 0
1 —-p 1 1 05a¢ 1

From (20a), (20b) the decoupled circuit parameters are given by
(27a) 21 = (21 + Zm2) +28Zm1, 22 =22+ Zp1, 23=21— Zma,
(270)  y1 = Y1+ VYi2) —aViur, y2=Y2 =260, ys=Y1— Yo

The first two parameters correspond to even-modes and the last one corresponds to
the odd-mode. Then the propagation constants of the MTL equations are given by

(28) Vi = \/Zili (i1=1,2,3).

The same procedure can give analytical solutions for the case of p =0, k=2, n=4
and are omitted.

Next, we’ll discuss a very special example—rotational symmetric MTL equation.
The PUL matrices of MTL equations with rotational symmetric structure are sym-
metric circulant matrices [7].

(29a) Z = circ(20, Zm1s Zm2;s - - > Zm(n—1) )
(29b) Y = Ci?"c(ym Ym1,Ym2, - - - aym(nfl)%
where 2., = Zm(n—p)s Ymp) = Ymm—p)» P = 1,2,...,n — 1. From the view of

rotational symmetry, both eigenvector matrices Sy and S; are equal to the Fourier
matrix [9]:

1
(30) F = ﬁ[é(p_l)(q_l)] (p,g=1,2,...,n),

where § = /% (j = \/=1). Because Sy = S; = F, from (17a), (17b) we know that
the eigenvalues of Z and Y are the decoupled circuit parameters. The eigenvalues of
Z are given by

k—1

2pqm
(31a) Apln=2r = 20 + ZZ Zm(q) COS p;] + (1P 2m ()
q=1
b 2pqm
(31b) Apln=2k+1 = ZO+2ZZm(q) cos — (p=0,1,...,n—1).
q=1

Because the eigenvalues of symmetric circulant matrices are repeated (Ap—p = Ap),
the eigenvector matrix is not unique. The Fourier matrix is one that comes from the
view of rotational symmetry.
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PrOPOSITION 11. A symmetric circulant matriz is a symmetric centrosymmetric
matriz.

Proof. If circulant matrix Z is symmetric, then z,,,) = 2m@m—p) @ = 1,2,...,
n —1). Because JZJ = circ(20, Zm(n—1)> Zm(n—2)s - - - » Zm(1)) = Circ(20, Zm(1)> Zm(2)>
ooy Zm(n—1)) = Z, Z is a centrosymmetric matrix. 0

From Proposition 5, we know that Z is also mirrorsymmetric. Since the PUL
matrices of rotational symmetric MTL equations are mirrorsymmetric, even if the ro-
tational symmetric structure is not mirrorsymmetric, the modes can also be classified
into k “odd-modes” and k + p “even-modes” (p = 0,1). But the column vectors of
the Fourier matrix used in [7, 9] are not mirrorsymmetric or skew-mirrorsymmetric.
Here we give another set of orthogonal eigenvectors, which are mirrorsymmetric or
skew-mirrorsymmetric:

. . . .\ T
(32a) 55 = (COS (n— 1)J7T,Cos (n— 3)‘77T, ...,CO08 (n— 3)‘77T,cos (n— I)JW) ,
n n n n
: . . .\ T
1 _ _ 1
§7 = [ sin (n )]W,sin (n 3)]77, ...,—sin (n = 3)jm , —sin (n )im
(32b) J n n n n

(G=0,1,2,....k n=2k2k~+1).

Zero-vectors s§ and st (n = 2k) in (32a), (32b) have no meaning and are not used.
The first five normalized eigenvector matrices under a certain mode order are given
below:

1 —05 —1 bbbt
1 -1 1 1 -1 1
5’2x2=l1 ) 1, S3xz= |1 1 0 |, Sixa= L1 1 1|
1 -05 1
1 -1 1 1
(1 a—1 —(a+1)/2 —a -1
1 1 a2 -1 «a
Sows=| 1 —2a 1 0 0 ,
11 a2 —a
1 a-1 —(a+1)/2 o 1 e YE-1
1 —-05 -1 1 —-05 —17
1 1 0 0 -1 1
1 —-0.5 1 -1 -05 -1
=10 o5 1 1 05 1
1 1 0 0 1 -1
1 05 -1 -1 05 1|

From the view of rotational symmetry (circulant matrix), the eigenvector matrix is
the Fourier matrix [7, 9], which is complex. From the view of the mirrorsymmetric
matrix, the eigenvector matrix is real. Two views perfect the theory of rotational and
mirror symmetries.
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Two examples discussed above all involve the special cases of mirrorsymmetric
matrices—centrosymmetric matrices. Thus the decomposition can be gotten directly
by using the properties of centrosymmetric matrices [2, 3, 4, 5]. But if the number of
central conductors is greater than one (as shown in Figure 1, if p > 1), the interaction
matrices can no longer be represented by centrosymmetric matrices. Mirrorsymmetric
matrices defined in section 2 have to be considered. Taking the case of p =2, k = 2,
n = 6 as the example, the odd/even-mode decomposition scheme is given by

[ 21 Zoi Zm3 Zma Zmt Zms |
Zml ZQ Zm5 Zm6 ZmQ Zm7
(33a) 7 Zm3 Zms 23 Zm2 Zms Zm3 ’
Zm4 Zm6 Zm2 Z4 Zm6 Zm4
Zm7 Zm9 Lms Zmeé L2 Zml
L ZmS Zm7 Zmd Zm4 Zml Zl i
[ Yi le YmS Ym4 Ym? YmS T
Yoi Yo Yas Yae Yo Yo
Yins Y Ys Yo Y. Y
(33b) Yy — 3 5 3 2 5 3 7
Ym4 Yrm6 }/WLZ Y4 an6 Y;n4
Ym 7 Ym 9 Ym 5 Ym 6 Y2 Ym 1
L Ym8 Ym? Ym3 Ym4 le Yl i
Zl + Zm8 Zml + Zm7 2Zm3 2Zm4
e Zml + Zm7 ZQ + Zm9 QZmS 2Zm6
(343*) Zixa = )
23 25 9275 2Zmo
2 Zma 2me  2Zma 274
}/1 + Ym,S le + Ym? }/m3 Ym4
. Y1 +Ymr Yo+Yno o Ys Yome
(34b) Yia= Y. Y. )
m3 mb O5YE§ O.5Ym2
Yina Yo 0.5Y,,,2 0.5Y;
(35)
° Zl - ZmS Zml - Zm7 ° Yl - YmS le - Ym7
Z3yo = ’ 2x2 — ’
Zml - Zm? Z2 - Zm9 le - Ym? YVQ - YmQ
[ 1 5\6/',12 55/,13 5\6},14 B —1 ]
SV,21 L SV Syas —1
(36a) Sy = S\:/,31 S\:},32 61 516/,34 0 ’
Svar Svaz SVas 1 0 0
SV21 1 SVes SVaa 1 —af
L 1 5\6/,12 55/,13 516/,14 —3° 1 ]




88

(36b) Sy

Here, PUL matrices Z, Y, Z*¢, Y*¢ are symmetric.

Rotational symmetric structure, discussed in the second example, needn’t be mir-
rorsymmetric. However, since the PUL matrices of rotational symmetry, symmetric
circulant matrices, are also mirrorsymmetric, we may as well suppose for convenience
that rotational symmetric structures discussed here also have mirror symmetry. When
n is even, the mirror plane may be chosen cutting no conductors, i.e., p = 0 (see Fig-
ure 2(a); zeroth conductor is not shown in the figure). This case has been discussed
above. Another choice is that of the mirror plane cutting two conductors, i.e., p = 2
(see Figure 2(b), noticing the different line order of the two cases). Now the PUL ma-
trices Z and Y are neither circulant matrices nor centrosymmetric matrices. However,
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1 S§, 0555, 0585, —a°
Siar 1 0585, 05S5, —1
25?,31 25?,32 1 Sf,34 0
25741 25742 Stas 1 0
Sior 1 0585, 05S, 1

1 S5, 0585, 05S5, ol

they are mirrorsymmetric matrices, where n = 2k + 2 and

(37a)

(37h)

(37¢)

(37d)

There are a total of k + 2 distinct eigenvalues and k repeated eigenvalues that cor-
respond to even-modes and odd-modes for this case. The corresponding orthogonal

Zy Zm1 o Zm(k—l)
Zm1 Zo ® Zm(k-2)
Zu(kk) = . . . .
Zmk-1) Zmk-2) ® 2
Zmk+1)  Zmk  ®  Zm2
ka Zm(k+1) ° Zm3
Zir(kk) = . . . .
Zm2 Zm3 L4 Zm(k+1) |
7 . Zmk Zm(k—l) o Zmi
ch(@k) = Zml Zm2 L ka '
Zo (k41
ch(22) = ( )
Zm(k+1) A

mirrorsymmetric and skew-mirrorsymmetric eigenvectors are given by

e
j

(38a)

g
= [ cos ———, cos
kE+1’
T
cos ...,COS
k+17 ’

72

J2rm
E+1’

C

jkm
...,C08 ——,
k+1’ k+1
jm
0S

k+1

(71)ja la

T
) ,
§=0,1,....k+1
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(ayn=6,p=0,k=3 b)n=6,p=2,k=2

Fic. 2. Rotational symmetry with even n.

o (. Jm . j2m . Jkm
Sj—<smk+1,smlm,...,smk_'_1,0,0,
38b
(38b) . jkm g2 gmw )T
—sin ye..,—sin , — sin .
E+1 k+1 k+1), 10 &

The first two normalized eigenvector matrices by a certain mode order are shown
below (p =2,k =1,2):

"1 -1 —05 05 —1 —117

1 -1 0 -1 1 1 —05 —05 —1

11 -1 1 -1 1 -1 0

Sa=1 c Sexe = 1 1 0
1 -1 0 1 1 1 —05 —05 1 -1
1 -1 05 05 1 1|

Here Sy = S; = S. We can verify Sgxg by using (33a)—(36b). When n = 6 (as shown
in Figure 2(b)), there are 4 even-modes and 2 odd-modes. Compared with Figure 2(a),
with the same structure but different mirror plane, there are 3 even-modes and 3
odd-modes. Although the structure and the modes are the same, the classification is
different. But for general mirrorsymmetric structures as shown in Figure 1, there is
no way to transform mirrorsymmetric matrices into centrosymmetric matrices when
the number of central conductors is greater than 1 (p > 1). After all, centrosymmetric
matrices are special cases of mirrorsymmetric matrices.

5. Conclusion. Mirrorsymmetric matrices, which are the interaction matrices
of mirrorsymmetric structures, are defined in this paper. Some basic properties, es-
pecially eigenvectors of mirrorsymmetric matrices, are explored. It is proved that
centrosymmetric matrices are special cases of mirrorsymmetric matrices, i.e., mir-
rorsymmetric matrices are centrosymmetric matrices only when p = 0 or 1, where
p is the component number on the mirror plane. However, almost all properties of
centrosymmetric matrices can be directly generalized to mirrorsymmetric matrices.

The application of mirrorsymmetric matrices on odd/even-mode decomposition
of mirrorsymmetric MTL equations is investigated in detail. The order of MTL equa-
tions is reduced from n to k and k+p. Two transforming matrices Ty, ; are defined to
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give a definite physical explanation on odd/even-mode decomposition. Some exam-
ples are discussed, especially rotational symmetric MTL equations, which can also be
treated from the view of mirror symmetry. Because the interaction matrices of mir-
rorsymmetric structure (as shown in Figure 1) are (k, p)-mirrorsymmetric matrices, it
is believed that mirrorsymmetric matrices will have wide applications in many scien-
tific fields, since mirror symmetry is commonly encountered in real physical systems.
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E-OPTIMAL SPRING BALANCE WEIGHING DESIGNS FOR
n = —1 (mod 4) OBJECTS*

MICHAEL G. NEUBAUER' AND WILLIAM WATKINSt

Abstract. Let n = —1 (mod 4) be a positive integer with n > 7 and let M, »(0,1) be the set
of all m x n (0,1)-matrices. Let F(m,n) be the largest minimum eigenvalue for a matrix X7 X with
X € My, ,n(0,1). Let m = nt + r, where 0 < r < n. We show that for r # n — 4,

n+1 r
Ent+r,n) < (7> t+ \‘7J s
( )< 4 4
with equality for sufficiently large m. For r = n — 4, we show that

E(nt +r,n) < (”“)H H 41
4 4 n

and for sufficiently large m,
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Similar inequalities are given for the case n = 3.
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1. Introduction. In this paper, we discuss E-optimality for spring balance
weighing designs. Suppose we wish to estimate the weights of n objects. A weighing
consists of placing a subset of the objects on a spring scale, which gives an estimate
of the total weight of these objects. A weighing can be coded into a {0, 1}-vector
(w1, ..., wy) by defining w; = 1 if object i is placed on the scale, and w; = 0 other-
wise. In this way a series of m weighings can be represented by an m x n (0,1)-matrix
X called a design matriz; each row of X corresponds to a weighing of the n objects.

Among all possible competing m x n design matrices X, optimality is often mea-
sured in terms of the eigenvalues of the Gram matrix (also known as the information
matrix) X7 X. For example, X is D-optimal if det X7 X is maximal and A-optimal
if trace (X7 X)~! is minimal among all m x n design matrices. (See [Puk] for a full
discussion of statistical designs and various types of optimality.)

E-optimality can be described in terms of the minimum eigenvalue, Ay, (X7 X)
of the Gram matrix X7 X. Let m > n be an integer and M,, ,,(0,1) be the set of all
m x n (0,1)-matrices (design matrices). The first question about E-optimality is to
determine how large this minimum eigenvalue can be—that is, to determine the value

of
E(m,n) = max{A\min(XTX) : X € M,, ,(0,1)}.

The following upper bounds for Apmin(X7 X) were established by Cheng [Che]
using the statistical idea of an approximate design, which was developed by Kiefer
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[Kie] in 1974:

(1) Amin(XTX) < %ﬂ) if n is odd,
n

(2) )\min (XTX) < % if n is even.

Actually Cheng showed that these upper bounds hold for a larger class of matrices
and that similar upper bounds hold for a larger class of functions. To describe Cheng’s
results, let Q = {(z1,...,2,)} : 0 < z; < 1} be the unit cube in R™. For a probability
measure £ (known as an approzimate design) on €, define the n x n matrix M (§) by

M(©) = [ aTo¢(d).

Cheng showed that for the class of functions j, (M) = n= (3] A*)'/ (where a < 1,a #
0 and the sum is taken over the eigenvalues A of M) the maximum value of j,(M (£))
occurs if and only if

2L (T, + Jn) if n is odd,
M) =
ﬁ(n[n +(n—2)Jp) if n is even.
(Here, I, is the n x n identity matrix and J, is the n x n matrix all of whose entries
are one.) One of the functions in this family is j_ oo (M) = Amin (M).

Now suppose X € M,, ,(0,1) is a design matrix and let £ be the probability
measure on {2 that assigns the value 1/m to each row of X. Then M (¢) = (1/m)XTX.
Now since Amin (I, + Jn) = 1 and Apin(nl, + (n — 2)J,) = n, inequalities (2) and (1)
follow from Cheng’s result. However, the problem of maximizing Ay, (X7 X) over
the smaller set {(1/m)XTX : X € M,, ,(0,1)} C Q is quite different. Indeed, smaller
upper bounds are available, and the actual value of E(m,n) can be determined in
many cases.

In this paper we are interested in the case where n = —1 (mod 4). We deal with
the case n = 3 in section 5. Assume now that n > 7 and that m = nt + r, where t is
a positive integer and 0 < r < n. Then inequality (1) becomes

3) Amin(XTX) < <”I 1) (t+1).

For X € M,, »(0,1) we obtain smaller upper bounds:

(4) Amin (XTX) < (”Il) t+ 7]

if r #n —4 and

(5) Amin(XTX) < (”I 1) t+ 7]+ L
n

ifr=n-4.

Our arguments depend on the congruence class of m modulo n. Thus we assume
throughout that m = nt + r with 0 < r < n and that n = 4p — 1 for some positive
integer p > 2 .
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THEOREM 1. Let n = 4p — 1 be a positive integer with p > 2, and let m = nt +r,
with 0 <r <n. If r #n — 4, then

(6) E(nt+r,n) < <”11> e+ 7]

Ifr=n—4=4p -5, then

(7) E(nt—i—r,n)g(nl—l)t—i—[ﬁ—i—i.

Furthermore, there exists a positive integer mgy such that, if m > mg and r #n — 4,
then equality holds in inequality (6) and, if r =n — 4, then

n+1 r 1 4
(8) < 1 >t+{4J+nW<E(nt+T,n).

The second problem about E-optimality is to find design matrices X for which
the maximum value of Apin (X7 X) is attained. If X € M,, ,(0,1) is a design matrix
and Amin (X7 X) = E(m,n), then X is said to be E-optimal. For n =7, m = Tt + 7,
and r # 3, we construct an m x n E-optimal matrix in section 4. However, for n > 7,
our methods are not constructive. Still, we prove that for sufficiently large m and
r # n — 4, design matrices X exist such that

dun(7) = () |1,

so that equality holds in (6).
Before beginning the proofs, we establish some notation. For each 0 <7 <n —1,

let a = Uﬂ so that r = 4a + a; for a1 =0,1,2, or 3. For r # n — 4, define

alr)=a

and define

1 1
an—4)=a+—=p—2+ —.
n n

Let e be the n-tuple each of whose entries is one.

2. Upper bounds on E(m,n). In this section we establish inequalities (6)
and (7) of Theorem 1 by means of the following lemma.

LEMMA 2. Letn =4p — 1 with p > 2, let X be a matriz in Mpiirn(0,1), where
0<r<dp—2, and let R = XTX — ptl,. Then there exists u € {e)* such that
uT Ru < ofr)||ul|?.

Proof. Let R = XTX — ptl,,, where R = (r;;). For each pair i # j, the vector
u = %(ei—ej) is a unit vector in (e)* and u” Ru = L (rji+r;;—2r;). fu” Ru < a(r),
for any pair i # j, then we are finished. So assume that 3 (r;; 4+ 7;; — 2r;;) > a(r) for
all i # j. Since a(r) > a and r;; + rj; — 2r;; is an integer, we have

(9) rii+rjj—2mj22a+1

for all i # j.
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Let p= (r11,---,7nn) T and Q = (gi;) = pe’ + ep? — 2R. Then

(10) qij =7+ rjj - 2rij~

T

Now let u € (e)*. Since uTe = 0, we have

1
ul XT Xu = pt||u||* + u’ Ru = pt||u|]* — iuTQu.
Thus it is sufficient to show that u” Qu > —2a(r)u’u, for some u € (e)*.
Assume that r;; is even for ¢+ < k and odd for ¢ > k. Partition @ as

_ | Qu Q2
@= { Q21 Q22 }

where Q11 is k X k and Qa9 is I X I, with k + 1 = n. It follows from (10) that the
off-diagonal entries in Q11 and Q22 are even, the entries in Q12 and ()21 are odd, and
from inequality (9) that all off-diagonal entries in Q17 and Qoo are at least 2a + 2.
(The diagonal entries of @ are zero.) Now let

Qo = [ (20 +2)(Jp — I) (20 +1)Jiy }
0 (2a+1)Jp (2a +2)(J, — I)

By the above remarks, the matrix £ = Q — Q¢ has nonnegative entries.

We now obtain an upper bound on e”Qe. Let ks (s = 0,1,...,n) denote the
number of rows of the (0,1)-matrix X that have exactly s ones and n — s zeros.
Then trace XTX = Y sk, and e’ X7 Xe = 3" sk, where the sums are taken over
s=0,1,...,n. Since trace I,, = eT I,e = n, we have

trace R = —npt + Z sk,
e’ Re = —npt + Z k.

Thus
eTQe = Z(r“ + 7 — 27‘@‘)
= Q;L trace R — 2¢’ Re
=2 ((n(n +1) — 2n?)pt + Z(ns - sQ)ks)
(11) <2 (=n(n—1pt+2p(2p— 1)k,
=2(—(4p — 1)(4p — 2)pt +2p(2p — 1)((4p — )t + 1))
=4p(2p — D)r.

The inequality comes from the fact that for 0 < s <n =4p — 1, the maximum value
of s(n — s) occurs only if s = 2p or 2p — 1.

One consequence of inequality (11) is that k and [ are positive, for if one is
zero, then each off-diagonal element of Q is at least 2a + 2 and then e’ Qe > (2a +
2)(4p—1)(4p—2). Thus from inequality (11), 4(a+1)(dp—1)(2p—1) < 4p(2p—1)r =
4p(2p—1)(4a+aq). In this case, p(4—aq) < a+1, which is impossible since 0 < a; < 3,
a+1<p and4da+a; =r <4p—2.
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Now let

we (o Th ezt
Then u € (e)* and
uT Bu > —kl(eTEe) = —kl(eT Qe — e Qoe) > —kl(4p(2p — 1)r — €T Qoe).
Thus

uI'Qu = u' Qou + v’ Eu
> uQou — kl(4p(2p — 1)r — €' Que)
=1Pk(k —1)(2a +2) + k%1(1 — 1)(2a + 2) — 2kl(k])(2a + 1)
+ (BD)k(k — 1)(2a + 2) + (KD)I(I — 1)(2a + 2) + 2kl(kl)(2a + 1)
— kl(4p(2p — 1)r
— 21l ((a+1)(4p — 1)(4p — 3) — 2p(2p — 1))
and
ul'u = k1% 4+ 1k = kl(4p — 1).
We finish the proof by showing that u” Qu > —2a(r)ulu.

First suppose r = 4a + a1, where a; = 0,1, or 2. Then a(r) =a, and a < p — 1.
It follows that
u” Qu 4 2auTu > 2kl ((a 4 1)(4p — 1)(4p — 3) — 2p(2p — 1)(4a + 2) + a(4p — 1))
= 2kI(8p® — 12p + 3 — 2a(2p — 1))
> 2kl(8p? —12p+3 —2(p—1)(2p — 1))
= 2kI(4p? — 6p + 1)
>0,
since p > 2.
Next suppose r = 4a + 3, where a < p — 3. Then «(r) = a and

u”' Qu + 2au”u > 2kl ((a + 1)(4dp — 1)(4p — 3) — 2p(2p — 1)(4a + 3) + a(4p — 1))
= 2kl(4p* — 10p + 3 — 2a(2p — 1)
> 2kl(4p* — 10p+3 —2(p—3)(2p — 1))
= 2kl(4p — 3)
> 0.
The remaining case is 7 = 4p—5 = 4a+3, where a = p—2 and a(r) = p—2—|—T171.
In this case 2a(r)ulu = 2ki(4p? — 9p + 3). Thus

u" Qu + 2a(r)u”u > 2kl ((p— 1)(4p — 1)(4p — 3) — 2p(2p — 1)(4p — 5) + 4p° — 9p + 3)
=0. ]

Inequalities (6) and (7) follow readily from Lemma 2.

Proof of inequalities (6) and (7) of Theorem 1. Let n = 4p—1 with p > 2, let X be
a matrix in Mpi4,,(0,1), and let R = XTX — ptl,. By Lemma 2, Apin(R) < a(r).
Thus Awin(XTX) < pt + a(r). Inequalities (6) and (7) hold since p = 2 and
a(r)=|%] forr#n—4and a(r) = ||+ L forr#£n—4. O
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3. Existence of design matrices for n > 7. In this section we show that the
upper bound on E(m,n) in inequality (6) is also a lower bound and we establish the
lower bound on E(m,n) in inequality (8). Indeed since p = 2 and a(r) = | %] for
r#n—4and a(r) =[] + 2 for r # n — 4, the second part of Theorem 1 follows
from the following theorem.

THEOREM 3. Let n = 4p — 1 be a positive integer with p > 2. There exists
a positive integer mg such that for each m = nt +r > mg there exists a matric

Xm € My, n(0,1) such that

(12) Amin (X Xm) = pt + a(r)
ifr#n—4 and
4
T
(13) )\min(Xme) Z pt + O‘(r) - mig
ifr=mn—4.

The Gram matrix, X, X, of the matrix in Theorem 3 can be described as follows:
For 0 <r <mn,let a = L%J, so that r = 4a + a1, where a; = 0,1,2, or 3. Define a
diagonal matrix

k
/_/_
(14) D, =diag(a+1,...,a+1,q,...,a),

where k = HJ +p (r —4 Lﬂ) = a+pay. Notice that 4k = 4da+4pa; = 4da+(n+1)a; =

nay; +r < 4n so that k < n. Also trace D,, = na + k = pr. We will show that for
sufficiently large m = nt + r, there exists an m x n design matrix X,, such that
XIX,, = tpl, + bJ, + D, (for some b) and that Amin(XZX,,) = pt + a(r) for
r#n —4 and Apin (X5 X,) > pt+ ar) —4/tn if r =n — 4.

The proof of Theorem 3 is not constructive. It involves the Z-module generated
by all (0,1)-matrices vTv where v is a (0,1)-vector in Z" with exactly 2p or 2p — 1
ones. Let

(15) M(n) = Z-span {vTv:v e {0,1}",v7e =2porvle=2p—1}.

We begin with a lemma to show that pl,, J,, D, € M(n) for each 0 < r < n.
LEMMA 4. Let n = 4p — 1 be a positive integer with p > 2 and 0 < r < n. Then
ply, Jn, D, € M(n).
Proof. First we will show that D; € M(n). It is easy to see that

p
. ——
Dy = diag(1,...,1,0,...,0).

Now define (0, 1)-vectors vy, ve, wy, we, ws, wy in Z™:
p—2 p—1 2p—2
—— —N—
vy =(1,1,0,...,0,0,0,0,...,0,1,...,1)
’U2:(0,0,0,...,0,1,1,0,...,0,1,...,1)
wy = (0,0,0,...,0,0,1,0,...,0,1,...,1),
we = (0,0,0,...,0,1,0,0,...,0,1,...,1)
w3z = (0,1,0,...,0,0,0,0,...,O,l,...,l)
=( )

wy = (1,0,0,...,0,0,0,0,...,0,1,...,1).
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Then vy, vy have 2p ones and 2p — 1 zeros, and wy, ws, w3, ws have 2p — 1 ones and
2p zeros. Thus viTvi,ijwj € M(n) fori=1,2and j =1,2,3,4. A direct calculation
gives

T T T T T T
V] U1 — Uy U2 + Wy w1 + Wy we — w3 w3 — wy W = L1 o+ Eoy — Eppapro — Epyopia.

(Here E;; is the matrix whose only nonzero entry is a one in position (4, j).) Thus
Eio+ Esy— Epy1pro — Eproprr, and similarly, Eg; + Eji — Eppipyj — Epyjpya are
in M(n) for all distinct 1 < 4,5 < p. Summing on all such 4, j we get

Jp - Ip Op

Ml: |: OP IP_JP

:| @ Ogp—1 € M(n)
Next let A = [J,, J, — I, 0p,2p,—1]. Each row of A has 2p — 1 ones and 2p zeros. Thus

Jp (p—1)J,
A= { (p8 DJ, (v i32)Jp+lp } @ O2p—1 € M(n).

2 2p—1
——
Finally, let w = (1,...,1,0,...,0). Then

Therefore,

I, 0p

D, = |: 0 0 :| @02;7—1 =ATA - (p— l)wTw — M, € ./\/l(n)
p p

We now show that D, € M(n) for r = 2,...,n — 1. Since M(n) is invariant under
permutation similarity and D; € M(n), each diagonal matrix with p ones and n — p
zeros on the diagonal is also in M(n). But D, is a diagonal matrix with trace pr and
diagonal entries equal to a or a + 1. Thus D, is a sum of r diagonal matrices with p

ones and n — p zeros on the diagonal. It follows that D, € M(n).
It is clear that pl, is a sum of n diagonal matrices each having p ones and n — p

zeros. Thus pl,, € M(n).
Finally we show that J, € M(n). Let

2p—1

2p
——
up=(1,1,...,1,0,...,0) = > ¢,
j=1

Then

2p
uluy —viv = Eyq+ Z(El’j +Ej1) € M(n).

Jj=2
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Likewise for each 1 <7 < n let

i+2p—1
U; = E ej,
j=i
i+2p—1
v = E €5,
Jj=i+1

where the index j is taken modulo n. Then

i+2p—1
u?ul — ’UiT’Uz' = Ei,i + Z (EiJ' + Ej,i) S ./\/l(n)
j=it1
It is easy to see that J, = > (ufu; — v} v;) and thus J,, € M(n). O

At this point, the arguments for the cases where n is a Hadamard number and
the cases (if any) where n is not need to be separated. A Hadamard number is an
integer n = 4p — 1 for which a there exists a (4p — 1, 2p, p)-design, or equivalently an
n x n design matrix H such that HTH = p(I,, + J,). It is conjectured that every
integer n = —1 (mod 4) is a Hadamard number, and n = 427 is the smallest such
integer for which no Hadamard design is known.

In case n is a Hadamard number, we let H be a (4p — 1, 2p, p)-design matrix so
that H'H = p(I,, + J,). Otherwise we need to define two larger design matrices of
sizes cn X m and 2cn X n, where ¢ = ﬁ(gg:?) is a Catalan number and hence an
integer.

Let C' be the nc x n design matrix whose rows consist of all n-tuples with exactly
2p ones and 2p — 1 zeros. Let B be the 2nc x n design matrix whose rows consist of
all n-tuples with exactly 2p ones and 2p — 1 zeros and those with 2p — 1 ones and 2p
zeros. It is easy to see that

(16) CTC = c(pl, + pJy),
BTB = ¢(2pI, + (2p — 1) J,,).

These matrices will be used in the next two lemmas.

LEMMA 5. Let n = 4p — 1 be a positive integer with p > 2. If n is a Hadamard
number and 0 < r < n, then there exists a positive integer 7, and an m X n design-
matriz X, such that m = 27.n + r, each row of X, has exactly 2p or 2p — 1 ones,
and

(17) XIX, = 1.(2pL, + (2p — 1)J,) + D,

where D, is the n x n diagonal matriz defined in (14).
If n is not (necessarily) a Hadamard number and 0 < R < nc, then there exists
positive integer Tr and an m X n design matriz Xg such that m = 2tgen + R and

where R = (2s + s1)n+ 71 with s >0, s1 =0,1, 2s +s1 < ¢, and 0 < r < n.

Proof. Let uq,...,un be the set of all (0,1)-vectors in Z" with exactly 2p ones
and 2p — 1 zeros or 2p — 1 ones and 2p zeros, that is, the 2cn rows of the matrix B.
Then

N
(19) Zu;‘ruj = B"B = ¢(2pI,, + (2p — 1)J,,).
j=1
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To prove the first part of the lemma, assume n is a Hadamard number and that
0 <r < n. Since D, € M(n), there exist integers z; (some of which may be negative)
such that D, = Zzlu?ul Now let z be a nonnegative integer such that z 4+ z; > 0
for all 7, and let X, be the m x n design matrix whose rows consist of each of the u;
repeated z + z; times. Then

Xr'x, = Z(z + z)ul u; = ze(2pl, + (2p — 1)J,,) + D,..

Thus (17) holds for 7, = zc.
It remains to show that m = 27,.n +r. Since each wu; has either 2p or 2p — 1 ones,
we have

T

ntraceu, u; — el ul uge = 2p(2p — 1)

for all . Thus,

2p(2p — )m =2p(2p — 1)) (2 + z)
=ntrace X! X, — el X' X, e
= (n — 1)trace (7-(2pL,) + D..))
= (n—1)2np7, + pr)
=2p(2p— 1)27n + 7).
(The third equation follows from the fact that ntraceJ, — eZJ,e = 0.) Hence,
m = 27,.n + r. This completes the proof of the first part of the lemma.
Now we consider that case where n is not necessarily a Hadamard number. Let R
be an integer satisfying 0 < R < nc, where R = (2s 4+ s1)n + r with s > 0, s; =0, 1,
25+ 81 < ¢, and 0 < r < n. Since D,.,pl,, J, € M(n), there exist integers z; such
that

Z Zzufuv = 5(2p1n + (2}7 - 1)Jn) + Sl(pln +p<]n) + D,.

the m x n design matrix whose rows are the u; repeated z + z; times. Then

As before, let z be a nonnegative integer such that z + z; > 0 for all ¢ and let X be

X}%XR = Z(z + zz)u?uz
= (zc¢+s)(2pl, + 2p — 1)Jp) + s1(pln + pJn) + D;-.

Thus (18) holds for 7r = z.
It remains to show that m = 27gren + R. Arguing as before,

2p(2p — 1)m =2p(2p — 1) Z(z + 2)
=ntrace X5 Xp — el X% Xge
= (n—1)((trc + $)(2pn) + s1pn + pr)
= 2p(2p — 1)(27ren + R). 0
This completes the proof of the second part of the lemma.

In the next lemma we show that for sufficiently large m = nt + r, a matrix
Xm € My, (0, 1) exists such that

XX, =tpl, +bJ, + D,,
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where t(p — 3) < b < tp.

LEMMA 6. Let n = 4p — 1 be a positive integer with p > 2 and let 0 < r < n.
There exists a positive integer mq such that for each m = nt + r > mq there exists a
matriz X, € My, n(0,1) such that

(20) XX, =tpl, +bJ, + D,,

where t(p — %) <b < tp.

Proof. Let r be an integer satisfying 0 < r < n.

First we assume that n is a Hadamard number so that there exists an n x n
Hadamard (4p — 1,2p,p)-design matrix H. By Lemma 5, there exists a positive
integer 7, and a (27.n + ) x n (0,1)-matrix X such that (17) holds.

Suppose m > 27,.n + r with m = tn + r. Then ¢t = 27, + k for some nonnegative
integer k. Let H be an n x n Hadamard matrix. Then HT H = p(I,, + J,,). Let

k
—
XL =(xT HT,... HT
be the m x n (0,1)-matrix obtained by adjoining k copies of H to X. Then
XIX,, =XT'X +kHTH
=7.2pI, + (2p — 1)Jp,) + Dy + kp(I, + Jp,)
— tpl,, +bJ, + D,
where b = tp — 7. < tp. Since t = 27 + k, 7 < t/2. Thus t(p — %) < b. Now choose
myg large enough that mg > 27,n+r for r=0,...,n — 1.
The proof without assuming that n is a Hadamard number is more complicated.
With m = nt + r, we write t = ¢ + 2s + s1, where ¢ is the Catalan number from
Lemma 5, 7 = L%J, 0<2s+s <c and s = 0 or 1. Thus m = ner + R, where

0 < R=(2s+ s1)n+r < nc. From Lemma 5, there exists a positive integer 7 and
a (2nctgp + R) X n matrix Xg such that

Suppose 7 = 27r + k for some nonnegative integer k. Let
k
—_——~
X =[xkt ct,....c7].
Then from (16) and (21) we get
XE X = X Xp+ECTC
= (ctr + 8)(2pln + (2p — 1)Jn) + s1(pln + pJn) + ke(pln + pJn) + Dy
= (rc+ 2s+ s1)pl, + bJ, + D,
where
b= (2p—1)Trc+ p(2s + s1) + kpc
=pc(2Tr + k) + p(2s + s1) — (Trc + )

=tp— (Trc+ 9)
< tp.
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Since ¢t = ¢(27 + k) + 2s + s1, we have 2(Tgc + s) < t. Thus, t(p — 3) < b. O

To prove Theorem 3, it remains only to show (12) and (13).

Proof of Theorem 3. Let m > mg with m = nt + r. By Lemma 6, there exists
Xm € My, n(0,1) such that (20) holds. Let a = LEJ so that r = 4a+aq fora; =0,1,2,
or3. Let k=a+pay <n. If k=n—1,thena; =3,a=p—2, and r =n —4;
otherwise k£ < n — 2. We distinguish two cases:

Case r # n — 4. In this case there are at least two diagonal entries of D,. equal to
a. Thus it is clear that Ayin (X5 X,,) = pt + a. (The vector v = (0,...,0,1,—1)7 is
an eigenvector of X, X,, corresponding to this eigenvalue.)

Case r = n — 4. In this case, D, = diag(a + 1,...,a+ 1,a) and X1 X,, = ptI,, +
bJy, + D,. Since by := t(p— 3) < b, we know that Amin (X5 X0m) > (pt+a) + Amin (M),
where M = boJ,, +diag(1,...,1,0). Let eq,...,e, be the standard basis for R™. Then
the n — 2 vectors e; —e;11, 1 =1,...,n — 2, are eigenvectors for M corresponding to
the eigenvalue 1. Let 1 < ps be the other two eigenvalues of M. To finish the proof,
we will show that Apin(M) = ug > % — t%.

We now find an explicit expression for ;. Clearly, trace(M) = nbg + 1 and it is
not hard to see that det(M) = bg. Thus

p1 + p2 =nbo + 1,
2 = bo.

Solving for pq, e, we find that the smaller eigenvalue p is given by

1
p= g (1 +bon — +/(bon + 1)2 —4b0) .

It is easy to see that p; < 1, and thus g1 = Ay (M).
Finally, we show that

1 4

22 1.4
(22) n s M

which is equivalent to each of the following inequalities:

2tn? — 4) < tn’ (1 +bon — /(bon + 1)2 — 4b0) :
tn3\/(bon + 1)2 — 4by < tn3(1 + bon) — 2(tn* — 4),
(23) 208 ((bon + 1)% — 4bg) < (tn®(1 + bon) — 2(tn® — 4))°,

@. By a direct calculation, we see that 16 times the right

where by = t(p — 3) =
side of inequality (23) is

1024 — 512n% ¢t 4+ 2563t
+ 16052 +16n°t3 —24n" 13 4 8n® 13 + n® ¢t — 202 t1 £ 0104,

and 16 times the left side of inequality (23) is
16052 +16n°¢t3 —24n" 3 + 8083 + n¥tt —2n ¢t + nto t4,

and their difference, 256(n3t — 2nt + 4), is positive. Thus inequality (23), and hence
inequality (22) and Theorem 3, is proved. d



102 MICHAEL G. NEUBAUER AND WILLIAM WATKINS

4. Construction of E-optimal design matrices for n = 7. Although our
methods do not show how to construct E-optimal design matrices for all Hadamard
numbers, we can construct them for n =7 and r # 3. (For n =7, p=2.) Let H7 be
any (7,4,2) Hadamard design matrix. For example, we can take

0001 111
0110011
0111100

Hr=|1010101],
1011010
1100110
(110100 1

so that HY H; = 2(I7 + J7). We now describe how to construct an E-optimal design
matrix for 0 < r < 6, except when r = 3. Let m = Tt +r > 7. Let vy, v denote the
first two columns of H.

Case r = 0,1,2. In this case, Theorem 1 states that E(7t + r,7) = 2t. First
suppose 7 = 0 so that m = 7t, and let

t
—_—~—

X7, =[H7,....H7].

Then XZ X,, = 2t(I7 + J7) 50 that Amim (XL X,n) = E(7t,7) = 2t.

Now let vy,v2 be any (0,1)-7-tuples and let X%, ., = [X% vi] and X%, =
(X%, v1,v2], where X7, is defined above. Clearly, Amin (X4 X7147) > Amin (X7 X70) =
2t for r = 1,2, but Lemma 2 guarantees that )\min(X%+TX7t+r) < 2t, and hence
)\min(X;;s+rX7t+r) = 2t.

Case r = 3. Let

10001 1 00 1 17
0101011010
0011101001

Xo=1]110010110 0
0110010101
1011000110
Lo 00O OO0 1 1 1 14

Then
5 2 2 2 2 2 27
25 2 2 2 2 2
2 25 2 2 2 2

XEXo=12 2 2 5 2 2 2| =2(I; +J;) + Ds.
2 2 2 25 2 2
2 2 2 2 2 5 2
2 2 2 2 2 2 4]

———
For ¢ > 27 let X}; = [H7, ey H7,X10]. Then XZ;LXm = Z(t - 1)([7 + J7) + X%Xlg =
2t(I7 + J7) + Dg. The argument for the case r = n — 4 = 3 in the proof of Theorem

3 shows that Amin(X% X,n) > 26+ + — 2.
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Case r = 4,5,6. Let

10100 1 00 0 1 17
100100710101
10001001110

X3=1]/0 1010001011
010011007101
01100010110
L0 01 111110 0 0l

Then

5 2 2 2 2 2 27
2 5 2 2 2 2 2
2 25 2 2 2 2
XhXn=122 25 2 2 2,
2 2 2 2 5 2 2
2 2 2 2 2 5 2
2 2 2 2 2 2 6]

Then Amin (X1 X11) = pt + |

[

Xt =[HY, ... H} Xu].

Then X%+4X7t+4 = 2(t*1)([7+(]7)+X,1TlX11 and it is clear that Amin(X’?;+4X7t+4) =
E(Tt+4,7)=2t+ 1.

For r = 5,6, adjoin any (0,1)-7-tuples v; if r =5 and vy, vy if 7 = 6 to the design
matrix described in the r = 4 case. The minimum eigenvalue of X7Tt 1+ X7t4r does not
increase. That is, Amin (X%, X7e4r) = E(Tt+7,7) =2t + 1.

5. E-optimality for n = 3. Let n = 3,

10 0
01 0
00 1

A=10 1 1/,
10 1
110
11 1]

and A; denote the ith row of A. Assume X € M,, 3(0,1) has k; rows equal to A;.
Assume m =3t +r. Then k1 +---+ k;y =3t +r and

k1 + ks + ke + kr ke + k7 ks + k7
XTx = ke + k7 ko + kg + ke + kr kg + kr
ks + kr ki + k7 ks + ks + ks + k7

We prove the upper bound by contradiction and for that purpose we assume that
Amin(XTX) > t. In that case u'!XT Xu > t for all unit vectors u. Using the three
vectors (1/v/2)(1,—1,0), (1/4/2)(1,0, —1), and (1/4/2)(0, 1, —1) in place of u and using
the fact that the k; are integers we get the following inequalities on the k;:

(kl + k4) + (kg + k5) >2t+1,

(lﬁ + k4) + (k3 + ke) > 2t + 1,

(kg + k5) + (]{73 + kG) > 2t+ 1.
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Adding the three inequalities yields
2(ky + ko + ks + ky + ks + kg) > 6t + 3
and hence
t+r>ki+ke+ks+ks+ks+ ke > 3t+2,

a contradiction if r = 0 or 7 = 1. Thus for r = 0 or » = 1 we have A, (X7 X) < t.
For r = 2 we have ki +ko+ks+ks+ks+ks = 3t+2, i.e., k7 = 0. Furthermore, we may
assume without loss of generality that k1 + k4 =t+1 = ko + k5 and k3 + kg = t. Now
let v = 1/v6(—1,—1,2). Then v XTXv =t +1/3. Hence Apin(XTX) <t+1/3.

Next we construct a design matrix X with A\ (X7X) = t if r = 0,1, and
Amin(XTX) >t + 3 — 52 if r =2,

When r =0 let ky = ko = k3 = 0 and ky = k5 = k¢ = t. Then it is easy to see
that XTX = (I3 + J3) and hence Apin (X7 X) = t.

When r = 1 we can produce many different matrices X with )\min(XTX )=t
by adjoining any (0,1)-vector to the matrix given above for » = 0. In all cases,
Amin(XTX) = t. One such example is given by k; = 1,ky = k3 = 0, and kg =
ks = ke = t. It is easy to see that for this choice of ki,...,ks we have XTX =
t(I3 + Js) + diag(1,0,0) and hence Apin (X7 X) = ¢.

When r = 2 define k1 = ko = 1,k3 = 0, and ky = ks = kg = t. It is easy to
see that for this choice of ki, ... ks we have XT X = t(I + J) + Diagonal(1,1,0) and
hence Apin (X7 X) = 1/2(5t + 1 = V92 +2t +1) > t +1/3 — 52,

We summarize the results for n = 3 in the following theorem.

THEOREM 7. Letn=3 and m =3t +r, with 0 <r < 2. Ifr # 2, then

E(3t+r,3) =t.
If r =2, then
1 2 1
t+ - — <FEBt+23) <t+—.
+3 27t +3 ~ (3¢ +2,3) < +3

This is not the best possible lower bound for » = 2. In fact, the matrix defined by
ki1 =1,ke = ks =0, and ky = ks = t,kg = t + 1 has a larger minimal eigenvalue for
the same ¢ than the matrix defined above. However, this minimal eigenvalue is the
root of an irreducible cubic polynomial which leads to cumbersome expressions that
are not easily manipulated.

6. E-optimality versus D-optimality. A matrix X € M,, ,(0,1) is D-optimal
if det X7 X is maximal among all matrices in M, ,,(0,1). A referee suggested that
we compare D-optimality with E-optimality. Actually, the results and techniques for
these two kinds of optimality are quite different.

We consider the case n = 4p — 1 from the present paper and assume that n is a
Hadamard number, that is, an integer for which there exists a (4p — 1, 2p, p) design.
As in section 3, let H be the corresponding design matrix so that H H = p(I,, + J,)
and let X be the tn x n matrix defined by



E-OPTIMAL 105

Then XX = pt(I,, + J,,). Thus Apmin(XTX) = pt and so, by Theorem 1, X is E-
optimal. It turns out that X is also D-optimal. See [NWZ, Thm. 3.1]. However, the
complementary design matrix Y = Ji, ,, — X is E-optimal but not D-optimal. This
follows from the general result [NWZ] that each row of an m x n D-optimal design
matrix must contain 2p ones and 2p — 1 zeros if m is sufficiently large [NWZ]. Each
row of X contains 2p ones, but each row of Y contains only 2p — 1 ones. Thus Y
cannot be D-optimal if ¢ is sufficiently large. (In fact, Y is not D-optimal for any ¢.)

Other comparisons between D- and E-optimality are difficult because neither
theory has been completely worked out. Indeed, the only two integers n = —1 (mod 4)
for which results on D-optimality are sufficiently developed are n = 3,7. Thus we now
compare D- and E-optimality for n = 7.

To produce a design matrix that is D-optimal but not E-optimal, consider the
casen =7 and m =Tt + 4. In [NW], a (7t + 4) x 7 D-optimal matrix X is shown to
exist (for sufficiently large t) such that X7 X = 2¢(I7 + J;) + R, where R = BT B and

= _= O O
O = O
O~ = O
SO O
— = O
_ O ==
O~ =

is part of a Hadamard matrix. It is easy to see that Apin (X7 X) = 2¢t. But by
Theorem 1, E(7t+4,7) = 2t 4+ 1. Thus X is D-optimal but not E-optimal. In fact, it
is implicit in [NW] that Apin(XTX) = 2t for all (7t + 4) x 7 D-optimal matrices X.
Thus for sufficiently large ¢, no (7t + 4) x 7 D-optimal matrix is E-optimal.

By contrast, if m = 7t+2 is sufficiently large, all (7¢t+2) x 7 D-optimal matrices X
have minimum eigenvalue equal to 2¢ [NW]. So for sufficiently large ¢, every (7t4+2)x 7
D-optimal is E-optimal.
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THE FLOW OF A DAE NEAR A SINGULAR EQUILIBRIUM*
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Abstract. We extend the differential-algebraic equation (DAE) tazonomy by assuming that
the linearization of a DAE about a singular equilibrium has a particular index-2 Kronecker normal
form. A Lyapunov—Schmidt procedure is used to reduce the DAE to a quasilinear normal form which
is shown to posses quasi-invariant manifolds which intersect the singularity. In turn, this provides
solutions of the DAE which pass through the singularity.
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1. Preliminaries. We consider the differential-algebraic equation (DAE)

(L.1) &= f(z,y),
(1.2) g9(z,y) =0,

where z € R® (n > 2), y € R™, and f : U — R™ and g : Y — R™ are both C¥
(analytic) in an open neighborhood, U, of (0,0) in R™*™. The motivation for this
paper is to understand the orbit structure of (1.1)—(1.2) near (0, 0), which is assumed
to be a singular equilibrium in the sense that

Al. f(0,0) =0, g(0,0) =0,

A2. N(dyg(0,0)) = (k) ,kTk = 1, where N(d,g(0,0)T) = (u).
We shall also make the following assumptions, which we introduce now in order to
make the presentation as transparent as possible:

A3. dyg(0,0)dy f(0,0)k & R(dyg(0,0)),

A4. d(f x g)(0,0) € GL(R™"*™), and

Ab5. diyg(0,0)[k,k} ¢ R(dyg(0,0)).
There is one further condition to be imposed which will be introduced at the appro-
priate point in the paper. The regularity assumptions are imposed on f and g for
brevity, and one could consider problems of finite smoothness in a similar manner.

First, let us define some terminology associated with (1.1)—(1.2). The constraint
manifold for (1.1)—(1.2) is the set C = {(z,y) € U : g(z,y) = 0}, and the singularity
is S = {(z,y) € C: det(dyg(z,y)) = 0}.

The main result of the paper is that one can use A1-A5 to reduce the DAE (1.1)-
(1.2) to a quasilinear normal form of dimension n. This normal form is a differential
equation which can be written as

(1.3) & = Loa + O(2),
(1.4) s(a, )8 = B+ 0(2),
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where (a, 3) € R", Ly € GL(R"1) is some mapping and s(0,0) = 0. We can then
understand the nature of solutions of (1.3)—(1.4), and hence of the original DAE, by
rescaling time and applying standard invariant manifold theory to the resulting ODE.
The only proviso to be met in this process is that solutions of (1.3)—(1.4) will require
a degree of differentiability that is not imposed by the formulation (1.1)—(1.2).

1.1. Background. A standard uniqueness theorem for differential equations im-
plies that for any (zp,y0) € C\S there exist o,w > 0 and a unique C* solution
of (1.1)-(1.2), (—a,w) — R™™: ¢+ (x(t),y(t)) € C\S, such that (z(0),y(0)) =
(z0,y0). The goal of this paper is therefore to try to understand the nature of solu-
tions which encounter the singularity and to understand how uniqueness can break
down.

The usual alternative for the global continuation of solutions of ODEs states that
solutions either exist for all time or else become unbounded in finite time. There is
a third alternative for solutions of DAEs: the solutions terminate at a singularity [8].
However, it is not true that all solutions which encounter the singularity must termi-
nate there; some may be continued [11, 12]. Indeed, the DAFE tazonomy described in
these references gives conditions under which there are submanifolds of S where such
a continuation is possible.

In [3], the authors discuss the possibility of using the DAE tazonomy to investigate
a type of shock wave in a magneto-hydrodynamics equation which makes this paper
also relevant to that study. In [7] Mérz gives conditions to ensure that the semilinear
DAE

(1.5) Az +Bz=p(z),  lle(2)ll = O(||2|*) as z — 0,

has a Lyapunov stable equilibrium. In particular, the author supposes that the Kro-
necker index of the matrix pencil (A, B) is two, and in due course we shall write
(1.1)~(1.2) in this form.

1.2. Notation. The term manifold is taken as a synonym for graph and the
tangent space of a manifold M at a point z € M is written T,(M). If U is a linear
space, then for each u € U we shall write the map v — u”v as «”, and the span of u
is written as (u) = {pu : p € R}. Also, ||ul|? := uTu and a hash symbol (#) denotes
set cardinality.

Let (A,B) € L(RY) x L(RY) be a square matrix pencil. It is regular if there
exists a A € C such that det(AA+ B) # 0. The spectrum of (A, B) is 0(A, B) :={\ €
C : det(MA+B) = 0}, and (A, B) is hyperbolic if o(.A, B) contains no purely imaginary
elements. We write CT = {z € C: Re(z) > 0}, and C~ is defined similarly.

Let us stipulate the degree of smoothness of solutions of (1.1)—(1.2) as follows.
If I C R is open, a solution of (1.1)—(1.2) is a map t — (z(t),y(t)) € C*(I,R") x
CY(I,R™), such that (1.1)—(1.2) is satisfied for all t € I. A set K C C is said to be
quasi-invariant for (1.1)—(1.2) if for each (2(0),y(0)) € K there is at least one solution
of (1.1)-(1.2), (z,y) : I — C, such that (z(t),y(t)) € K for all t € I.

In order to discuss solutions of the quasilinear problem (1.3)—(1.4), we must im-
pose some degree of differentiability. So, let I C R be a bounded interval and let
us note at this stage that the setting for solutions of (1.3)—(1.4) will be the space of
Lipschitz functions. Thus, let us denote the Sobolev space

W™ (I, R) = {5 T—R:8,8,... 0™ ¢ LOO(I)},
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endowed with the standard norm, ||ulwn.e = Z?:o w9 Lo, where a dot and su-
perscript (j) represent the derivative in a weak sense. Due to the inequality

lu(z) —u(y)| < |z —ylllullwr~  Va,yel,
we may consider elements of W™ (I, R) as being those functions with a Lipschitz
continuous nth derivative.

1.3. A Kronecker normal form. In [2] there is a Kronecker normal form
(KNF) which will provide the basis for the construction of the quasilinear normal
form (1.3)—(1.4). First, let us define the matrices

A B
Cc D

I 0

M::{o 0

} and L:= { ] € L(R™™).

We then have the following result from [2] concerning the KNF of (M, L).
THEOREM 1.1. Suppose that n > 2 and detL # 0. If N(D) = (k) for some

nonzero k € R™ such that CBk ¢ R(D), then there are nonsingular transformations

P and Q such that

I, 0 0 Azt 000
PMQ=|0 0 0 and PLQ=| 0 1 0 [,
0 Cop O 0 0 Inp

where Cy : R — R™ is a linear map such that Co(1) = k. If we write N(DT) = (u)
and U = <CTU>J_, then Ag € GL(U) and o(M,L) = 1/0(Ap), where both PMQ and
PLQ are elements of L(U & R @ R™).

If one assumes A1-A6, it follows from Theorem 1.1 that the linear DAE obtained
from linearizing (1.1)—(1.2) at the zero equilibrium has index 2.

1.4. An underlying vector field. By writing z = (x,y) € R**™ and setting

(1.6) L= [ C D ] = { dy9(0,0) dyg(0,0) |’

we may write (1.1)—(1.2) as the semilinear problem
(1.7) Mz — Lz = F(z),
where the C* mapping F is defined by Lz 4+ F(z) = (f x ¢g)(z) and F(2) is O(2) at

Zero.
Now consider (1.2) along a solution of (1.1)—(1.2) which lies in C\S. Differenti-
ating this constraint with respect to time we find
§=dyg(z,y) " deg(z,y) f(z,y).
By defining the variable 7 by
dr 1
dt — det dyg(z(t),y(t))’

we can reduce (1.1)—(1.2) to a vector field in the new time-scale 7:

x' = f(z,y)det(dyg(z,y)),
Y = adj(dyg(z,y))dg(z,y) f(x,9),

T(to) = 70,
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where a prime (') denotes %.

This procedure gives a smooth vector field for which C is an invariant manifold,
and any invariant set of (1.8)—(1.9) in C is a quasi-invariant set for (1.1)—(1.2). More-
over, the orbits of (1.8)—(1.9) coincide geometrically with those of (1.1)—(1.2), and this
allows us to infer the behavior of (1.1)—(1.2), even at the singularity. This approach
is used in [11] as the basis for the DAE tazonomy.

This approach can be useful, as in the following result which shows that when
orbits of (1.8)—(1.9) are transverse to S at some point, that singular point is an impasse
point. First, let us define

A(z,y) = det(dyg(z,y)).

.2. Suppose that 7 — (x(7),y(7)) is a solution of (1.8)—(1.9) with
0 72/(0)) = (manO) €8S. ]f

PROPOSITION
ingtial condition (x

1
(

4 Aa(r)yr)|  #0,

dr 7=0

then there is a t. € R such that (1.1)—<(1.2) has ezactly two solutions, (x(t),y(t)),
which are both defined on either [t.,t« +T) or (t. — T, t] for some T > 0 and which
satisfy (x(ty),y(t)) = (xo,y0). Moreover, ||y(t)|| — oo as t — t..

Proof. From Theorem 2.1 of [9], we have to show that there is some nonzero
k € R™ such that N(dyg(zo,y0)) = (k), dog(z0,90)f(0,90) & R(dyg(wo,y0)) and
d3,9(z0,y0)[k, k] & R(dyg(wo, yo))-

Define 6(7) := A(x(7),y(7)), so that §(0) = 0. Differentiating we have

§(r) = 2 Ala(r), ()

= do A(a(7), y(7))2' (1) + dy A (1), y(7))y' (1)
=—d;A-A-f+dyA-(adj dyg) - dog - f.

Therefore 6'(0) = dyA (adj dyg) dzg f|(g€07yo)7 which is nonzero by assumption. Since
the dimension of N(d,g(zo,y0)) is greater than or equal to two if and only if the adju-
gate adj(dyg(zo,y0)) is the zero mapping, we have §’'(0) = 0 if dim N(dyg(xo, y0)) > 2.
Therefore N(dyg(zo,y0)) = () for a nonzero £ € R™. Now apply Lemma 3 from [1] to
deduce that R(adj dyg(xo,y0)) = (k) and N(adj dyg(zo,y0)) = R(dyg(z0,%0)). Using
Lemma 1 from [1] we have

dyA(z,y)[] = det'(dyg) [dy,g(x, y)[]] = tr ((adj dyg)dy,g(x,y)[) € LER™,R),
where det’ is the derivative of the determinant. Hence
§'(0) = tr ((adj dyg)dy, g [(adj dyg)dsg f(wo,y0)]) -
We now use the simple null-space of the derivative d,g to conclude that if

(1.10) dag [f(x0,y0)] € R(dyg(xo,40)),

then §’(0) = 0, and (1.10) cannot be true. It follows that there is a nonzero Iy such
that (adj dyg)d.g f(z0,y0) = lok. Therefore 6'(0) = Iy tr ((adj dyg)dZ,g(xo,yo)[x]).
Now define the linear mapping

T:= (a’dJ dyg)dzyg(x07y0)[ﬁ]7
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then R(T) C (k) and Ty = xlTy for some £ € R™. Hence o(T) = {0,¢Tx} so that
(Tx = tr(T). Using Lemma 3 from [1] again, if d2, g(zo,y0)[x, k] & R(dyg(zo,%0)),
then Tk # 0 from where §'(0) # 0, and the result follows. ad

Generally, y(t) has the form

u(t) = Ot = 1)/

as t — T, at an impasse point. In the degenerate diffusion literature, solutions which
have this form, where ¢ represents a spatial variable, are said to be sharp solutions
[10].

2. A quasilinear normal form. The principle tool in our approach to under-
standing the flow of (1.1)—(1.2) is given in this section and is based on the following
idea. Rather than differentiating the constraint (1.2) to obtain a vector field, suppose
instead that we eliminate (1.2) directly by applying the implicit function theorem.
Clearly, one cannot solve the constraint for y as a function of x near (0,0), but since
dg(0,0) has full rank then C = g~!(0) is a manifold and the information contained
in (1.1) will define trajectories on it. However, the way in which the implicit function
theorem is used is crucial, and the location of the singularity must emerge from this
process. If we choose the correct decomposition of the ambient space in order to apply
this Lyapunov—Schmidt reduction, then we can limit the way in which the singularity
appears in the reduced problem.

In fact, Theorem 1.1 gives a decomposition through which we can track the effect
of the singularity on solutions, and this in turn will allow us to find solutions which
are unaffected by the presence of the singularity.

First we prove a preliminary lemma.

LEMMA 2.1. Suppose that A1-A5 hold; then C is a manifold of dimension n,
and S is a codimension-1 submanifold of C.

Proof. Let N(DT) = (u) for some nonzero u € R™ and note that CTu # 0 by
A4; recall from A2 that N(D) = (k). Write y = ak + & € (k) @ (k)" = R™ and form
the decomposition R™ = (u) @ (u)™". Let P : R™ — (u) and I — P : R™ — (u)™ be
orthogonal projections, and write z = A\CTu + ¢ € (CTu) & <C’Tu>L.

Then g(z,y) =0 € R™ if and only if (I — P + P)g(z,y) = 0, which suggests that
we define the mapping ' : R x (k)" x R x <CTu>J' — (u)* x R by

[ (I=P)gA\CTu+ &, ak + k)
o 5,2, €) == [ uTg(ACTu+ &, ak + k) }

Now

(I—-P)D|yy. | (I-P)CCTu (I—P)D|,,. =+
_ , _ (k)
dx,)\F(Ovovo) [ UTD’<k>J_ ‘ UTCCTU |: 0 ||CTU‘H2 ’

where (I — P)D| (k) is a bijection. Hence one can apply the implicit function theorem
to solve g(ACTu + &, ak 4+ k) = 0 for k = k(a, &) and A = Ao, €) in a neighborhood
of the origin of R**™,

To locate S we must solve g(x,y) =0, det (dyg(z,y)) =0, and these are satisfied
in some neighborhood of the origin if and only if

(2.1) 9(a, &) := det (dyg(Me, )CTu + & ak + k(a, €))) = 0.
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Now g is C* and §(0,0) = 0, so that by Lemma 1 of [1], using the fact that d,A(0,0) =
0 and dqk(0,0) = 0, we have dag(0,0) = tr((adjD)d2,g(0,0)[k]). Using Lemma 3 of
[1] we have R(adjD) = (k), so that tr((adjD)d2,g(0,0)[k]) coincides with the only
nonzero element of o((adjD)d,g(0,0)[k]). But d2 ¢(0,0)[k,k] & R(D) = N(adjD)
and therefore (adjD)dZ, g(0,0)[k, k] = nk for some n # 0. Because dsg(0,0) = 1, we
may locally solve § = 0 for a = «(§) by the implicit function theorem. O

2.1. The main result. From the following result we can deduce many properties
concerning the flow of (1.1)—(1.2).

THEOREM 2.2. Assume A1-A5 hold and recall U = <C’TU>J' C R™. There is
a C¥-diffeomorphism x : B(0,0) C U x R — C, where B(0,0) is a neighborhood of
(0,0), with the following properties. The map (x(-),y(+)) s a solution of (1.1)—(1.2)
in U with kTy(-) € WH(I,R) if and only if (x(t),y(t)) = x(a(t), B(t)), where (a, 3)

satisfies

(22) Oé = Loa + po(aaﬂ)7
S(OQﬁ)ﬁ = ﬁ + pl(aaﬁ)>

with (o, ) € CH(I,U) x WH(I,R) and (2.2)—(2.3) satisfied for a.e. t € I.

The map Lo € GL(U) satisfies o(Lg) = o(M, L) and pg x p1 : B(0,0) = U xR is
C% and O(2) at zero. Moreover, s : B(0,0) — R is C¥ and x(s~1(0) N B(0,0)) = S,
5(0,0) = 0, and dgs(0,0) # 0. Consequently, ¥ := s71(0) C U x R is an (n — 1)-
dimensional manifold.

Proof. Using Theorem 1.1 we may write R” = U @& (Bk) and R™ = (k) & (k)"
Now write © = z¢ + 2Bk € U ® (Bk) and y = y1k + yo € (k) @ (k)T

As in (1.7), we can write (1.1)—(1.2) as

(2.4) & = Az + By + F(x,y),
0=Cz+ Dy +G(z,y),

where F and G are O(2) at (0,0). Hence, the constraint (1.2) becomes

9(x,y) = g(x1Bk + z0,y1k + o)
= 21CBk + Cxo + Dyg + g(xlBk + xo, 1k + yo)
= F<331,$0a?/17y0)
= 0.

Now define the linear mapping A € L(R x <k‘>J‘ ,R™) by

Ala,b] := d(z,,y0)I'(0)[a, b] = aCBk + D| ;1 b

for a € R and b € (k). Since (u) = N(DT), then Ala,b] = 0 implies au” CBk = 0 so

that a = 0. Since Db = 0 therefore follows and because b lies in a space complementary

to (k), we find that b = 0 too. Since A is thus an injection of finite-dimensional spaces

of the same dimension, it is a bijection. One can therefore solve g(x,y) = 0 locally

and uniquely for C* functions X and Y such that 1 = X (zg,y1) and yo = Y (20, y1)-
Now define the local diffeomorphism y € C* (U x R, C) by

X(xo,y1) = (xo + X (xo,y1)Bk, 1k + Y (x0,41)) -
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Denote, from (1.6),

-1 _ Al Bl n+my.,
(2.5) L' = [ ci Dy | € LR

define (Fy x Go) := L™ (F x G); and note from [2] that U = R(A;). Using Theorem 7
from [2] we find that

CyBk = k,N(A;) = (Bk), Bk ¢ R(Ay).

Recall also that the restricted map Ag := Ailg(y,) € GL(U) satisfies o(M, L) =
o(4yh).
Multiplying (2.4) by L=t we can write (1.1)—(1.2) as

(2.6) Az =z + Folz,y),

By forming the decomposition Fo(z,y) = Fr(z,y) + Fp(z,y) Bk € U & (Bk), where
Folz,y) = uT OFy(x,y)/uT CBk and F, = Fy — F, Bk, we obtain

Ay = Ay (i1 Bk + 29)
= Ali'o
= x1Bk + xo + Fp(z,y) Bk + Fr(x, y).

By projecting this onto U along (Bk), we then obtain

Arzo = xo + Fr(wo + X (20, y1) BE, Y (20, Y1) + y1k).
But Ay is the restriction of A; to R(A;1), so that
(2.8) o = Ag ' + plxo, y1),

where p(xo,y1) = Ay ' Fr(vo + X (20, y1) Bk, Y (x0,91) + y1k) is a C* function and
O(2) at the origin.

From (2.7) one may write C1@ = ©1C1 Bk + C120 = yo + y1k + Go(z,y). Taking
the inner product of this with % yields

i1+ kT Crig = y1 + k" Go(,y),
recalling that k7% = 1. This implies
iy + kT C1[Ay o + plzo,31)] = y1 + K(wo, 11,

where k(x0,y1) = kT Go(zo + X (z0,31) Bk, Y (20, Y1) + y1k).
Now we find another expression for i1, using the fact that y;(-) = kTy(-) € Wh°
by assumption gives

) d ) . _ )
= %X(‘To’yl) = duy X [0] + dy, X[51] = duy X[Ag "0 + p(20, y1)] + dy, X [§1];
then
(2.9)  duy X[Ag w0 + p(z0,11)] + 1y, X [1]
+kTC1[Ay Mo + p(0,y1)] = y1 + K(20, 11).
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The proof is essentially complete, but to simplify the notation a little, let us write
LO = A617 p = Zo, q =Y, §(p7Q) = qu(paq)[l}a

and a := —kTC1Ay'. From (2.9) we find a function 7, given by 7(p,q) = s(p,q) —
(kT Cy 4 duwy X (p, 9))p(p, q) — duy X (p, ) Ag 'p, such that

(2.10) p=Lop+p(p.q), 35pq)d=a"p+q+r(paq).

We claim that

(2.11) 5(0,0) = 0, dq5(0,0)[1] = —u”d2,g(0,0)[k, k] /u” CBk,
and
(2.12) d,3(0,0)[p] = —quiyg(0,0)[p, k]/u” C Bk

for all p € U and g € R. To prove this claim, we use the fact that

9(X(p,q)Bk +p,qk +Y (p,q)) = 0;

differentiating and evaluating this expression at zero yield (2.11) and (2.12).
Now define new coordinates (a, 3) := (p,a’p + q), and let

X(aaﬁ) = )_((Oz’/B - aTa)v S(O‘aﬂ) = §(Oé,ﬂ - aT )

This provides the C* functions pp and p; such that (p, q) satisfies (2.10) if and only
it (o, B) satisfies (2.2)-(2.3).

Since S and x(X) have dimension equal to n — 1, to prove x(X£ N B(0,0)) = S
it suffices to prove that x(X N B(0,0)) C S, and we know from Lemma 2.1 that C
is an n-dimensional manifold containing (0,0) and S is a codimension-1 submanifold
of C, also containing (0,0). Thus, let (z,y) = (zo + x1Bk,yo + y1k) € C\S satisfy
s(zo,y1) = 0. One can solve g(z,y) = 0 uniquely for y = y(x) near this point
by the implicit function theorem. Hence, locally, g(z,y1) = g(z,y2) = 0 implies
Y1 =1y2 = y(z).

Define the smooth function w : R? — R by

w(l,7) :=0 — X(xg,7),

and note that w(z1,y1) = 0. By definition, d;w(x1,y1) = —s(zo,y1) = 0, dpw(x1,91)
= 1, and when (z,y) is of sufficiently small norm we may assume without the loss
of any generality that d2 w(x1,y1) # 0 because d;s(0,0) # 0. By the saddle-node
bifurcation theorem there are two distinct solution branches of w(f,7) = 0 on which
T = 74(0), say. Now suppose that a sequence (z]") C R satisfies 27" — 1 as m — oo,
so that the two sequences in R"*™ given by ((z¢ + 74 (21*) Bk, yo + y1k))m lie in C\S
for m large enough. By uniqueness it follows that 74 (z]*) = 7_ («7"), a contradiction.
Therefore, no such (z,y) exists and the result is proven. |

In light of Theorem 2.2, we define the following terminology. Suppose that I C R
is a bounded, open interval. We call a map (o, 8) € CH(I,U) x WH>(I,R) a sharp
solution of (2.2)—(2.3) if this differential equation holds for almost every ¢t € I, provided
that 3 ¢ C°(I,R). A map (o, 8) € CY(I,U x R) is said to be a smooth solution of
(2.2)—(2.3) if this differential equation is satisfied for all ¢ € I.
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We assume throughout, without the loss of any generality, that dgs(a, 5) # 0 for
all (o, 8) € X. Due to the fact that ¥ is diffeomorphic to S and because existence
and uniqueness of (2.2)—(2.3) may break down along 3, we shall also describe ¥ as
the singularity.

For the moment let us record the fact, taken from the above proof, that

das(0,0)[p] = —u” (d3,9(0,0)[p, k] — a”p 3, 9(0,0)[k, k]) /u” CBE,

where k is defined in A2 and a is given in the proof. Let us note that the following
assumption ensures that d,s(0,0) is a nonzero map:

A6. 3p’ € U such that d2,9(0,0)[p', k] — a™p’ d2,9(0,0)[k, k] & R(dyg(0,0)).

Using Theorem 2.1 of [9] we can describe the impasse points of (2.2)—(2.3) as
follows.

LEMMA 2.3. Assuming A1-A6, if (o,3) € X satisfies § + p1(a, §) # 0, then
(ar, B) is an impasse point for (2.2)—(2.3).

Therefore, the set

(2.13) P:={(a,p) €X: 6+ p1(a, f) = 0}

forms a subset of the singularity which does not necessarily contain impasse points,
but the following lemma shows that P represents a nongeneric set of singular points.

LEMMA 2.4. Assuming A1-A6, the set of pseudoequilibria of (2.2)-(2.3), P C
B(0,0), is a codimension-1 submanifold of 3.

Proof. Use the implicit function theorem to solve the system (8 + pi(a, ) =
0, s(a, ) = 0 near (a, 5) = (0,0). ad

Nevertheless, the following result shows that (2.2)—(2.3) is well behaved at P in
the sense that there exists a smooth solution of this quasilinear ODE through every
point in P.

THEOREM 2.5. Suppose that A1-A6 hold and let r € N. There is a neighborhood
B™(0,0) C B(0,0) and at least one (n—1)-dimensional, quasi-invariant C" manifold
W < B™M(0,0) of (2.2)(2.3) such that for each (ao, fo) € WE, there exists an open
interval I > 0 and a unique C"-solution of (2.2)~(2.3), (a,3) : I — WE such that
(a(0), B(0)) = (g, Bo). Moreover, Wi NY = P.

Proof. Make the following change of time-scale: if («(t), 5(t)) satisfies (2.2)—(2.3),
define 7 by

LU S— 7(to) = 70,

dt— s(a(t), 5(1)

and write a(7) = a(t(7)), B(r) = B(t()). If a prime denotes -&, then

(2.14) o = (Loa + po(a, B))s(a, B),

(2.15) B'= B+ pie, B).

Linearizing (2.14)—(2.15) around the equilibrium point («, 3) = (0,0), we find at least
one C", local center manifold W# := W¢ . This is a quasi-invariant manifold for

(2.2)—(2.3) on which 8 = h(«), where h(0) = 0 and dh(0) = 0. Now suppose that
s(ag, Bo) = 0 and (g, Bo) € W, and let (a(7), 3(7)) be the solution of (2.14)—(2.15)
in W2 with («(0), 3(0)) = (ao, Bp). Then

B+ pi(a, B) = 3 = dh(a)a’ = dh(a)(Loa + pola, B3))s(a, 3),
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and setting 7 = 0 shows that WF NY¥ C P. However, the left-hand side of this
inclusion is given by those « for which s(a, h(a)) = 0. This equation can be solved
by the implicit function theorem, showing that W2 N is also an (n — 2)-dimensional
manifold. Since W N Y and P are manifolds of the same dimension and one is
contained in the other, they coincide. The uniqueness of solutions of (2.2)—(2.3) in W%
follows from a standard ODE uniqueness theorem applied to & = Loa + p1(«, h(a)),
with G(¢t) = h(a(t)). d

While the existence of W is assured from the center manifold theorem, it is not
clear that there will be only one W with the properties outlined in Theorem 2.5.
For this reason, we cannot claim that W% is an invariant manifold, we can claim only
quasi-invariance.

The following definition is given merely for completeness, and it provides the
analogy of stable and unstable manifolds for (2.2)—(2.3).

DEFINITION 1 (local stable and unstable sets). Let B’ C U xR be a neighborhood
of (0,0). The local stable set W#(0,0) C U xR is the set of (o, 3) € B’ such that there
exists a solution (a(t), 5(t)) of (2.2)—(2.3) with (a(0),5(0)) = («a, 8), (a(t),5(t)) € B’
for allt > 0 and (a(t), B(t)) — 0 ast — oco. The local unstable set W*(0,0) is defined
analogously with t < 0 and the limit t — —oo used above.

PROPOSITION 2.6. Suppose that A1-A6 hold and that (M,L) is a hyperbolic
matriz pencil. Now define

ny = # (o(M,L)NCF),

both assumed to be nonzero, noting n_+ny = n—1. Then there is an invariant subset
of the stable set of (2.2)~(2.3), WEs ¢ WE_ which is an (n_)-dimensional manifold,
and an invariant subset of the unstable set of (2.2)~(2.3), WE* C W& which is an
(ny)-dimensional manifold.

Proof. This uses the existence of the quasi-invariant manifold, W%, of (2.2)-
(2.3) on which 8 = h(a). The result follows since the ODE & = Loa + p1(a, h(a))
has stable and unstable manifolds of the stated dimensions and using the fact that
o(M,L) = o(Ly)~! from Theorem 2.2. d

Let us note that the fact that the stable and unstable sets W*%(0,0) associated
with (2.2)—(2.3) are not necessarily manifolds is simply due to the ellipticity of the
zero equilibrium of (2.14)—(2.15).

Now we use the remaining information in the normal form (2.2)-(2.3) to deduce
that not only are there singularity-traversing solutions contained in W%, there are
other quasi-invariant manifolds which intersect the singularity X.

PROPOSITION 2.7. Suppose that A1-A6 apply. Associated with each (a, ) € P
is a O, one-dimensional, quasi-invariant manifold of (2.2)~(2.3), W¥(a, 3), which
is transverse to both W1 and ¥ at (o, ). Moreover, if (ag,Bo) € W=(0,0)\(0,0),
there exists a T € R and a solution (a(t),5(t)) of (2.2)-(2.3) on [0,T] such that
(a(0), 5(0)) = (a0, o) and sign s(a(T), A(T)) = —sign 5(a(0), 5(0)).

Proof. Suppose that (a, 8) € P, so that (o, 3) is an equilibrium of (2.14)-(2.15).
Linearizing (2.14)—(2.15) around this equilibrium gives a smoothly parameterized
mapping T € C¥ (B(0,0), L (U x R)) such that

T@m:(gg),

where B(0,0) is defined in Theorem 2.2. Since 1 is an algebraically simple eigenvalue
of T'(0,0), by spectral perturbation results [5] there are C* functions A : B(0,0) — R
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W(0,0)
W
w [

(a) (b)

FIG. 2.1. A typical flow near a singular equilibrium (solid dot). (a) Two instances of WT,
Wlh?z are shown, where W¥(0,0) and ¥ are shown transverse at (0,0). (b) The relative positions of

%, WE, and W*(0,0); the shaded set is U(aﬁ) WZ=(a, B). Elements of X\ P are impasse points.

and e : B(0,0) — U x R such that A«, ) € o(T(«, ), with corresponding unit
eigenvector e(a, [3), such that e(0,0) = (0,1) and A(0,0) = 1. Hence we may assume
with loss of generality that A(«, 3) is positive whenever (a, ) € PNB(0,0). From this
it follows that each (a, 8) € P has an associated local unstable manifold, W*(«, ),
which we write as W*(a, 3).

The representation of W*(0,0) is given by a graph of the form a = £(f3), such
that £(0) = 0 and d¢(0) = 0. Therefore, the solutions of (2.2)—(2.3) on W*(0,0) are
images of the solutions of the scalar ODE

s(¢(8), B)

and the right-hand side of this is nonzero in a neighborhood of 8 = 0. Hence the
solution passes through the regular point 8 = 0 in finite time.

Since e(,-) varies smoothly, it follows without the loss of any generality that
each W¥(a, 8) is transverse to % if W*(0,0) is transverse to 3. Therefore, let us
calculate Ty (X)), given that To(W*(0,0)) = U x {0} C U x R. Since we may solve
s(a, ) = 0 near (0,0) for 8 = f(«) such that s(a,f(a)) = 0, we find d3(0) =
—dgs(0,0)7d,s(0,0) # 0 and Tp(X) = {(a,dB(0)) : a € U)}. It follows that
dim(Ty(Z) @ To(W*(0,0))) = n and therefore the manifolds ¥ and W*(a, 3) intersect
transversally at (o, 3). |

In [11], the authors use W59 to denote a one-dimensional, quasi-invariant man-
ifold containing the singular equilibrium. We use W*(a, 3) (and W*(0,0) is W*in9)
to underline the fact that through every point on this set, there is a solution which
can be extended to the singularity X. (See Figure 2.1(b).)

Let us note that it is possible for a subset of W*(0,0) to lie in either the stable
or unstable set associated with (2.2)—(2.3). Indeed, we shall define

3 =dgs(0,0)"" + O(B),

W*$(0,0) := W*(0,0) N W*(0,0),

and similarly W*%(0,0) := W*>(0,0) N W“(0,0). Theorem 2.8 below shows that W*>*
and W>" are not empty if A1-A6 apply, because of the existence of sharp solutions.

THEOREM 2.8. Assuming A1-A6, through the singular equilibrium of (2.2)—(2.3)
there pass two smooth solutions with («, 3) € C¥ x C¥ and two sharp solutions with
(o, B) € Ct x WHoo. Consequently, W*=*(0,0) and W*5(0,0) are nonempty.
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(a) (b)

FIG. 2.2. A typical flow near a singular equilibrium: (a) There are multiple instances of W1,
showing the possible lack of uniqueness of solutions along P = WE NX. The shaded region shows
the union of all possible forward orbits of q after encountering the singularity. (b) The local stable
(WEs) and unstable (WE) sets associated with (0,0).

Proof. One of the C¥ x C% solutions is the trivial equilibrium solution itself.
The other smooth solution is obtained from the trajectory of (2.2)-(2.3) whose image
forms W*(0,0).

Now concatenate a trajectory of (2.2)—(2.3) with initial condition on W*(0,0) to
the equilibrium solution to form two sharp solutions. To see that this procedure forms
a sharp solution, consider the solution («, ) of (2.2)—(2.3) which is zero for ¢ > 0 but
lies on W*(0,0) for t € (—T,0]. Then, for ¢t < 0, from the proof of Proposition 2.7 we
have a = £(f3), where £(0) = 0 and d/¢(0) = 0, but 6= (6 + p1(£(B), B))/s(£(B), B)-
It follows that B(0_) = 1/dgs(0,0) # 0 but 5(0+) =0, and § € L>(—T,T) for small
enough T > 0. Another sharp solution is obtained by starting on the equilibrium
solution before leaving the equilibrium along W*(0, 0) in an analogous manner. ]

An illustration of the invariant manifolds discussed in this section is given in
Figures 2.1 and 2.2.

3. Discussion. Let us consider two examples which illustrate some of the funda-
mental ideas within the paper. The first example is somewhat artificial, but it clearly
shows how smooth solutions can be concatenated to form less regular ones.

Example 1. Consider

(31) T = Y, .732 =+ 3/2 = 1;

where (z,y) = (£1,0) are both singular equilibrium points, so that there exists a
trivial smooth solution passing through them. However, (z(t),y(t)) = (cos(t),sin(¢))
is another smooth solution passing through these two points; this is precisely the
behavior we observe at a singular equilibrium in higher dimensions, with W*(0,0)
playing the role of the circle of this example. The concatenated function

(170)7 t< 0’
(@ (), y(#) :{ (cos(t),sin(t)), >0,

is a solution of (3.1) of class C! x W1°°. Indeed, because 5(0_) = 0 and 5(0,) = —1
we have y ¢ C1(R), although y € L>(R).

This example demonstrates that the multiplicity of sharp solutions can be much
greater than that of smooth solutions. This arises in this particular instance because
of the existence of a connecting orbit between the two singular equilibria. So, in order
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to form a continuum of sharp solutions, one can simply “wait” for some arbitrary
time on arrival at the singular equilibrium before continuing around the circle to the
other singular equilibrium.

Ezxample 2. Consider a degenerate form of the Fitzhugh—Nagumo equation:

1
(3.2) up = §(u2)m +u(l —u) +v,
(3.3) vy =u— v, zeRt>0.

Scalar problems of this type can be found in [4, 10], where the authors are in-
terested in the support of the waves, which may be finite, semi-infinite, or infinite.
This equation is related to the much-studied Fitzhugh—Nagumo equation, except for
the inclusion of the degenerate diffusive term. By seeking a traveling-wave solution of
(3.2)—(3.3) which connects (u,v) = (0,0) to itself, we obtain the quasilinear problem

(3.4) <cu — ;(u2)2> =u(l—u)+uv,
(3.5) v, =u— v, u(£00),v(£o00) =0, z =2z +ct,

where ¢ > 0 is the wave speed. To study (3.4)—(3.5) as a DAE, we require u € C° to
1

also satisfy u? € C' and cu — i(uz)z € C1, rather than simply allowing v € C2. This
ensures that the resulting solutions are weak solutions if one considers (3.4)—(3.5) in
a standard weak formulation [6]. A simple example of a function which satisfies such
a regularity requirement is u(t), where u(¢) = 0 for ¢ < 0 and u(t) =t for t > 0 and
c=1.

We can manipulate this system to see explicitly how the results of the previous
sections apply in this specific case. Thus, put U = u — W and write (3.4)—(3.5) as a

DAE,

(3.6) w, = cW,

(3.7) U, =W+U)1-W =U) +v,
(3.8) cw, =W +U —v,

(3.9) 0=w— %(U+W)2,

to which A1-A6 apply if ¢ # 0. The constraint manifold for this problem is C =
{(w,U,v, W) € R*: (U + W)? = 2w}, and the singularity is S = {(w,U,v, W) € C :
U + W = 0}. Differentiating (3.9), we obtain a quasilinear ODE which is analogous
o0 (2.2)-(2.3):

(3.10) U+WYW,=cW —(U+W[U+W)1—-U—-W) —v]c !,
(3.11) cv, =W +U —v,

(3.12) U, =W+U)1-W =U) +v,

which, upon rescaling time, gives

(3.13) W =cW — (U+W)[(U+W)1—-U—-W)—v]c?,

(3.14) o' =U+W)W+U — v,
(3.15) cU'=U+W)((W+U)1-W =U) +v).
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V(z) V(z)

(a) (b)

FIG. 3.1. (a) A solution with a head and a tail when W1 intersects WE*. (b) A solution with
a tail but no head when W>S intersects W%, In this case, the solution is identically zero ahead of
the wave.

(2)

Q z

F1G. 3.2. A solution when W5 intersects W=, and multiple waves arise. The solution is zero
between each wave in the region 2.

It is straightforward to show that at the singular equilibrium point (W,v,U) =
(0,0,0), (3.10)—(3.12) has at least one quasi-invariant manifold, W%, described by a
graph of the form W = h(U,v). For ¢ > 0, there is another quasi-invariant manifold,
WZ%(0,0), on which U = Hy (W) and v = Ho(W). Now, restricting (3.4)—(3.5) induces
a local dynamical system on W, given by the restricted flow of an ODE of the form

(3.16) cw, =U—v+0(2),
(3.17) U, =U+v+0(2).

Since the equilibrium of this system, (U,v) = (0,0), has a stable and unsta-
ble manifold, it follows that (3.4)-(3.5) has at least two one-dimensional invariant
manifolds, W#* and W% within its stable and unstable sets. The arrival time of
solutions at the zero equilibrium along these manifolds must be infinite, by standard
ODE uniqueness results, as applied to (3.16)—(3.17).

On W%(0,0), using (3.10), we have an ODE

W +0(W?)

W,=——"
W+ H (W)

=c+OW)
for small [W]. One can verify directly that S and W*(0,0) intersect transversally in
C, so that there is at least one singularity-traversing smooth solution of (3.4)-(3.5).
It follows that there are also sharp solutions which start and end at the equilibrium,
existing on either side of the singularity. These are again formed by concatenating
the trivial equilibrium solution to the trajectory which forms W*(0,0).

While this does not provide any information as to whether a homoclinic orbit
exists in (3.4)—(3.5), the intersections of the various manifolds involved will yield
different types of traveling waves, as depicted in Figures 3.1 and 3.2.
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Abstract. The constraint preconditioner for indefinite linear systems in [C. Keller, N. I. M. Gould,
and A. J. Wathen, STAM J. Matriz Anal. Appl., 21 (2000), pp. 1300-1317] is extended to nonsym-
metric matrices.
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In [2] for the matrix of KKT form

A BT
(5 %)

G BT
(5 %)

is presented (see also Luksan and Vléek [3]). Here A,G € R™™, B € R™", m <
n. A and G are assumed to be symmetric and nonsingular, thus matrix B must
be of full rank. The eigensolution distribution of the preconditioned matrix G~'.A
is determined, and the convergence behavior of a Krylov subspace method such as
GMRES is described.

In this note we extend the constraint preconditioner to obtain most of the results
in [2] for the nonsymmetric case.

Let F be a matrix of KKT form

1) =5 %)

and let M be a constraint preconditioner of F [2],
M BT
@ e (8.
Here we assume only that F and M are nonsingular; i.e., F' and M may be nonsym-
metric. An example is in the numerical solution of the Navier—Stokes equations of

fluid dynamics, where F # FT.
Following the approach in [1] let

the constraint preconditioner

(3) B=UxvVT
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be the singular value decomposition of matrix B, where ¥ = [X, 0], with X being
an m x m diagonal matrix with positive diagonal entries, and U,V are orthonormal

matrices of order m and n, respectively.
From (3) we have

BV = B[Vl,VQ] = [UZ(),O],

i.e., V5 is an orthonormal basis for the null space of B.
Let 7 = M~LF; then

?(VT UT>T(V U>
(" )G ) G )

B (VTMV ET)1 (VTFV 2T>

v 0 N 0
VIMV: VIMVs, o\ ' (VIFV VIFV, %,

= | VIMV, VEMV, 0 VIFV, VIFV, 0
2o 0 0 >o 0 0

Finally, T can be expressed as the following;:

1

~ %o 0 0\~ %o 0 0

4 T=|ViMv, VMV, 0 VIFV, VEFV, 0
2 2 2 2

VIMV, VIMV, % VIFV, VIFV, %

Since M and F are assumed to be nonsingular, V¥ MV, and Vil F'Va are nonsin-
gular. Let S = (VI MV,)~Y (V3L FV4); then T can be expressed as

A
(5) T=[x s
Z Y I

Thus we have the following.

THEOREM 1 (extension of Theorem 2.1 in [2]). The preconditioned matriz T =
M™IF has an eigenvalue at 1 with multiplicity 2m, and n —m eigenvalues which are
those of matriz S = (Vif MVa) "YW (VL FVs).

We now consider the degree of the minimal polynomial of 7 which determines
the convergence behavior of a Krylov subspace method such as GMRES (cf. [2, 4]).

LEMMA 2. Let pi()\) be a monic polynomial of degree k; then

0 0 0
(6) (T — Dpe(T) = [ pe(8)X (S —Dpi(S) 0
Wi Ypr(S) 0

for some Wy
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Proof. If k =1, then pp(\) = A — ¢;. We have

~ ~ 0 0 0\ [I-al
(T—I)pl(T)Z X S§-1 0 X S—Cll
A Y 0 A Y I—cl

0
= ((S—Cl,[)X (S—I)(S_CII> ) 9
Wy Y(S—Cll) 0

where
Wi=1-a)Z+YX.

Thus Lemma 2 holds for k£ = 1.
Assume that Lemma 2 holds for any monic polynomial with degree less than k;
then any polynomial pi(\) with degree k can be expressed as

PE(A) = Pr—1(A) (A — cx)

with pg_1(A) being a monic polynomial with degree &k — 1. We have

~

(T = Dpi(T) = (T = Dpr—1(T)(T — 1)

0 I —ci 1
= pk_1(S)X (S — I)pk_l(S) X S — CkI
Wk—l ka_l(S) 0 Z Y I— CkI
0
= pk_l(S)(S*CkI)X (S*I)pk_l(S)(SfckI)
Wi kafl(S)(S - CkI) 0
0
= | pe(5)X (S = Dpe(S5) :
Wi Ypr(S) 0
where
Wi =1 —cp)Wi—1+Yprp_1(5)X.
Lemma 2 follows by induction. 0

THEOREM 3 (extension of Theorems 3.2, 3.5, and 3.7 in [2]). If the degree of
the minimal polynomial of S = (Vi MVa) Y (ViL FVa) is k (0 < k <n —m), then the
degree of the minimal polynomial of the preconditioned matriz T = M™YF is at most
2+k.

Proof. Let pr(\) be the minimal polynomial of S; then p(S) = 0 and (6) implies

~ - 0 0 0
(T-Dpe(T)=( 0 0 0 ;

W 0 0
thus

(T - 1)?p(T) = 0.
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Since 7 and 7 are similar, they have the same minimal polynomial. The theorem
follows. O

Finally, we consider the eigenvector distribution of the preconditioned matrix
T=M1F. Let

T\ —! T
(7) M B F B T\ _ A T :
B 0 B 0 y Y
then from (4) the eigenvalue problem is equivalent to the following generalized eigen-
value problem:

EO /.17\1 20 El
(8) VIFV, VIFV; B | =N | VMV, VIMV, 2 |,
VIFV, VIFV, o) \§ VIMV, VIMV, %) \§

where 71 = Vi@, Ty = Vil o, and § = UTy.
From (8) we can see that there are m linearly independent eigenvectors [07,07
g(j)T]T, j=1,...,m, corresponding to eigenvalue 1. From (8) we also know that there

may be other eigenvectors corresponding to eigenvalue 1, the components [Z7,72]7

of which should satisfy
VEFEVIZ) + Vil FVaZy = ViE MV 2y + ViE MV,
VIEFV T, + VI FVoZe = VIEMVIT + VT MVaZs,
which can be rewritten as the following;:
VI(F - M)VZ =0,

where 7 = 27,217 ie.,

7 e N((F — M)V).

IS ON

Let i = dimN((F — M)V)(0 < i < n). If i > 0, then let 20 = [z 20V |T ¢
N((F—-M)V),l=1,...,i, be the linearly independent nullvectors. Then each of the
vectors

EOT T e M 1=1,... 4,

where z € R™ is arbitrary, is an eigenvector of T corresponding to eigenvalue 1. It
is easy to see there are m + i linearly independent eigenvectors of 7 corresponding to
eigenvalue 1 which can be taken as

9) 07,07, 597, j=1,....m; V207,207, 1=1,...

Here ) € R™,j =1,...,m, are arbitrary m linearly independent vectors, and 2V €

R™ 1 =1,...,i, are arbitrary i vectors. Note dim N ((F — M)V) = dim N (F — M).
If eigenvalue A # 1, then from (8) we have Z; = 0 and

(10) STy = ATz, (A —1)Zey = ViI(F — M)Va2s.

From (10) we can see that if Zo = 0, then 7 = 0; therefore, if [z, 21, 577 is an eigen-
vector of 7 corresponding to an eigenvalue A # 1, then z; = 0, T is an eigenvector
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of S, and § = (A— 1) 'S5 VT (F — M)VaZs. Let j (0 < j < n—m) be the number of
linearly independent eigenvectors of S corresponding to eigenvalues not being 1; then
the j linearly independent eigenvectors of 7 can be taken as

A T T .
(11) [OTanl) 7a(l) }Tv l:]-v"'vjv

where )?él)J =1,...,7, are j linearly independent eigenvectors of S corresponding to
eigenvalues \; # 1,1 =1,...,7, and

@ =\ =D WVIFE - M)RRY, 1=1,....5

Now we have established the eigenvector distribution of the preconditioned matrix
T=M1F.

THEOREM 4 (extension of Theorem 2.3 in [2]). The preconditioned matriz M~1F
has n + m eigenvalues as defined by Theorem 1 and m + i + j linearly independent
eigenvectors. There are

(i) m+14 (0 <1i < n) eigenvectors corresponding to the eigenvalue A = 1, where
i =dimN(F — M);

(i) j (0 < j < n—m) eigenvectors corresponding to eigenvalues not being 1, where
7 1is the number of linearly independent eigenvectors of S corresponding to eigenvalues
not being 1.
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his careful reading of the manuscript and pointing out some mistakes in my original
argument of Theorem 4.
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Abstract. We prove inequalities on singular values for 2 x 2 block triangular matrices. Using the
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1. Introduction. Let X be a p x ¢ matrix and let & = min{p, ¢}.

Denote by s(X) = (s1(X),. .., sk(X)) the vector of decreasingly ordered singular
values of X, i.e., $1(X) > -+ > s,(X) are the nonnegative square roots of the k largest
eigenvalues of X X*. For an n xn Hermitian matrix X let A\(X) = (A1(X), ..., A\ (X))
denote the vector of decreasingly ordered eigenvalues. Given two real vectors x =
(x1,...,2) and y = (y1,...,yx), we say that z is weakly majorized by y, denoted
by x <4 vy, if the sum of the m largest entries of = is not larger than that of y for
m = 1,...,k; for general background of the theory on majorization, see [7]. The
algebra of n x n complex matrices will be denoted by M,,.

In this note, we prove inequalities on singular values for 2 x 2 block triangular
matrices. Using the results, we answer Ando’s questions on Bloomfield-Watson-type
inequalities on eigenvalues and generalize the Kantorovich inequality and some results
of Demmel.

2. Main theorem.
THEOREM 1. Let A = (& 9) € M, be a block triangular matriz with singular
values a1 > -+ > ay,, where R € M,,. Let k = min{p,n — p}. Then

(1) S(S) =w ((11 —Qpy.-., 0K _an—k-‘rl)-

If A is invertible, then

@ S(TT'SR™) < (ap ' —art, . oaty o —apt),

(3) s(SR™1) < 1o an K Gn—k1
“2\an  ar T apep ar ’

and

(4) s(T719) < Lfa _an Gk Op—k+1
“2\an @’ nkpa ag '

*Received by the editors September 24, 2001; accepted for publication by R. Bhatia November 26,
2001; published electronically July 1, 2002. This work was partially supported by NSF grants DMS-
9704534 and DMS-0071994.
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Our proof of (1) relies on an elegant result of Thompson and Therianos [9]: Let

X Y
o= %)
be an n x n Hermitian matrix with X being ¢ X ¢. Then for any indices 1 < i1 <
"'<i7n§qand1§j1<"'<.jm§n_q

> Xitii—tB) Y At (B) DX (X) + > 0,(2).
=1 =1 =1

Proof. Let S have singular values s; > --- > s;. Note that the matrix A = (& 9)
has eigenvalues aq,...,a,, —an, ..., —a; and is permutationally similar to
0, S* R O
S Op—p 0 T| (X Y
R 0 0 0] (Y* Z) ’
0o T 0 O

where Z = 0, and X € M,, has the n eigenvalues s1,...,s%,0,...,0,—sg, ..., —S1.
By the result of Thompson and Therianos, for any m =1, ..., k, we have

- Z 85 = Z An—me+5(X)
j=1 j=1

= Z)\n—m+j(X) + Z AJ(Z)

j=1
> Z An—ms(A) + Z Aan—jy1(A)
j=1 Jj=1

m
Qn—m+5 — E aj.
j=1

Multiplying both sides by —1, we get (1).
If A is invertible, then

<
Il

i

A _ R 0
A= (Ip D _Infp)A 1(Ip D —Infp) - <T_1SR_1 T_l)

has singular values a;;',...,a;*. Applying the inequalities (1) to A, we get (2).
Next, note that

(L 0
Ad= <2SR-1 Inp)‘

Suppose U and V are unitary matrices such that U*SR~'V has r; as the (7, j) entry
for j = 1,...,k, and all other entries zero, where s(SR™') = (r1,...,7%). Then AA
has the same singular values as the matrix

. B I, 0
(Vo U)y" AAV e U) = (2U*SR1V Iﬂp),
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which is permutationally similar to a direct sum of I,,_s; and 2 x 2 matrices of the
form

1 0 .
(5) <2rj 1), j=1,... k.

Matrices of the form (5) have singular values

-1
rj+4/r7+1  and (rj+\/rj2-+1) =\/ri+1—r;

Thus,

S(AA): riAAri L TR L L LR L=y, i L=y

2k
A well-known result of Alfred Horn (see [5], [6, Theorem 3.3.4], or [7, Chapter 9])
gives

m

[I5:s;(A) = [[(aj/an—js1), m=1,...k,
j=1

Jj=1

IN

[1s:(44)
j=1
ie.,
(Ins1(A4). ..., In54(A4)) <o (n(a1/an)... . Infaefan-rs))
Consider the function f(t) = e’ —e™" for t > 0. Then f(In(r; + /7 + 1)) = 2r; for

j=1,...,k. Since f is increasing and convex on (0, 00) it preserves weak majorization
[7, Chapters 3, A.8, and C.1], and so we have

2r1,... k) = (f(lnsl(A/l)),...,f(lnsk(Afl)))
=w (f(n(ai/an)), ..., f(In(ar/an—k+1)))

B <a1 an ay an—k+1>
- T T Ty ey - ’
(07 aj Ap—k+1 ag

which is (3). Applying a similar argument to AA, we get (4). |

3. Questions of Ando. In [1], Ando raised several problems in connection with
Bloomfield-Watson-type inequalities for eigenvalues that arise in statistics (see also
[4, Problem 7.3]). The following theorem answers his questions in the affirmative
and extends scalar inequalities of Demmel [3, equations (62), (63), (65), (66)] to
majorizations.

THEOREM 2. Let A = (ﬁ; ﬁ;i ) be positive definite such that A11 € M,. Suppose
k = min{p,n — p} and A has eigenvalues Ay > --- > \,,. Then

(6) $(Az 2 41) < (VA = VA VA = VA k)

B 1 )\1 )\n )\k; )\n—k-l-l
A A 1 _ [ — —_ ... - :
(7) 8(A21477) <w 2 (\/; \/):’ "V Akt A
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Proof. Let a; = y/Aj for j =1,...,n. Let

R 0
5-(5 7)
with T = A% S = A3/? Ay, and R = (Ay; — A1p A5} As1)'/2. Then A = B*B, and

B has singular values a1, ..., a,. Applying Theorem 1 to the block triangular matrix
B, we see that (6) is just (1).
R 0
(5 1)

Next, let
with R = A}]%, 5 = Ap A%, and T = (Agy — Ay A7  A12)/2. Then A = CC*, and
C has singular values aq, ..., a,. Applying Theorem 1 to the block triangular matrix
C, we see that (7) is just (3). O

Suppose P is an n X k matrix such that P*P = I;. Then there exists a unitary
U such that P is the first k columns of U. For any positive definite matrix A, we
can apply Theorem 2 to the block matrix U*AU = (ﬁ; ﬁ;; ). The results will take
the more general form involving the eigenvalues and singular values of the matrices
P*AP,P*A='P P*A%P, etc. Many results in [1], [4] are stated in these forms, and
they can be deduced from our results. We give a few examples in the following
discussion. For easy reference and comparison, we state the next corollary in this
manner.

COROLLARY 3. Let A be a positive definite matriz with \y > --- > \,. For any
n X k matriz P such that P*P = I, where 2k < n, we have

®) s(prar— (a7 < (VA VA e (Vi Vi) )

and

9) s ((P*AP)"(P*A2P)(P*AP)™) <, ((M + An)? Ak + Ankﬂ)?) .

4 /\n Y 4)\k/\n—k+1

Proof. Let a; > --- > a, > 0 so that af =)\ forj=1,...,n
To prove (8), we may assume that P is the first k£ columns of a unitary matrix U,
and

* All A12
10 U AU = .
(10) (A21 A22>

Then
P*AP — (P*A_lp)_l = A1 — (An — A§1A521A21)
= A A} Agy = (Agy? A0)* (A ? Agy).

By the majorization (6) and the fact that squaring preserves majorization (see [7,
Chapters A.8 and C.1]), we have

S s;(P*AP—(P*AT'P)” Zs (A ”? Asy) SZ aj—an_j1)?, m=1,... .k
j=1 j=1 j=1
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Thus, (8) holds.
To prove (9), we may again assume that P is the first k¥ columns of a unitary
matrix U such that (10) holds. Then the left side of (9) is just

S(Ik + A1_11A21A12A1_11) = (1, ey 1) + 5(A21A1_12A12).

Using the square of (7), we have

1 2 B 2
(1,..., )45 (A1 A1 Arz) < (1,...,1)-&-1 ((al—a”> ,...7( 4k Gn k+1) )7

which is the right side of (9). d

We proved (8) and (9) by squaring (6) and (7). Ando proved (9) by another
method in [1]. One may wonder whether it is possible to deduce (6) and (7) from (8)
and (9) by taking square roots. It is not possible, since taking square roots does not
preserve majorization.

Our bound (8) includes the inequality of Rao [8]:

tr (P*AP — (P*A™'P)~

Mw

(Vo)

J:1

The inequality (9) includes the Kantorovich inequality. To see this, given a unit vector
z, take k = 1 and take P = A~Y2z/(2*A~'2)'/2. Then we have the Kantorovich
inequality:

()\1 + )\n)z

(2" Ax) (¢" A ) = sy (P AP)H(PTA'P)(PTAP) ™) < 2=

In [1], Ando also asked whether the following is true for a positive definite matrix:

An A12>
A =
<A21 Az
with eigenvalues \y > --- > A,,, where A1, € M,,_; with 2k < n:

m

- -1/2 1/2 — Anc A7 Anmjid
S5 A22 AnA;7) < m=1,...,k
]z:; J Z )\ + )\n j+1

The result is indeed true for m = 1 [1], [3, Theorem 1], but not in general, as the
following example shows.
EXAMPLE 4. Let

(A A ) _ (6 0 . (2 0
A_<A21 A22> with A11—A22—<0 3> and A12_A21_<0 1)

Then A has eigenvalues 8,4,4,2 and A;21/2A21A;11/2 has singular values 1/3,1/3.
Howewver,

1/341/3 £3/5 = (8 —2)/10 + (4 — 4)/8.
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Note added in proof. In [2] (the final form of [1]), Professor Ando did not
explicitly mentioned the problems stated in the earlier version [1]. He obtained some
other results related to ours.
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ON POSITIVE SEMIDEFINITE MATRICES
WITH KNOWN NULL SPACE*
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Abstract. We show how the zero structure of a basis of the null space of a positive semidefinite
matrix can be exploited to determine a positive definite submatrix of maximal rank. We discuss
consequences of this result for the solution of (constrained) linear systems and eigenvalue problems.
The results are of particular interest if A and the null space basis are sparse. We furthermore execute
a backward error analysis of the Cholesky factorization of positive semidefinite matrices and provide
new elementwise bounds.
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1. Introduction. The Cholesky factorization A = RTR, R upper triangular,
exists for any symmetric positive semidefinite matrix A. In fact, R is the upper
triangular factor of the QR factorization of A'/2 [14, section 10.3]. R can be computed
with the well-known algorithm for positive definite matrices. However, for semidefinite
matrices zero pivots may appear. When zero pivots appear, one can choose the
corresponding row of R to be zero. We will do so in this paper in order to specify a
unique factorization. To actually compute a numerically stable Cholesky factorization
of a positive semidefinite matrix, one is advised to apply diagonal pivoting [14].

A semidefinite matrix A may be given implicitly, in factored form A = FTF,
where F' € RP*™ is of full row rank r = rank(A). F, which does not need to be a
Cholesky factor, exposes the singularity of A explicitly as N (A) = N(F). In this
case both the linear system and the eigenvalue problem can be solved efficiently and
elegantly by working directly on the matrix F', never forming the matrix A explicitly.
In fact, in some applications, not assembling the matrix A but its factor F' instead
is the most important step in the overall process of the numerical computation. One
obvious reason is that the (spectral) condition number of F is the square root of
the condition number of A. In finite element computation, F' is the so-called natural
factor of the stiffness matrix A [2]. In the framework of linear algebra, every symmetric
positive semidefinite matrix is the Gram matrix of some set of vectors, the columns
of F.

Another possibility to have the singularity of A explicit is to have available a
basis of its null space N (A). This is the situation that we want to investigate in this
paper. We will see that knowing a basis of A/(A) allows us to determine a priori when
the zero pivots will occur in the Cholesky factorization. It also permits us to give a
positive definite submatrix of A right away. These results are of particular interest
if A and the null space basis are sparse. This is the case in the application from
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electromagnetics that prompted this study [1]. There, a vector that is orthogonal to
the null space corresponds to a discrete electric field that is divergence-free.

Our findings permit us to work with the positive definite part of A and to compute
a rank-revealing Cholesky-like factorization A = RT R, where the upper trapezoidal
R has full row rank. What is straightforward in exact arithmetic amounts to simply
replacing by zero potentially inaccurate small numbers. We analyze the error that is
introduced by this procedure.

We complement this note with some implications of the above for solving eigen-
value problems and constrained systems of equations.

2. Cholesky factorization of a positive semidefinite matrix with known
null space. In this section we consider joint structures of a semidefinite matrix A
and its null space.

THEOREM 2.1. Let A = RTR be the Cholesky factorization of the positive semi-
definite matriz A € R"*™. Let Y € R™™ with R(Y) = N(A) and, fori=1,...,m,
set ny = max{k | yp; #0}. If n1 < mg < -+ < np, then rp,p, = 0,9 =1,...,m.
These are the only zero entries on the diagonal of R.

Proof. Notice that the assumptions imply that Y := [y1,...,ym] has full rank.
By Sylvester’s law of inertia R has precisely m zeros on its diagonal. Further,

(Ryl)nl = Tnin;Yn;i = 0,

whence 7y, = 0 as yn,; # 0. O

If only ny < ng < --- < ny,, Y, flipped upside-down, can be transformed into
column-echelon form in order to obtain strong inequalities.

The Cholesky factor R appearing in Theorem 2.1 is an n X n upper triangular
matrix with m zero rows. These rows do not affect the product RfR/.\ Therefore, they
can be removed from R to yield an (n —m) x n matrix R with RTR = A.

If the numbers n; are known, it is convenient to permute the rows of Y and
accordingly the rows and columns n; of A to the end. Then Theorem 2.1 can be
applied with n; = n —m + i. The last m rows of R in Theorem 2.1 vanish. So, R is
upper trapezoidal.

After the above-mentioned permutation, the lowest m x m block of Y is nonsingu-
lar, in fact, upper triangular. This consideration leads to an alternative formulation
of Theorem 2.1.

THEOREM 2.2. Let A = RTR be the Cholesky factorization of the positive semi-
definite matric A € R™". Let Y € R™™ with R(Y) = N(A). If the last m rows of
Y are linearly independent, then the leading principal (n —m) X (n —m) submatriz of
A is positive definite and R = [g], where R is (n —m) X n upper trapezoidal.

Proof. Let

(2.1) W= {I”Om g,j vy = [2} . Yo eR™M

Y5 consists of the last m rows of Y. W is therefore invertible. Applying a congruence
transformation with W on A gives

T _ In—m 0 All A12 In—m Yl _ All 0
22w AW_[YlT YQT} {Agl An|| O w7 |0 ol

By Sylvester’s law of inertia A;; must be positive definite.
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Let A;; = RY, R1; be the Cholesky factorization of A1;. Then the Cholesky factor
of A is given by

Ry O w-l— Ry O] [Liom —Y, 'V ~_[Ri1 —RuY; 'my
o o =lo o/|lo v |T|o 0

Thus we can write A = RTR with R = [Ri1, 7R11Y1Y2_1]. 0

Theorem 2.2 is applicable as long as the last m rows of Y form an invertible
matrix. If rows ¢1,...,%,, of Y are linearly independent, we can permute Y such that
these rows become the last ones. In particular, if we want Ay, to be as sparse as
possible, we may choose 41,42, ... to be the m most densely populated rows/columns
of A with the following greedy algorithm: If we have determined iy, ..., i, we choose
ik+1 to be the index of the densest column of A such that rows iq,...,i541 of YV
are linearly independent. In this way we can hope for an A;; with sparse Cholesky
factors. Notice that we have used the structure of Y to get sparse factors of A. We
do not know how to exploit Y’s structure to enhance the condition of Ay;.

Remark 2.1. The equation

(2.3) —Au(x)=01in Q C R", Opu(x) =0 on 09,

in a simply connected domain {2 is satisfied by all constant functions u. The discretiza-
tion of (2.3) with finite elements of Lagrange type [5] leads to a positive semidefinite
matrix A with a one-dimensional null space spanned by the vector e with all entries
equal to 1. Theorem 2.1 now implies that no matter how we permute A, in the
Cholesky factorization the single zero on the diagonal of R will not appear before the
very last elimination step.

Ezxample 2.1. Let A and Y be given by

101 1 3 2 3
093 9 9 0 1
A=1|1 3 3 6 8], Y = 0 6
1 9 6 14 16 1 0
3 9 8 16 22 -1 -3

Then AY = O. As the last two rows of Y are linearly independent, Theorem 2.2 states
that the principal 3 x 3 submatrix of A is positive definite and that its Cholesky factor
is 3 x 5 upper triangular. In fact,

R:

S O =
S W o

11
1 3
1 2

N LW W

Let P be the permutation matrix, which exchanges the 2nd entry with the 4th and
the 3rd entry with the 5th of a 5-vector. Then

1 1 3 01 2 3
1 14 16 9 6 1 0
A :=PAPT =|3 16 22 9 8|, Yiy=PY=| -1 -3
0 9 9 9 3 0 1
1 6 8 3 3 0 6
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Now we have n; = 3 < ny = 5, and according to Theorem 2.1 the Cholesky factor Ry
of A; has zero diagonal elements at positions 3 and 5. Indeed,

V13 V13 3V13 0 V13

1 0 13 13 9 )

R =—= 0 0 0 0 0
Vi3 0 0 0 6 -1

0 0 0 0 0

3. Consistent semidefinite systems. In this section we discuss how to solve
(3.1) Ax = RTRx = b € R(A),

where A, R, and Y are as in Theorem 2.1. Without loss of generality, we can assume
that n; = r 4+ ¢, r := n —m. We split matrices and vectors in (3.1),

A A (x4 RT, X1 b,
3.2 A = = R s R =
( ) |:A,{2 A22 X9 R,{é [ 1 12] X9 b2
with x1,b; € R” and x5,bs € R™. So, A;; is obtained from A by deleting rows and
columns n;, i = 1,...,m. The factorization (3.2) yields
(3.3) Ay =RE Ry, Ay =RYRyp.

Although Aj; is invertible, its condition number can be arbitrarily high. To reduce
fill-in during factorization [10] any symmetric permutations can be applied to A
without affecting what follows. As R has full rank, AY = O implies RY = O or

(34) R11Y1 + R12Y2 = 0.

Since n; = r + 4, the m x m matrix Y5 is upper triangular with nonzero diagonal
elements. Because R(A) = N(Y)* the right side b of (3.1) has to satisfy

(3.5) Y'b; + Y by = 0.
It is now easy to show that a particular solution of (3.1) is given by x with components
x; = A;'by = Ri'R;'b;,  x2=0.
In fact, employing (3.3)—(3.5) the second block row in (3.2) is
ATx; —by = RLR;x1 + Y, 7Y by = RLRT (A11x; —by) = 0.

The manifold S of the solutions of (3.1)—(3.2) is

-1
S = {X: (A16b1> +Ya ‘ aeRm} .

The vector a can be determined such that the solution x satisfies some constraints
CTx = 0 with C € R™ ™ provided that CTY is invertible. In particular, if C =Y,
then x is perpendicular to the null space of A.
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Now let A be given implicitly as a Gram matrix A = FTF with F € RP*X" p > n,
and let Y € R™ ™ be as above. (This may require renumbering the columns of F'.)
As

FY = RY; + F>,Ys = O,

and as Y5 is nonsingular, the block F; depends linearly on Fj. Therefore, the QR
factorization of F' has the form

F=[F, F5]=[Q1, Q2] [ROH ROH} = Q1[R11, Ria).

Since A = FTF = EET, the factor R = [R11, Ri2] equals the upper trapezoidal
Cholesky-like factor in (3.2).

4. Error analysis. In this section we give backward error analyses for the
semidefinite Cholesky factorization and for the null space basis.

4.1. Semidefinite Cholesky factorization. The floating-point computation
of the Cholesky factorization of a semidefinite matrix is classified by Higham [14,
section 10.3.2] as unstable if no pivoting is used. However, with complete pivoting,
backward stability in the normwise sense can be established [14, Theorem 10.14].
In this section we will establish elementwise backward error bounds for the factor-
ization, where the leading positive definite submatrix is determined as explained in
Theorem 2.2.

If we assume, as we do in this note, that a basis of the null space of the matrix
under consideration is known a priori, then, of course, its rank is known. Let A be
partitioned as in (3.2). We assume that A;; € R™*" is positive definite numerically,
i.e., that the Cholesky factorization does not break down in floating-point arithmetic
with round-off unit u. Due to a result by Demmel [6] (see also [14, Theorem 10.14])
this is the case if

+1
4.1 Amin((A11)s) = [(Arn)7 17" > 2 S . S
(41) (A1) = 1w I > 200, £ = T
where Apin(+) denotes the minimal eigenvalue, ||-|| is the spectral norm, and

(All)s = diag(AH)_1/2A11diag(A11)_1/2.

If (4.1) does not hold, Ay is not numerically definite. Note that (A11)s is symmetric
positive definite with unit diagonal. The assumption on Amin((A411)s) can be relaxed
if, for instance, we use double precision accumulation during the factorization. Then
f(r) can be replaced by a small integer for all r not larger than 1/u. We assume,
however, that 2rf(r)u < 1.

The Cholesky decomposition of A is computed as indicated in (3.3). The Cholesky
factor of Ay1 is computed first. Then the matrix R, is obtained as the solution of
the matrix equation R, X = Ajs.

Let Ry; denote the computed floating-point Cholesky factor of A;y;. Then the
following two important facts are well known. s
(1) There exists a symmetric §A4;; such that A;; + 6A4;; = RT Ry and

|(0A11)i5]

(4.2) s A (A
1<ig<r /(A1) (A1)

< f(r)u

This is the backward error bound by Demmel [6], [14, Theorem 10.5].
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(2) Let (6A11)s := diag(A11) /26 Ay diag(A;1)~ /2. Equations (4.1) and (4.2) imply
that the Frobenius norm of (6§ A11), satisfies || (6A11)s||r < rf(r)u < Apin((A11)s)-
Since assumption (4.1) implies 2|[(6411)s||F < Amin((A411)s), one can show [8] that
there exists an upper triangular matrix I" such that

R V2([(A10)5 M1 (6A11)s 1
Ry =T +T)Ry1, IT|F < [(A11)5 (6 A11)sl 7 <« .

T 2w e A e V2

Let Elg be the floating-point solution of the matrix equation ElTlX = Aio. Then R=
[ﬁll, Elg] is the computed approximation of the exact Cholesky factor R = [R11, R12].
Let A= A+6A = RTR be partitioned conforming with (3.2). Since A+6A is positive
semidefinite and of rank r by construction, the equation /ng = ﬁﬁflﬁlﬁlg holds.

If we compute }~{12 column by column, then, using Wilkinson’s analysis of trian-
gular linear systems [14, Theorem 8.5],

o~ ~ ~ r
|R{,Ri2 — Apa| < t(r)ulRu|"|Ra|,  t(r)

1—ru’

where the matrix absolute values and the inequality are to be understood entrywise.
Thus, we can write R as

(4.3) Ris = R (A1a + 6A12),  |8A1| < t(r)u|Ryy|"|Ryal.
Also, if we define 0 = (I +T)" 7 -1, Q= t(r)u|]§1_1T||]§1T1|, we have
(4.4) Riz = (I+W)Ris+ R T6A15,  |RiF6A1] < Q|Rial.

Further, from the inequality [Ria| < (I + |¥|)|Ri2| 4+ Q|R12| and using the M-matrix
property of I — {2 we obtain

(4.5) |Ria| < (I — Q)71 (I +|¥])|Rual-

Hence, relations (4.2), (4.3), (4.5) imply that the backward error for all (7,7) in the
(1,2) block in (3.2) is bounded by

(6A12)i5] < t(r)u||Rures|||Rizey || < t(r)uy/(Ann)ii(Asa)joyr, 5/ =35,
L4 ]|

< t(r)u(l+ f(rju)—— 1

(A11)ii(A22)j7jr-

We first observe that || [¥| || < /7|T]|/(1 — ||IT|)) and that ||| < rt(r)uy/||(A1)s).
Note that our assumptions imply that
1V
12 < —z——
Vor+1
It remains to estimate the backward error in the (2, 2) block of the partition (3.2).
Using relation (4.4), we compute § sy = R, R12 — R, Ry as follows:

I

<1+V2
1 — [T

1/2,

5A22 = R{Q(\PT + U+ \IJT\II)R12 + R{Z(I + \IJT)EflT(SAlg
+ SAL RGN (I + W) Ryy + AT R R T6 Avs.
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Using the inequalities from relations (4.4), (4.5) we obtain, for all (i, j),

—H//—H/P

|(6A22)ij| < (A22)u (A22) <2'(/) + 2w

where w = |2, % = [ @], 1+’ = (1 +%)(1 + || []]).

We summarize the above analysis in the following.

THEOREM 4.1. Let A be an n X n positive semidefinite matriz of rank r with block
partition (3.2), where the r X r matriz A1y is positive definite with the property (4.1).
Then the floating-point Cholesky factorization with round-off u will compute an upper
trapezoidal matriz R of rank r such that RTR = A+ O0A, where 6A is a symmetric
backward perturbation with the following bounds:

bai;| < f(ruyagaj;, 1<i,j<r,
baig| < {26()(1+ (1 + VDV + f(r)w) puyaa, 1<i<r<j<n,
|6ai;| < {m(r)\/m V8rf(r)k + O(u)} w/ana;;, r<ij<n.

In the last estimate, k = ||(A11)7 |, & = ||(A11)7Y|. Purther, if R = [Ryy, Ri2] and
if R =[R11, R12] is the exact Cholesky factor of A, then

fin — Ry1 =T Ry, IT|| < V2rf(r)ku
|Ria — Ria| < E|Ria|, ||Z| < rt(r)VEU+ V2rf(r)ku+ O(u?).

Here, the matriz T is upper triangular and = is to the first order |¥| + Q.

Further, let the Cholesky factorization of A11 be computed with pivoting so that
(R11)s > Zk Z(Rll)k , 1 <i¢<j<r. Then the error 6Ry; = Ri1 — Ry is also
rowwise small, that is,

(46) HGZT(SRHH S ||elTF||\/’I"—7:—|—1(R11)”, 1= 1,...,7’.

Ezxample 4.1. In this example we indicate that the error bound for the elements
in the (2,2) block Ass given in Theorem 4.1 correctly reflect reality. We again assume
that r = rank(A) such that Ay = AT, A" A12. In Theorem 4.1 the backward error
in the (2,2) block depends on the condition number of the scaled (1,1) block. This is
the consequence of enforcing the rank r by using the information on the null space or
on any other criterion of threshold type; see, e.g., Higham [14]. In fact we think that
this dependence is natural and that it cannot be removed.

Let
14+ 1 &2 €
(4.7 A= 1 1 0], rank(A) =2, N(A) = span —€ ,
e 0 &3 -1

where € > 0 is small, e.g., ¢ = 10 - u. Here,
1+e 1 _ 1/1 -1 _
An = ( 1 1) ’ Anl T (—1 1+ 5) ) Agy = A?2A111A12 =

Also, note that Aj; is almost scaled, ro(Aj1) & 4/¢, and || A} Aiall2 = v/2¢. Notice
that A is prepivoted according to the classical pivoting strategy.
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Now, suppose we introduce a perturbation §A;; that changes only the element
14 to1+¢€/2. Let the block Ajs remain unchanged, i.e., 6A;2 = 0. However, let us
insist (as we do in enforcing the rank during the computation) that A 4+ §A is again
of rank 2. Then Ass has to be changed to the value

A22 + 51422 = A,{Q(All + (51411)_11412 = 253.

We see that the relative change of Ags is of order 1, as indicated by the upper bound
in Theorem 4.1, which is about k2(A11) - &€ = O(1). Thus, this bound is realistic.

Ezxample 4.2. This example was prompted by one of the anonymous referees who
urged us to compare the statements of our Theorem 4.1 and of Theorem 10.14 in [14]
that seem to give a sharper bound for the perturbation of Ass. Let

1+e 1|1+¢/2
(4.8) A= 1 1 1 = {ﬁ% j”} .
IT+e/2 1[1+e/4 12 722

This matrix is positive semidefinite of rank 2. The block A;; is the same as in
Example 4.1, but the block A is not tiny anymore. Again xo(A11) & 4/¢, but now
| AT Arz]l2 = 1/v/2. Knowing that rank(A) = 2, we compute Ry from Ay, = R]} Ry
and then R = RﬁTAlg. In exact arithmetic we then have Ay = A?QAfllAlg.

Let us assume that the computed ]:211 and ]:212 are the exact factors of blocks that
are perturbed entrywise (and with respect to the spectral norm) by O(e) quantities,

~7 = - 1+e 1+e—¢? S = ~ 1—¢/2
R?lRllellz[m 1 ; R{1R12=A12=[ 1/]

Then, in order that [1%11,1:212} is the Cholesky factor of a matrix of rank 2, we
must have

Agy = AT A Ars = 13/4 + O(e).

With respect to the unperturbed Ass = 1 + €/4, this is an O(1) change. As in
the previous example this corresponds to the upper bound in Theorem 4.1, which is
HQ(All) €= O(l)

This result appears to contradict Theorem 10.14 in [14], which gives an O(e)
bound for the modification of Ass. The problem can be traced back to Lemma 10.10,
which is used in the proof of Theorem 10.14. In this lemma a Neumann series is
used to expand the Schur complement 12122 — /IlTQ[ll_ll/Ilg in terms of & = §A. For
the matrix A of the present example, this Neumann series diverges. In fact, for the
terms of the form Eu(AfllEn)k, E11 = 6A11, we have HEH(AﬁlEu)kH = O(1/e).
Therefore, Lemma 10.10 and consequently Theorem 10.14 in [14] cannot be applied
to A in (4.8).

Notice that, formally, Theorem 4.1 cannot be applied directly, since the assump-
tion that Amin((A11)s) > 2rf(r)u is not satisfied. In fact, Amin((411)s) = €/2 is
smaller than the perturbation, which is of size e. However, the technique of the proof
can be applied directly if we assume that the Cholesky factorization of Aq; exists
(instead of giving a technical condition that ensures it). So, this excellent example
fully complies with our theory. As our construction shows, no other theory can, in
this situation, give an O(¢) estimate for the relative change in Ags.

Remark 4.1. Note that Theorem 4.1 states that in the positive definite case
the Cholesky factorization with pivoting computes the triangular factor with small
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column- and rowwise relative errors. This affects the accuracy of the linear equation
solver (forward and backward substitutions following the Cholesky factorization) not
only by ensuring favorable condition numbers but also by ensuring that the errors in
the coefficients of the triangular systems are small.

4.2. Null space error. We now derive a backward error for the null space
Y of A. We seek an n x (n — r) full rank matrix Y = Y + 6Y such that 6Y is
small and AY = 0. As the null space and the range of A change simultaneously
(being orthogonal complements of each other), the size of §Y necessarily depends on
a certain condition number of A; and the relevant condition number will depend on
the form of the perturbation 6A. _ ~

The equation that we investigate is R(Y + ¢6Y) = 0 or, equivalently, ROY =
—SRY. If R is sufficiently close to R (to guarantee invertibility of J:ER*), we can
write

(4.9) §Y = RY(RRT)"'6RY = RT(RR")"'6RY.

Though simple, this equation is instructive. First of all, only the components of the
columns of §R that lie in the null space N'(A) affect the value of §Y. Also, Y + Y
keeps the full column rank of Y. Finally, YT§Y = O. Therefore, tanZ(R(Y), R(Y)) =
[6Y ]| /omin(Y). It is easy to modify Y such that omin(Y) > 1, eg., if Yo = I,,,.
Thus, ||6Y|| measures the angle between the true null space and the null space of the
perturbed matrix A. In what follows we try to bound [|6Y.

If we rewrite (4.9) as

§Y = RT(I+6RRY)"\SRY = (R)* (I+6R'(R)*") ' 6RY,

we get, after some manipulations, the following theorem.
THEOREM 4.2. Let D be a nonsingular matriz and let R = DR', SR = D6R’. If
lI6R/(R)T|| <1, then, fori=1,....,n—r,

H( /) H /

18R Prray 11 (Bl
L= [|6R (R/)*|

[yl

Here, y; = Ye;, 0y; = Yébe;, and Py(a) denotes the orthogonal projection onto the
null space of A.
We will discuss choices for D later. The theorem indicates that the crucial quan-
tity for bounding ||6Y|| is [[6R'Y||. The following two examples detail this fact.
Ezample 4.3. Let (8 be big, of the order of 1/u, and let

V3 0 3. V3 BV3
A=R'TR=1|1 1 [\gg 1 ﬂ— V3 2 f+1
g1 BV3 B+1 f2+1

The null space of A is spanned by Y = [(1—3)/v/3, —1,1]7, which means that deleting
any row and column of A leaves a nonsingular 2 x 2 matrix. Let’s choose it be the last
one, and let us follow the algorithm. For the sake of simplicity, let the only error be
committed in the computation of the (1, 1) entry of Ry1, which is v/3(1+¢1), |e1]| < u,
instead of v/3. Then we solve the lower triangular system for ﬁlg and obtain

V3(1+e) 1 B(1+em)

R =[Ri1, Ria] = 0 11— e |

o] < u+ O(u?).
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Thus,

_[VBer 0 pe (A =PB)er+ Be
53_[ 0 0 552}, 6RY_< —5152 2).

If we take 3 = 10'® and perform the computation in MATLAB, where u = 2.22-10716,
then Beg = 0.25. Thus, |[6RY || = O(1). However, omin(Y) = ||Y|| = O(B) such that
the angle between Y and Y is small.

Ezample 4.4. We alter the (1,1) entry V3 of R of the previous example to get 3,

B 0 g 8 3
A=RTR= |1 1 {'g 1 ﬂ— B 2 B+1
6 1 B2 B+1 B2+1

Now, Y = [(1 — 8)/8,—1,1]T. Again, we delete the last row and column of A and
proceed as in Example 4.3. Let us again assume that the only error occurs in the
(1,1) entry of Ry1, which becomes /(1 + £1). Then

= _[B/(1+e1) 1 B(l+er)
R:[ 06 1 15;]

and

_|—-Ber/(14+e1) 0 Be _ (e1(=1+428+ 1) /(1 +¢&1)
bR = Yo ,321]’ 5RY_(1 7,3511 1).

Again, ||6RY || = O(1). But now also ||Y|| = O(1). In fact, in computations with
MATLAB, we observe an angle as large as O(1072) between Y and §Y.

Remark 4.2. Interestingly, if we set 8 = 10° in Example 4.3, the MATLAB function
chol() computes the Cholesky factor

_ 1.7321e + 000 1.0000e + 000 1.0000e + 005
R = 0 1.0000e + 000 1.0000e + 000
0 0 1.9531e — 003

It is clear that the computed and stored A is a perturbation of the true A. Therefore,
numerically, it can be positive definite. It is therefore quite possible to know the rank
r < n of A exactly, to have a basis of the null space of A and a numerically stored
positive definite floating-point A. Strictly speaking, this is a contradiction. Certainly,
from an application or numerical point of view, it is advisable to be very careful when
dealing with semidefiniteness.

In Examples 4.3 and 4.4 we excluded the largest diagonal entry of A. In fact, we
can give an estimate that relates the error in Ri5 to the size of the deleted entries.
Suppose we managed the deleted diagonal entries of A to be the m = n — r smallest
ones. Can we then guarantee that the relevant error in R will be small, and can we
check the stability by a simple, inexpensive test?

According to Theorem 4.1, the matrix Ry; is computed with rowwise small relative
error, provided that the Cholesky factorization of A;; is computed with pivoting. If
that is the case, then it remains to estimate the rowwise perturbations of Ri5. If = is
as in Theorem 4.1, then the inequality

trace(A22)\"/? | Rire;
(4.11) [l Rl < ||eT Z\/trace(Azs) < el Z| ( r?ze()”)) ”” ;1;”“ lef R
11 )4 €;
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holds for all i =1,...,7 and

[Rueil|  ||Rues| [(Rin)ul _ [[Ruei]] 1 1
= < = S A s
[TRI ~ 1Rl [eTRI = (Rinal ~ sing; = VA0l

(4.12)

with some ¢; € (0,7/2]. The angle ¢; has a nice interpretation. Let A = FTF be any
factorization of A, with F' = [Fy, F3], where Fy has full column rank and F{l Fy = Ay;.
Then ¢; is the angle between Fye; and the span of {Fyey,..., Fie;_1}. (This is easily
seen from the QR factorization of Fj.)

The following theorem states that well-conditioned (A11)s and a certain domi-
nance of A1; over Agy ensure accurate rows of the computed matrix R.

THEOREM 4.3. With the notation of Theorem 4.1, let A (and accordingly Y ) be
arranged such that

(4.13) max(Azz)i; < min(Aqy ).

If the Cholesky factorization of A11 is computed with (standard) pivoting, then

(4.14)  |leT8R| < max{|le] T, \|e?5||}7““sméf1ue?3n||, i=1...m
where sin ¢; is defined as in (4.12).

Proof. This follows from relations (4.6), (4.11), (4.12) and the assumption (4.13).
We only note that in (4.11) and (4.12) we can replace ||el R|| by |lel Ry1||. ad

Remark 4.3. If A = SA,S with S§? = diag(A;;), then SY spans N(4), and any
partition of Ay satisfies condition (4.13). If we apply the preceding analysis to A, and
SY, we get an estimate for §Y in the elliptic norm generated by S.

Note that Theorem 4.2 is true for any diagonal D as long as ||(R) || is moderately
big and ||6R’| is small. We have just seen that é R’ is nicely bounded if we choose D =
diag(||el R11]]). Moreover, R’ = D™ R has an inverse nicely bounded independent of
Ajq1 because [14, section 10]

IR < (D™ Ru) M| < h(r).

Here the function A(r) is in the worst case dominated by 2", and in practice one usually
observes an O(r) behavior. In any case, ||[(D~'Ry1)7!|| is at most 7 times larger than

|\(A11);1||1/2. More sophisticated pivoting can make sure that the behavior of h(r)
is not worse than Wilkinson’s pivot growth factor. We skip the details for the sake of
brevity.

To conclude, if the Cholesky factorization of A;; is computed with pivoting and
relation (4.13) holds, then the backward error in Y can be estimated using (4.10)
and (4.14), where D = diag(|lel R11]|).

4.3. Computation with implicit A. We consider now the backward stability
of the computation with A given implicitly as A = FTF, where F € RP*" has
rank r. Thus, the Cholesky factorization of A is accomplished by computing the QR
factorization of F.

In the numerical analysis of the QR factorization we use the standard, well-known
backward error analysis which can be found, e.g., in [14, section 18]. The simplest form
of this analysis states that the backward error in the QR factorization is columnwise
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small. For instance, if we compute the Householder (or Givens) QR factorization of
F in floating-point arithmetic with round-off u, then the backward error 6 F' satisfies

||6Fel|| < 61”}:“31'”7 €1 S fl(pa TL)ll, 1 S l S n,

where f1(p,n) is a polynomial of moderated degree in the matrix dimensions.

Our algorithm follows the same ideas as in the direct computation of R from A.
The knowledge of a null space basis admits that we can assume that F' is in the form
F = [Fy, F3], where the p x r matrix F is of rank r; see section 3. We then apply r
Householder reflections to F', which yields, in exact arithmetic, the matrix

T _ o (R Rio
QF-R-(O R22>

where Ry; € R™*" is upper triangular and nonsingular. If Q = [Q1, Q2] is partitioned
conforming with F', then F} = @1 R;; is the QR factorization of Fj.

In floating-point computation, Rss is unlikely to be zero. Our algorithm simply
sets to zero whatever is computed as approximation of Rgs. As we shall see, the
backward error (in F) of this procedure depends on a certain condition number of the
matrix Fj.

THEOREM 4.4. Let F' € RP*™ have rank r and be partitioned in the form F =
[F1, F5], where Fy € RP*" has the numerically well determined full rank r. More
specifically, if (F1). is obtained from Fy by scaling columns to have unit Euclidean
norm, then we assume that \/re1||(F1)T|| < 1/5.

Let the QR factorization of F be computed as described above, and let R =
[Ru,ng] be the computed upper trapezoidal factor.

Then there exist a backward perturbation AF and an orthogonal matriz @ such
that F+AF = QR is the QR factorization of F+AF. The matriz F'+AF has rank r.
If AF = [AF,AF5] and Q [Ql,QQ] are partitioned as F, and 6Q := Q1 Q1,
then

Ry = O,

[AFe;| < er||Fe;l, 1<i<r,

[6Q1]1F < 117+ O(1?), n=[|[ARRY |r < Vrell(F)E,
|AFei] < (e + 16QuI)IFeill,  r+1<i<n,

Riy — Riy = GRyy, IGllF < 16Q1llF +n,

where €1 < f1(p, r)u bounds the round-off.

Proof. Let F(") be the matrix obtained after r_steps of the Householder QR
factorization. Then there exist an orthogonal matrix @) and a backward perturbation
OF such that

Ell }2{12

FO) = QT(F + §F), |6Fe;|| <e1||Feil, 1<i<n.
O Ry

Our assumption on the numerical rank of Fy implies that [y + 6F = @Jén is the
QR factorization with nonsingular R;;. Now, setting Ros to zero is, in the backward
error sense, equivalent to the QR factorization of a rank r matrix,

@[RO“ Rolz}:F—I—AF, AF = §F — Q{O O].

O Ry
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It remains to estimate @21?22 = QQQQT(& + 6F,). First note that Fy = Q1 Ry2, where
the ith column of Ry2 has the same norm as the corresponding column of F5;. Then

Q2Q3 F> = Q205 Q1 R1> = Q2QF (@1 — 6Q1) Ri2 = —Q2Q3 6Q1 R,
and we can write
1Q:Q7 Faei| < [6Qul | Foesll,  1<i<n—r.
To estimate @)1, we first note that F; = Q1 Ry and Fy + AF, = élﬁu imply that
Q1 = (I + AR F)Q1(Ru R,
and that
RTRT R Ry = T+ QT AR R + RTAFTQy + RTAFIAF R
Thus, ]TEuRfll is the Cholesky factor of I 4+ E, where
IE|F < 2AFRY | + |AFLRY [

Now, by [8], | E||r < 1/2 implies that Ry Ry;" = I 4+ I, where T is upper triangular
and

vy < — YA __ 1
1+ V1I-20E[r V2
Hence, Ry1Ry}' = I+ T, where |||z < |T|lr/(1 = |[T)lr) < (24 V2)||T)|#. Since
Q1=Q1+ QT + AF R} + AF R{j'T, we obtain

16Q1ll7 < IITlF + [AFLRY |7 + [T [AFLRY |-

Finally, note that Eu — R11 = (@?(5F1R1_11 — (SQF{QQRU O
We remark that

Ria = Ri2 + 6QTQ1Riz + QT AR,
which means that we can nicely bound 6 R15 = élz — Ry5. We have, for instance,
[0R12e;]| < (2[0Q1] + 1) Rizesll, 1<i<n-—r

If we use entrywise backward analysis of the QR factorization (|6F| < eseel|Fy,
e=(1,...,1)7), then we can also write

6R12| < (16QT Q1| + £2|Q1|"ee”|Q1])| Rial,

where the matrix absolute values and inequalities are understood entrywise, and eo
is defined similarly as ;. _

From the above analysis we see that the error in the computed matrix R is
bounded in the same way as in Theorem 4.1. Also, the QR factorization can be
computed with the standard column pivoting and R;; can have additional structure
just as in the Cholesky factorization of Ay;. Therefore, the analysis of the backward
null space perturbation based on R’ holds in this case as well. However, the bounds
of Theorem 4.4 are sharper than those of Theorem 4.1.
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5. Constrained systems of equations. Again, let be N'(4) = R(Y) with
Y € R™™ having full rank. Let C' € R™*™ be a matrix with full rank. Systems of
equations of the form

o o[ ()= )

appear at many occasions, e.g., in mixed finite element methods [4] or constrained
optimization [15]. They have a solution for every right side if R™ = R(A) & R(C),
which is the case if H := YT C is nonsingular. In the computations of Stokes [4] or
Maxwell equations [1] the second equation in (5.1) with ¢ = 0 imposes a divergence-
free condition on the flow or electric field, respectively.

Duff et al. [9] discuss a multifrontal code for solving general sparse symmetric
indefinite systems of the form (5.1). Here, we consider an algorithm that takes ad-
vantage of the knowledge of a basis of the null space of A. To that end we first
construct a particular solution of the first block row. Premultiplying it by Y7 yields
y = H 1YTb. As b— Cy € R(A) we can proceed as in section 3 to obtain a vector
x with AX = b — Cy. The solution x of (5.1) is obtained by setting x = X + Y'a and
determining a such that CTx = ¢. Thus, a = H 7 (c — CTx).

This procedure can be described in an elegant way if a congruence transformation
as in (6.2) is applied. Multiplying (5.1) by WT & I,,, (cf. (2.2)) yields

A O C1| (% b, % =% — 1Y, 'xXo,
(5.2) O O H al|l=|(Y"b|, a=7Y, %,
cf HT O y c by =11 b.

Notice that X; € R". From (5.2) we read that

(i) y=H'Y"b,
(5.3) (i) %, = A (b — Chy), )
(iii) a:H’T(ch’lTil),

(IV) X1 = il + lea7
Xo = Yga.

This geometric approach differs from the algebraic approach, also known as the null
space algorithm [11], that is based on the factorization

All A12 Cl Rclrl 0 0] Rll R12 Rl_chl
AT, Ay Cy|=| RL L. Ol O 0 Cy — RLRCy
cr cf o CIR} O I,]| 0 ¢ -CIR{'!Riy —CTRIR;ICy

where the LU factorization of Cy — RT,R;;7C; is employed to solve (5.1). In the
geometric approach the LU factorization of H is used instead. Of course, there is a
close connection between the two approaches: Using (3.4) we get C — CT R 'Rz =
HTY;'. Notice that the columns of C' or Y can be scaled such that the condition
numbers of H or Cy — R{,R;;7'C} are not too big. Notice also that Y can be chosen
such that Yy = I,,,, in which case CQT—C;FRﬁl Ri» = HT. To enhance stability, instead
of the LR factorization the QR factorization is often used in the algebraic approach;
see [3] for references and an error analysis. A thorough perturbation analysis of (5.1)—
(5.3) remains to be done in our future work.

Golub and Greif [12] use the algebraic approach to solve systems of the form (5.1)
if the positive semidefinite A has a low-dimensional null space. As they do not have
available a basis for the null space, they apply a trial-and-error strategy for finding a
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permutation of A such that the leading r x r principal submatrix becomes nonsingular.
They report that usually the first trial is successful. This is understandable because
n; =1 +1=mn—m+1 if the basis of the null space is dense, which is often the case.

If the null space of A is high-dimensional, then Golub and Greif use an augmented
Lagrangian approach. They modify (5.1) such that the (1,1) block becomes positive

definite,
A+CACT O] (x\ _ (b+CAc
cT Ol \y) C ’

Here, A is some symmetric positive definite matrix, e.g., a multiple of the identity.
A+ CACT is positive definite if Y7'C is nonsingular. The determination of a good A
is difficult. Golub and Greif thoroughly discuss how to choose A and how the “penalty
term” CACT affects the condition of the problem. In contrast to this approach, where
a term is added to A that is positive definite on the null space of A, N(A) can be
avoided right away if a basis of it is known.

6. Eigenvalue problems. Let us consider the eigenvalue problem
(6.1) Ax = AMx,

where A is symmetric positive semidefinite with N (A4) = R(Y) and M is symmetric
positive definite. We assume that the last m rows of Y are linearly independent such
that W in (2.1) is nonsingular. Then

T _|Au O T My Gy
(6.2) WAW—{O ol wrmw= Gl
where
[l My M| [ T T
C = |:C2:| = |:M21 M22] _Y2:| , H=Y" MY =Y C.

Using the decomposition

T (M Gyl o [S O _ I (0]
E T L I P S

with the Schur complement S := M;;—C1H~'C{ and noting that P~TWT AW P~! =
WT AW | it is easy to see that the positive eigenvalues of (6.1) are the eigenvalues of

(6.4) Apy = MMy, — CiH'CT)y = \Sy.

Notice that S is dense, in general, whence, in sparse matrix computations, it should
not be formed explicitly.
If y is an eigenvector of (6.4), then

_ S (y\ _ (y-ViH'Cly\ _ _ 17T\ (Y
(6.5) x=WP (0)‘(-1@1{10{3/ =(I-yHcT) (¥

is an eigenvector of (6.1). By construction, CTx = YT Mx = 0, i.e., x is M-orthogonal
to the null space of A.

We now consider the situation when A and M are given in factored form, A =
FTF and M = BT B, with F = [F}, F3] and B = [By, By] such that the rank of Fy
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equals the rank of A. Let us find an implicit formulation of the reduced problem (6.4).
With W from (2.1) we have [Fy, Fo]W = [F1,0]. As before, Aj; = R¥| Ry, where
Ry is computed by the QR factorization of Fj. It remains to compute a Cholesky
factor of the Schur complement S, but directly from the matrix B. To that end we
employ the QL factorization (“backward” QR factorization) of BW,

(6.6) BW = QL = [Q1. Q] [ﬁ; LOQJ . QTQ=1,,

whence, with (6.3),

LT+ 1L Ly LT L M;; C
T _ T pRT _ 11411 21421 21422 11 1
(6.7) WTMW =WTBTBW = [ LT Lo | = or H|:

Straightforward calculation now reveals that
S =M —CH 'O = L{, Ly;.

Thus, the eigenvalues of the matrix pencil (A1, S) are the squares of the generalized
singular values [13] of the matrix pair (Rj1, L11) or, equivalently, the squares of the
singular values of RllLl_ll. An eigenvector y corresponds to a right singular vector
L11y. The blocks Loy and Log come into play when the eigenvectors of (6.1) are to
be computed: using (6.7), equation (6.5) becomes

y
X = _ .
<_L221L21Y>

It is known that the GSVD of (Ry1,L11) can be computed with high relative
accuracy if the matrices (Ry1). and (L11). are well conditioned [7]. Here, (R11). and
(L11). are obtained by Ry; and Lij, respectively, by scaling their columns to make
them of unit length. Obviously, k2((R11)c) = k2((F1)c), where k2(-) is the spectral
condition number. It remains to determine x2((L11).). From (6.6) we get

Q1 BW = Q1 [B1, BY] = [L11,0,,m],

whence QT B; = Li;. Let the diagonal matrix D; be such that (B). := BlDl_1
has columns of unit length. Further, let (By). = U1G; be the QR factorization of
(B1)c and let (L11)s = LllDfl = QTU,G;. As Q is orthogonal we have ||(L11)s|| <
[(B1)e|l = 0max((B1)c). Further,

1
min((B1)c) cos @’

L) < G @I ™ = —

where @ is the largest principal angle [13] between R(B;) and R(Bs)* (R(B). There-
fore,

Umax((Bl)c) _ “4‘2((31)0).

ka((L11)s) < Omin((B1)e)cos® — cos®

Since k2((L11)e) < /7 minp—giagonal £2(L11D) [16], [14, Theorem 7.5, we have
(6.8) wa((L11)e) < Vrra((Li1)s) < Vrka((Bi)e)/cos ®.

So, we have identified condition numbers that do not depend on column scalings and
that have a nice geometric interpretation. If the perturbations are columnwise small,
then these condition numbers are the relevant ones.
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7. Concluding remarks. In this paper we have investigated ways to exploit the
knowledge of an explicit basis of the null space of a symmetric positive semidefinite
matrix.

We have considered consistent systems of equations, constrained systems of equa-
tions, and generalized eigenvalue problems. First of all, the knowledge of a basis of the
null space of a matrix A permits us to extract a priori a maximal positive semidefinite
submatrix. The rest of the matrix is redundant information and is needed neither for
the solution of systems of equations nor for the eigenvalue computation. The order
of the problem is reduced by the dimension of the null space. In iterative solvers it is
not necessary to complement preconditioners with projections onto the complement
of the null space.

It is well known that a backward stable positive semidefinite Cholesky factoriza-
tion exists if the principal r x r submatrix, r = rank(A), is well conditioned. This
does not, however, mean that the computed Cholesky factor R has a null space that is
close to the known null space of R, A = RTR. We observed that the backward error
in the null space is small if the error in the Cholesky factor is (almost) orthogonal to
the null space of A. We show that this is the case if the positive definite principal
r X r submatrix after scaling is well conditioned and if its diagonal elements dominate
those of the remaining diagonal block.

For systems of equations and eigenvalue problems, we considered the case when
A = FTF, where F is rectangular. This leads to interesting variants of the original
algorithms and most of all leads to more accurate results.

What remains to be investigated is the relation between extraction of a positive
definite matrix and fill-in during the Cholesky factorization. In future work we will
use the new techniques in applications and, if possible, extend the theory to matrix
classes more general than positive semidefinite ones.
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VARIANTS OF THE GREVILLE FORMULA WITH APPLICATIONS
TO EXACT RECURSIVE LEAST SQUARES*
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Abstract. In this paper, we present an order-recursive formula for the pseudoinverse of a matrix.
It is a variant of the well-known Greville [STAM Rev., 2 (1960), pp. 578-619] formula. Three forms
of the proposed formula are presented for three different matrix structures. Compared with the
original Greville formula, the proposed formulas have certain merits. For example, they reduce the
storage requirements at each recursion by almost half; they are more convenient for deriving recursive
solutions for optimization problems involving pseudoinverses.

Regarding applications, using the new formulas, we derive recursive least squares (RLS) proce-
dures which coincide exactly with the batch LS solutions to the problems of the unconstrained LS,
weighted LS, and LS with linear equality constraints, respectively, including their simple and exact
initializations. Compared with previous results, e.g., Albert and Sittler [J. Soc. Indust. Appl. Math.
Ser. A Control, 3 (1965), pp. 384-417], our derivation of the explicit recursive formulas is much
easier, and the recursions take a much simpler form. New findings include that the linear equality
constrained LS and the unconstrained LS can have an identical recursion—their only difference is the
initial conditions. In addition, some robustness issues, in particular, during the exact initialization
of the RLS are studied.
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1. Introduction. Matrix pseudoinverses (Moore—Penrose generalized inverses)
are often involved in the optimal solutions of various scientific and engineering prob-
lems. Their computation involves an increasing number of variables with a corre-
sponding increase in the matrix order. To find a recursive version of such an optimal
solution, a key technique is an order-recursive version of the pseudoinverse of a matrix.

For instance, consider the following minimization problem:

N
1.1 in Sy = i — X0
(1.1) min Sy =Y |y —x{0]%,

=1

where y; € C!, x; € C", and the parameter to be estimated § € C". Here, C' and C”
denote the spaces of the complex numbers and r-dimensional complex vectors, respec-

Wy

tively. The superscript “x” stands for complex conjugate transpose. More generally,
consider the problem of minimizing the objective function Sy in (1.1) subject to a
linear equality constraint A0 = B. The former is a special case of the latter with
A=0and B=0.
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Such optimization problems can be found in various practical fields, including
signal processing, control, and communications, to name a few.

Denote by 0y the optimal solution in the above sense for 6 using the data y; and
xi,1=1,2,..., N. We call Oy the least squares (LS) solution of §. The unconstrained
solution of # has been known for two centuries, dating back to Gauss and Legendre.

Denote

Yy = (yiF y; T y}k\[)* S CNXl, Xy = (Xl Xo - XN)* c CNXT"
and rewrite Sy in (1.1) as
Sy = (Yn — Xn0) (YN — Xn0).

Then it is well known that when X3 Xy is nonsingular, (1.1) has a unique solution,
given by

(1.2) On = X5Yn = (XA XN) T XY,

where A1 denotes the pseudoinverse of A. When X Xy is singular, the solution is
not unique, the class of solutions is given by

On = XEYN + (I — X5 XN)E,
where £ is any vector in C”, and the (unique) minimum-norm solution is
(1.3) Oy = X5V,

We call both (1.2) and (1.3) batch LS solutions.

Half a century ago, an important progress on the studies of the LS method was
made by Plackett [16] and others (such as Woodbury [24]), who demonstrated that
when X3, Xy, is nonsingular, Oy (VN > Np) in (1.2) can be written recursively as

(1.4) Oni1 = O + Knp1(ynv+1 — X 10n),

1.5) Kni1 = Pyxyi1/(1+ Xy PnXnsr),
def % _

(1.6) Pynii = (Xyi1XN41) !

= (Py' +xXnp1Xng1)
= (I = Pnxny1xyy1 /(1 + Xy PvXng)) Py
= (I = Kny1xy41)Pn,

where the third equality in (1.6) follows from the matrix inversion lemma (see [16]
or [24]):

(A+BD'B )y ' =A™  — A"'B(D+ B*A'B)"'B*A"L.

Here A and D are both Hermitian positive definite matrices.

This recursive least squares (RLS) solution greatly promotes the application of
the LS method in many fields where real-time processing is required (cf. [5, 7, 9, 14]).
Two significant advantages of the recursive solution (1.4)-(1.6) are (i) it is free of the
matrix inverse operation and has a lower computational complexity; (ii) it is particu-
larly suitable for real-time applications since the number of algebraic operations and
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required memory locations at each iteration is fixed, rather than increases with N as
the batch LS solution (1.2) or (1.3) does.

Although the RLS solution (1.4)—(1.6) has the above advantages, it could only
be started when X3 Xy, is nonsingular. Note that XXy = Zfil x;X; cannot be
nonsingular for any N < r.

To start the RLS from N = 1, Albert and Sittler in [1] discussed various properties
of the limit of the following function, which in fact is the pseudoinverse of matrix H:

lim (H*H +el)" ' H*.

e—0+
Using these properties, they derived the unconstrained, linear equality constrained,
and weighted RLS formulas exactly equal to the corresponding (minimum-norm)
batch LS solution for N = 1,2,.... However, the derivation and the final recursive
formulas presented are much more complicated than those of this paper.

In this paper, we present several modified order-recursive formulas of matrix pseu-
doinverses based on the Greville formula. Not only do the proposed formulas reduce
the required memory locations of the Greville formula at each recursion by almost
half, but they are also very useful to derive the recursive formulas for the optimal so-
lutions involving matrix pseudoinverses. As applications, the proposed formulas are
used in a straightforward way to derive the unconstrained, linear equality constrained,
and weighted RLS procedures which coincide exactly with the corresponding unique
batch LS solution (or the unique minimum-norm batch LS solution if more than one
LS solution exists). In comparison with previous results of Albert and Sittler [1],
not only is the derivation of the recursive formulas much easier, but the formulas
themselves are also clearer and simpler. In particular, our results show that the linear
equality constrained RLS can have the same recursion as that of the unconstrained
RLS—they differ only in the initial values. This new finding has important practical
implications. We expect to find more applications of the new order-recursive formulas
in the future.

In the previous works on the exactly initialized RLS, the recursive QR decomposi-
tion method, which was described in detail in Haykin’s book [9], can survive an exact
start without resorting to special modifications of the algorithm and can also handle
singular data well, provided the error sequence {y; —x;6} is of interest rather than the
parameter vector 6 itself, as is the case in certain signal processing applications such as
echo cancellation or noise cancellation. Hubing and Alexander in [10] gave a very good
statistical analysis of the parameter vector 6 obtained using an exact initialization.
It is worth noting that what they considered above are the initialization problems
of the adaptive filtering; therefore, the first » data matrices have a special form, i.e.,
x5 =(0---0),xt = (M 0---0),x5 = (2@ M 0--.0),..., x5 = () =D ... V),
This feature was also pointed out in Haykin’s book (see [9, p. 519]). However, the
initial data matrices considered in this paper are arbitrarily general. In addition, since
there exist many results on the robustness issues of the RLS after the data matrix
becomes full column rank (for example, see [4, 13, 15, 17, 22]), in this paper, we only
derived the results on the error propagation and accumulation caused by the error of
Qn before X becomes full column rank. As for the robustness issues on Py, it is
still an open question.

The rest of this paper is organized as follows. In section 2, three forms of the
proposed variant of the Greville’s order-recursive formula, along with several corol-
laries, are presented. Then we apply the new formulas to derive the exact RLS, exact
RLS with linear equality constraint, and exact weighted RLS in sections 3, 4, and 5,
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respectively. In section 6, we discuss some robustness issues for the exactly initialized
RLS. Finally, in section 7, we provide concluding remarks.

2. Order-recursive formulas for matrix pseudoinverses. Consider a ma-
trix sequence {Xn}n=1,2,., where Xy € CNX" Xni1 = (X% xn+1)*, and xn41
is an r-dimensional column vector, i.e., x is the nth row of Xy for any n < N.

An order recursive formula was given by Greville in [8] as follows.

THEOREM 2.1 (Greville [8]). For any N =1,2,...,

(2.1) X3 =Xy — Enpdyyr Ky,

where

o +
dn+1 = X1 Xy,
E3
CN+1 = Xny1 — A1 Xn,

) g if eny1#0,
(22) K1 = { Xidyi1 /(A +dysidy,,) if ensr1=0.

Remark 2.1. The above formula is the complex conjugate transpose of the Greville
formula in its original form. While the two versions are equivalent, this version fits
our formulation of the problem better. Note also that both XK, and X are used in
the formula.

Using this recursive formula, we can compute the pseudoinverse X;\“, of a high-
dimensional matrix Xy from vector (x3)¥ recursively so as to eliminate the need to
compute the pseudoinverse of a high-dimensional matrix. It is, however, not in a form
handy for deriving the recursive versions of the optimal solutions involving the above
matrix pseudoinverse. In light of this, we prove the following variant, which can be
viewed as an improvement of the Greville formula.

THEOREM 2.2. For any N =0,1,...,

X = K,

2.3 Xt 0
23 X = (I = Eypaxy KN“)< 0 1 ) N >1,

where K41 is defined by the following:
(i) When x3_, QN =0,

(2.4) Knt1 = Pyxn1/(1+ Xy PNXNt1),
(2.5) Pni1 = (I — Kn+1Xn4q)Pw,
(2.6) QN1 =N
(i) ¥ Xy 1, QN # 0,
(2.7) Kny1 = Qnxni1/(Xy 1 Q@nXN11),
(2.8) Pyir = = Knjaxy ) PN = Knpaxy)" + Ky Ky,

(2.9) Qni1 = — Knt1Xy41)@N;

and the initial values are
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Proof. Denote Xg =0. For any N =0,1,..., let
Py = X;(XX,)*, Qn =1-— X]J\;XN.

Clearly, Py is Hermitian, @Qu is an orthogonal projection onto the orthogonal com-
plement of the row space of Xy. We will show that Py and @y satisfy (2.4)—(2.9).
Defining K1 = (x})*, we have X;” = K;. Noticing that 0t = 0 and a* =
a*/(aa™) for any nonzero row vector a, we can easily prove that Ki, Py, Qq satisfy
2.4)-(2.9).
For N > 1, let

_ + _ _
dvi1 =Xy Xns N1 =Xnp1 — AN XN = Xy @N-
Define K41 as in Theorem 2.1. Then,

X = (X — Enyidygr Knga)
= (X5 — Enpixy 1 X Knya)

= (I = Knixy )Xy Enia).
From the above equation and the definitions of Py, @y, we have
(210)  Pyi1 = XJ-\‘}+1(XJ+\}+1)*

i X5 0

X+ * 0 . .
><< ( (])V) 1 >(I_KN+1XN+1 KN+1)

. Py 0 . .
= - Kyy1xyy1 Kny1) ( év 1 ) (I — Knt1xyi1 Knt1)

= - Knyixyi) PN — KXy )" + Kvii Ky,
(211) Qny1=1- Xy, Xn41

. X5 0 X
=T —(I-Kn1Xyi1 KN+1)< - 1)( N )

XN 41
* X+X
=1—(—-Knu1xyy Kni1) < "y v )
N+1

=1— - Ky1Xn)I = Qn) — Knp1Xyg
= — Knt1Xy41)@N-

When cy41 # 0, by Theorem 2.1, we have
Kni1 =y = Qnxni/ (X1 QnXn41)-
If ey 1 =0, by (2.11) and Theorem 2.1, we have
QN1 = QN — Knpixy1@n = QN
and

Kny1 = Pvxyi1/(1+ Xy Pvxngt),
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ie.,
Kny1+ KniXy 1 PNXns1 = PNXn4a-
Then, (2.10) yields

Pyy1 =Py — Pnxnii Ky, — Knpixy g Py
+ (Knt1xXn 1 Pvxnv1 + Kv41) Ky
=Py — Pnxni1 Ky — KEnpixy g Py 4+ Pvxngi Ky
= (I = Kns1Xy41)Pr.

The theorem thus follows. d

In Theorem 2.2, x} @~ # 0 implies x}_,(x}y;@n)" = 1, and (2.10)~(2.11)
always hold. Hence, the two cases with x3,;@n = 0 and x},;@N # 0 in Theorem
2.2 can be combined.

COROLLARY 2.3. For any N =0,1,...,

X = K,

2.12 . Xt 0
( ) X;\L]Jrl = (I - Kn1xXyy Knigr) ( ON 1 )’ N >1,

where

Kni1=(Xn@Qn)" + (1 =Xy (X1 @n) ) Puxy g1 /(1 + X PnXns1),
Py = = Knpaxy ) PvI = Knpaxyg)" + Evp Ky,
QOnt1 =T — Kntyixn,1)@n,

and the initial values are
Po=0, Qo=1.

Remark 2.2. cyy1 = x}‘\,_HQN =0 if and only if x4 is a linear combination of
X1,...,XN because

QnxN+1 =0 xn11 EN(QN) =N — XHXN) =R(XNXN) = R(XK),

where R(A) and N'(A) denote the range and null space of A, respectively. Hence, we
have the following corollaries.

COROLLARY 2.4. If Xy has full column rank (i.e., X3, X is nonsingular),
then for any N > M, a recursion of X}, is (2.3), (2.4), and (2.5), which includes
(1.5)-(1.6) as a special case of Theorem 2.2 when X3 QN = 0.

COROLLARY 2.5. Ifxy,...,xp (M =1,...,7) are linearly independent, then for
any N =1,...,7, a recursion of X, is (2.3), (2.7), and (2.9).

Theorem 2.2 has certain advantages over Theorem 2.1. First, albeit a simple
variant of (2.1), (2.3) is in a form more convenient to use, as demonstrated later in
the derivations of recursive LS solutions. Further, (2.4)—(2.9) is much more efficient
than (2.2) since they do not involve X directly. More specifically, since matrices Py,
Ky, and Qn have fixed dimensions as N increases, Theorem 2.2 reduces the required
memory locations of the Greville formula at each recursion by almost half when N
is large.

Theorem 2.2 can be extended to the following more general version, to be used
to derive the RLS with linear equality constraints.
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THEOREM 2.6. Let P be an orthogonal projection. For any N =0,1,...,

(X1 P)* = Ky,
(XnP)*t 0

2.13
(213) (Xn41P)" = (I - Kyjixyy, Kng1) < 0 1 > , N>1,

where Kn11 and the corresponding Pni1,Qn+1 have the same recursion (2.4)—(2.9)
as given in Theorem 2.2 but with initial values

Py=0, Qo=P
Proof. Denote Xg = 0. For any N =0,1,..., let
Py = (XyP)" (XnP))*, Qn=I1—-(XyP)"(XyP), Qn=PQny.

Define Ky = (x}jy,,P)". It is clear that (X;P)" = K, and K, P, Q) satisfy
(2.4)—(2.9). For N > 1, from the following property of pseudoinverse

(XnP)" = (XyP)"(XnP)(XnP)")*

and the definition of P, we have

(2.14) P(XyP)" = (XnP)",
(2.15) PPy = PnP = P,
(2.16) PQn =QnP =Qn.

To prove this theorem, we only need to use x3, ; P and Xy P to replace x}3,,; and
Xp in Theorem 2.2, respectively, and to define K1 according to (2.4) and (2.7).
Note that (x} 1 P)Qn = X}, @n from the definition of Q.

Using (2.14), we have

(I = Kn1xy 1 P)(XNP)T = (I = Knaxy ) (XvP) ",

and therefore (2.13) holds.
When x3, ,Qn =0, (2.4)-(2.5) become

(217) KN+1 :PN(PXN_H_)/(l—|—X7\,+1PPNPXN+1),
(218) PN+1 = (I - KN+1X7\7+1P)PN.

Equation (2.15) implies that (2.17) and (2.18) reduce to (2.4) and (2.5), respectively.
When x3, QN # 0, (2.7)-(2.9) become

(219)  Kny1 = QnPxny1/(Xy 1 PQNPxN41),
(220)  Pyy1=( = Knpxy P)PN(I = Knjaxy o P)" + Kna Ky,
(221) QN+1 = (I — KN+1X7\[+1P)QN.

Because of (2.15) and (2.16), (2.19) and (2.20) reduce to (2.7) and (2.8), respectively.
In addition,

Qny1=PQni1 = PQn — PEn Xy 1 PQn = (I = Kny1Xy11)Qn-

That is, (2.21) becomes (2.9). The theorem thus follows. |
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Furthermore, to derive the solution of the weighted RLS problem, we now extend
Theorem 2.2 to the pseudoinverse of A1 Xn11, where the weight Ay, 1 is a diagonal
matrix.

If

AN 0
2.22 A =
(2.22) N+1 ( 0 Avn >7

where Ay > O,N = 1,2,...,A; = 1, then replacing x by \,x(n = 1,2,...) in
Theorem 2.2, we can reduce the sought-after pseudoinverse to the pseudoinverse in
Theorem 2.2 and derive the corresponding weighted RLS easily. More interestingly,
consider the following forgetting-factor weighting matrix Ay:

(2.23) Ani = ( ANOAN (1) )

where 0 < Ay <1,N =1,2,...,A; = 1. Accordingly, we consider the pseudoinverse

of matrix
- ()\NANO>(XN><)\NANXN>
N+1AN+1 — * - * .
A 0 1 XN+1 XN+1

With this weight, the last (Nth) row vector of Ay Xy for any N is always x}; for
every n < N, the nth row vector of AyXy is (HN_l A)x%. When A\, = A < 1 for

i1=n

every n < N, it is the well-known exponentially decaying forgetting factor. Clearly,

if A\, = 1 for every n, the weighted matrix becomes the original matrix without a
weight.
THEOREM 2.7. For any N =0,1,...,
(A1X1)+ = Kl;
(224) AV (ANXN)T 0
(Avi1Xni)T =T = Knpixyy, Knga) ( v g N) 1 ) , N2>1,
where Kn41 is defined by the following:
(i) When x3,,Qn =0,
(2.25) Kni1 = Pyxni1 /(X + Xy Pyxn1),
(2.26) P = A (I = Kng1Xivg) Py,
(2.27) Qn+1 = QnN;

(ii) i xj 1 QN # 0,

(2.28)  Knt1=QnXN+1/(XNy11@NXN+1),
(229)  Pyvy1 = A (I = Knpixii1) Ph(I = KEniXig1)" + Kne1 Ky,
(2.30)  Qn41 = — Kn+1Xn41)@nN;

and the initial values are
Py=0, Qo=1I, X >0
Proof. Denote Xg =0 and Ag = 1. For any N =0,1,..., let
Py = (ANXN)T(ANXN)T), Qn =1 (AnXn)T(ANXN).
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Note that Ay is a diagonal matrix, Py is Hermitian, and Qu is an orthogonal pro-
jection onto the orthogonal complement of the row space of Ay Xy

Define K7 = (x})". It is clear that (A1 X7)"T = K, and K1, Py, Q; satisfy (2.25)—
(2.30). For N > 1, using Anyy1Xn+1 and ANAy Xy to replace Xy11 and Xy in
Theorem 2.2, respectively, and defining K41 as in Theorem 2.1, we can prove that
(2.24)—(2.30) hold by the same method as Theorem 2.2. d

Obviously, Theorem 2.2 is a special case of Theorem 2.7 with Ay = 1 for every
N > 0.

As an application of Theorems 2.2, 2.6, and 2.7, we derive the RLS procedures
that coincide exactly with the unique batch LS solutions (or the unique minimum-
norm batch LS solutions if more than one LS solution exists) of the unconstrained
problem, linear equality constrained problem, and weighted LS problem, respectively.
It will be clear that the derivation is strikingly simple.

3. Exact RLS without constraint. From Theorem 2.2, we can derive directly
the recursive form of the solution of the unconstrained LS problem (1.1).

THEOREM 3.1. The batch LS solution given by (1.2) or (1.3) can always be written
in the following recursive form:

(31) 0N+1 = GN +KN+1(?JN+1 - X?V—&-IGN)) N = 0717 KRN

where K11 and the corresponding Pny1, QN1 are given in Theorem 2.2, and the
initial values are

0p=0, Py=0, Qo=1I

Proof. When N = 0, (3.1) holds since K; = X;". For N > 1, using (2.3), (1.2),
and (1.3), we have

_ v+
On+1 = XN 1 YN+

= - Knpixyyr Knia) ( 0

0
1
* eN
= — Kn+1xyy Kng) y
=0n + Knt1(ynv+1 — X 10n)-

The theorem follows. O

By Corollary 2.4, we have the following corollary.

COROLLARY 3.2. When Xn has full column rank, a recursion of 6, (n > N) is
(3.1), (2.4), and (2.5), which is the same as (1.4)—(1.6).

Remark 3.1. Theorem 3.1 includes an exact and simplest possible initialization
of the RLS algorithm.

4. Exact RLS with linear equality constraint. Consider the LS problem in
(1.1) with the following linear equality constraint:

(4.1) A0 = B,
where A € CM*" and B € CM*! (M > 0). Denote the projector

P=1-ATA
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It is well known that if (A* X3 )* has full column rank (see [25]), then
(4.2) Oy = ATB+ (PXyXyP) ' X5 (Yn — XnATB)
=ATB + (XNP)+(YN — XNA+B)

is the unique solution to the LS problem (1.1) subject to (4.1). When (A*  X3%)* does
not have full column rank, the solution is not unique, and the class of the solutions is

On = ATB + (XNP)+(YN — XNA+B) + P¢,
where £ is any vector satisfying Xy P = 0 in C". The minimum-norm solution is
(4.3) On = ATB+ (XnP)"(Yn — XnATB).

We call both (4.2) and (4.3) batch LS solutions (with linear equality constraints).
Similar to Theorem 3.1, we have the following.
THEOREM 4.1. The (minimum-norm) batch LS solution given by (4.2) or (4.3)
can be written exactly in the following recursive form:

(4.4) Oni1=0n + Kny1(yns1 —Xyp0n), N=0,1,...,

where K41 and the corresponding Pny1,Qn+1 are defined in Theorem 2.6 (but their
recursive formulas are given in Theorem 2.2). The initial values are

0o=ATB, Py=0, Q=P

Proof. When N = 0, (4.4) holds since K; = (X;P)*. For N > 0, noticing that
P is an orthogonal projection, and using (2.13), (4.2), and (4.3), we have

Oni1=AT"B+ (Xny1P)" (Ynyr — Xnj1ATB)
(XyP)™ 0 Yy — XyATB

A | ey
(XnP)*H(Yy — XnATB)

yn+1 — Xy ATB )

= A+B+ (I_KN+1X7V+1 KN+1) (

= A+B + (I - KN+1X7VJF1 KN+1) <

=A"B + (XNP)+(YN — XNA+B)
+ Kny1(yns1 —Xn1 (AT B+ (XN P)" (Yn — XNA'B)))
=0n + Knt1(yn+1 — Xn10n)-

The theorem thus follows. |

Remark 4.1. Since the two pseudoinverses in Theorems 2.2 and 2.6 have the same
recursion (but different initial values), and (4.4) and (3.1) are the same, Theorems 3.1
and 4.1 indicate that the solutions to the unconstrained LS problem and the linear
equality constrained LS problem have an identical recursion; they differ only in the
initial values.

COROLLARY 4.2. When (A*  X%)* has full column rank, 6,, (forn > N) has a
recursion identical to that of the unconstrained RLS (1.4)—(1.6).

Proof. From (2.14) and the properties of pseudoinverses, we have

QNPX} = P2X}y — (XyP)" (XyP)PX}y = PX} — PX} =0.

(4.5) R(PXY) CN(@n).
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For any xn41, Pxnyy1 € R(P(A* X}%)) = R(PX}) because PA* = 0 and
(A*  X3%)* has full column rank. Then (4.5) implies

XN 1@N =Xy 1 PON = (QnPxn41)" = 0.
The corollary thus follows from Theorems 2.6 and 4.1. O
5. Exact weighted RLS. Consider the LS problem

(51) n%inSN = (YN - XNQ)*A?V(YN - XNQ),

where Ay is defined by (2.23).
Remark 5.1. For convenience, we formulate the above weighted LS problem using
as the weight A%, rather than Ay, which is more common in the literature. If it is

preferred to use the latter, then simply replace Ay and Axn below by )\%2 and A}V/Q,
respectively.
It is well known that when Anx Xy has full column rank,

(5.2) On = (ANXN)T(ANYN)

is the unique solution to the weighted LS problem (5.1); otherwise, the solution is not
unique, the corresponding class of the solutions is

On = (ANXN)T(ANYN) + (T = (AN XN) T (AN XN))E,
where ¢ is any vector in C”, and the minimum-norm solution is
(5.3) On = (ANXN)T(AnYy).

We call both (5.2) and (5.3) batch (weighted) LS solutions.
THEOREM 5.1. The (minimum-norm) batch LS solution given by (5.2) or (5.3)
can be written exactly in the following recursive form:

(5.4) OnN+1 =9N+KN+1(yN+1—X7VJr19N), N=0,1,...,

where Kny1 and the corresponding Pny1,Qn+1 are given in Theorem 2.7, and the
initial values are

9020, P()ZO, Q():I.

Proof. When N = 0, (5.4) holds since K; = X;". For N > 0, using (2.24) and
(5.2), we have

Ont1 = ANy Xn) T (An 1Y)
ANANXN T [ ANANYN
() ()
= - Kny1xyp1 Kny1) ( (/\NA]\(;XN)+ (1) ) ( AJ\;?\S:TN )
= (I — Knp1Xy 1 ) ANANXN) T (ANANYN) + Knp1yn+t
= (I = Kn+1Xy ) AN XN) T (ANYN) + KN 1yn+1
= (I = Kn+1Xy41)0n + Knt1yn+1
=0n + Knt1(Yn+1 — Xnp10n)-
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The theorem thus follows. ]

Similar to Corollary 3.2, we have the following.

COROLLARY 5.2. When ANX N has full column rank, a recursion of 0, (n > N)
is (5.4), (2.25), and (2.26).

Compared with previous results of Albert and Sittler [1], it is clear that not only
are the derivations of the RLS formulas much easier, but the formulas themselves
are also clearer and simpler. The simplicity of the recursive formulas and the almost
parallel derivations enable us to identify the fact that the linear equality constrained
RLS has the same recursion as the unconstrained RLS (they differ only in the initial
values).

6. Robustness analysis of exactly initialized RLS.

6.1. On singularity of data matrix. In the conventional RLS (CRLS) al-
gorithm, if the data matrix Xy has full column rank, from the following normal
equation

(XNXnN)0n = XNYN
we can obtain
Oy = (X;/XN)ilX;/YN

Furthermore, we can derive the recursive formulas (1.4)—(1.6) from the recursive for-
mula of (X35 Xxn)~!. However, in the numerical computations, even if Xy has full
column rank, it is possible for X3, X to be noninvertible. For example, we consider
the following matrix:

OO N =
O mn O
a oo

When € is a constant close to the machine precision, 1 + €2 ~ 1. Thus,

1 11
XX~ 1 11
1 11

becomes singular, and we cannot compute 6y via matrix inverse as done above.

Since the derivation of the recursive formulas of 6y in this paper is based on
matrix pseudoinverses not on matrix inverses, we still can deal with the above RLS
problem, as well as the recursive formulas for underdetermined systems. In [19],
Stewart discussed the disturbance bound problem of matrix pseudoinverses. The
necessary and sufficient condition for the continuity of the pseudoinverse of matrix A
is rank(A) = rank(A + E), where E is a disturbance for matrix A. That is to say,
when a disturbance has not changed the rank(A), the algorithm may have robustness;
otherwise, the algorithm may lose robustness.

6.2. Keep the orthogonal projection of Qn. An issue in numerical compu-
tation of our exact RLS is to maintain the orthogonal projection of @y for any N
before X becomes full column rank. For this purpose, we can modify the recursive
formula of @y in (2.9) as

QN1 = — Kny1xy1)ON — Knyixygq)™
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6.3. Propagation of a single round-off error. Stewart in [20] studied per-
turbation theory of the pseudoinverse for the orthogonal projection onto the column
space of a matrix, and for the linear LS problem. Van der Sluis in [18] also studied
the stability of the LS solution of the linear equations. In essence, the unconstrained
RLS, constrained RLS, and weighted RLS proposed in this paper are the extension of
the CRLS. For the CRLS after Xy becomes full column rank, Ljung and Ljung [15],
Slock [17], and Verhaegen [22] have done intensive research. They analyzed in detail
the generation, propagation, and accumulation of the linear round-off error in the
CRLS. Bottomley and Alexander [4] and Liavas and Regalia [13] discussed the non-
linear round-off error accumulation system of the CRLS algorithm. Since the exact
RLS proposed here is also the CRLS after X becomes full column rank, we consider
only the case before X becomes full column rank. For simplicity of analysis, suppose
{x7,%5,...,x}} is linearly independent. Thus, the LS problem (1.1) has the recursive
formulas (3.1), (2.7), and (2.9) no matter whether or not the exactly initialized RLS
with constraints or weights is considered.

Straightforwardly using the basic results of error analysis for the LS problem by
Stewart [20] and van der Sluis [18] and the round-off error made in a single recursion
given by Verhaegen (see [22, Lemma 6]), as well as noting that the 2-norm of Qy is
1, it is easy to obtain the following.

THEOREM 6.1. Denoting the norms of absolute errors caused by round off during
the construction of Qn and On by Ag and Ag, respectively, we have

AQ < €1,
Ag < e([[On [l + 1N - lyn),

where norms are 2-norms, and €; are constants close to the machine precision €.
In the following, we consider the propagation of a single error at recursion instant
N to subsequent recursions, assuming that no additional round-off errors are made.
Let us denote by Z the finite-precision version of  and denote by éx the round-off
error in the quantity x. Then

Qn = Qn +6Qu,
(6.1) On = On + 60y.

Using the same argument given by Verhaegen, Liavas, and Regalia (e.g., see [22,
Theorem 1)), it is easy to derive the following theorem.

THEOREM 6.2. If the erroneous quantities at the recursive instant N are (6.1),
then these errors propagate to the next recursive instant N + 1 as

8Qn+1 = (I = Kn11x331)8Qn (I — KnaXy41)* + 0(67),
60n+1 = (I = Knt1Xn41)

x (59N L O@NXN

_ — X0 + 082 ,
X}‘VHQNXNH(yNH N+1 N)) ( )

where O(6%) indicates the order of magnitude of ||6Qn||?.
It can be proved easily that

X112

|1 — Kny1xniallz = [KEviixyialle = lQnxNt1ll2”

Because of ||Qnxn+1]l2 < ||xn+1]|2, the round-off error at the instant N causes bigger
round-off error at the instant N 4 1. The closer to xx 1 the projection of xy 41 onto
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the orthogonal complement of R(X};) is, the smaller the propagated round-off error
at the instant IV to the next recursive instant N + 1 is.

6.4. Round-off error accumulation. By Theorem 6.2 and the recursive for-
mulas (3.1), (2.7), and (2.9), the errors from time instant 1 to NV can be given by

QN = ¢(N,1)6Q1p(N,1)* 4+ O(8?),
N-1

k=2

where

and

_ 0Qk—1Xg

= k —X*akf .
X Qr_1%x (y k 1)

Kk

For any N before X becomes full column rank, we have

(N, 1)(I — K1x7) = ¢(N,1)Q1 = Qn;
thus

[N, Dl - |Qull2 = [|@nll2,

ie.,
[¢(N,1)]|2 > 1.

As for the robustness issues on Py, it is very complicated and still an open
question.

7. Concluding remarks. A new order-recursive formula for the pseudoinverse
of a matrix has been developed. It is an improved variant of the well-known Greville
formula and reduces almost half of the required memory locations of the Greville
formula at each recursion. Probably more importantly, it is in a more convenient
form for deriving recursive solutions of optimization problems involving matrix pseu-
doinverses. Three forms of the proposed order-recursive formula have been given for
three types of matrices, respectively. As applications of the proposed formulas, the
unconstrained, linear equality constrained, and weighted RLS procedures that are
completely equivalent to the corresponding (minimum-norm) batch LS solutions are
derived in a straightforward way. It has also been shown that the linear equality con-
strained and unconstrained minimum-norm LS solutions have an identical recursion,
with the only difference being in the initial values, a feature which has important
applications. We expect that the proposed formulas will find more applications, par-
ticularly in the development of recursive algorithms. Since the robustness problems of
the CRLS after Xy becomes full column rank have been studied extensively before,
and once Xy becomes full column rank, the exact RLS proposed here is just the
well-known CRLS, we derived the results on the error propagation and accumulation
caused by the error of @y and @y before X becomes full column rank. As for the
robustness issues on Pp, it is still an open question.
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NUMERICAL COMPUTATION OF DEFLATING SUBSPACES
OF SKEW-HAMILTONIAN/HAMILTONIAN PENCILS*
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Abstract. We discuss the numerical solution of structured generalized eigenvalue problems that
arise from linear-quadratic optimal control problems, Hoo optimization, multibody systems, and
many other areas of applied mathematics, physics, and chemistry. The classical approach for these
problems requires computing invariant and deflating subspaces of matrices and matrix pencils with
Hamiltonian and/or skew-Hamiltonian structure. We extend the recently developed methods for
Hamiltonian matrices to the general case of skew-Hamiltonian/Hamiltonian pencils. The algorithms
circumvent problems with skew-Hamiltonian/Hamiltonian matrix pencils that lack structured Schur
forms by embedding them into matrix pencils that always admit a structured Schur form. The
rounding error analysis of the resulting algorithms is favorable. For the embedded matrix pencils, the
algorithms use structure-preserving unitary matrix computations and are strongly backwards stable,
i.e., they compute the exact structured Schur form of a nearby matrix pencil with the same structure.

Key words. eigenvalue problem, deflating subspace, Hamiltonian matrix, skew-Hamiltonian
matrix, skew-Hamiltonian/Hamiltonian matrix pencil
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1. Introduction and preliminaries. In this paper we study eigenvalue and
invariant subspace computations involving matrices and matrix pencils with the fol-
lowing algebraic structures.

DEFINITION 1.1. Let J := [_(} I(H, where I, is the n X n identity matrix.

(a) A matriz H € C*2" js Hamiltonian if (HJ)” = HJ. The Lie algebra of
Hamiltonian matrices in C2™2" is denoted by Ha,,.

(b) A matriz H € C*2" s skew-Hamiltonian if (HJ)¥ = —HJ. The Jordan
algebra of skew-Hamiltonian matrices in C*™?" s denoted by SHy,.

(¢) If S € SHa,, and H € Ha,,, then oS —(H is a skew-Hamiltonian/Hamiltonian
matriz pencil.

(d) A matriz Y € C>™?" js symplectic if YTY? = J. The Lie group of sym-
plectic matrices in C22" s denoted by Say,.

(e) A matriz U € C>2" js unitary symplectic if UTUT = T and UUT = I,,.
The compact Lie group of unitary symplectic matrices in C*™2" is denoted

(f) A subspace L of C*" is called Lagrangian if it has dimensionn and 2 Jy = 0
forallx,y e L.
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A matrix § € C?™2" is skew-Hamiltonian if and only if iS is Hamiltonian. Conse-
quently, there is little difference between the structure of complex skew-Hamiltonian
matrices and complex Hamiltonian matrices. However, real skew-Hamiltonian matri-
ces are not real scalar multiples of Hamiltonian matrices, so there is a greater differ-
ence between the structure of real skew-Hamiltonian matrices and real Hamiltonian
matrices.

The structures in Definition 1.1 arise typically in linear-quadratic optimal con-
trol [27, 33, 35] and H. optimization [18, 39]. Moreover, instances of skew-Hamil-
tonian/Hamiltonian pencils appear in several other areas of applied mathematics,
computational physics, and chemistry, e.g., gyroscopic systems [20], numerical sim-
ulation of elastic deformation [28, 34], and linear response theory [30]. Linear-
quadratic optimal control and H,, optimization problems are related to skew-Hamil-
tonian/Hamiltonian pencils in [4, 5].

It is important to exploit and preserve algebraic structures (like symmetries in
the matrix blocks or symmetries in the spectrum) as much as possible. Such algebraic
structures typically arise from the physical properties of the problem. If rounding
errors or other perturbations destroy the algebraic structures, then the results may be
physically meaningless. Not coincidentally, numerical methods that preserve algebraic
structures are typically more efficient as well as more accurate.

Despite the advantages associated with exploiting matrices with special structure,
condensing data into a compact, structured matrix using finite precision arithmetic
may be ill-advised. A discussion of avoiding normal-equations-like numerical instabil-
ity when embedding linear-quadratic optimal control problems and H, optimization
problems into skew-Hamiltonian/Hamiltonian pencils appears in [4, 5].

Although the numerical computation of n-dimensional Lagrangian invariant sub-
spaces of Hamiltonian matrices and the related problem of solving algebraic Riccati
equations have been extensively studied (see [12, 22, 27, 35] and the references therein),
finding completely satisfactory methods for general Hamiltonian matrices and matrix
pencils remains an open problem. Completely satisfactory methods would be nu-
merically backward stable, have complexity O(n?), and preserve structure. There
are several reasons for this difficulty, all of which are well demonstrated in the con-
text of algorithms for Hamiltonian matrices. First of all, an algorithm based upon
structure-preserving similarity transformations (including @ R-like algorithms) would
require a triangular-like Hamiltonian Schur form that displays the desired deflating
subspaces. A Hamiltonian Schur form under unitary symplectic similarity transfor-
mations is presented in [31]. (See (1.1).) Unfortunately, not every Hamiltonian matrix
has this kind of Hamiltonian Schur form. For example, the Hamiltonian matrix J in
Definition 1.1 is invariant under arbitrary unitary similarity transformations but is
not in the Hamiltonian Schur form described in [31]. (Similar difficulties arise in the
skew-Hamiltonian/Hamiltonian pencil case for the Schur-like forms of skew-Hamil-
tonian/Hamiltonian matrix pencils in [25, 26] and for the other structures given in
Definition 1.1 in [24].) A second problem comes from the fact that even when a Hamil-
tonian Schur form exists, there is no completely satisfactory structure-preserving nu-
merical method to compute it. It has been argued in [2] that, except in special cases
[13, 14], QR-like algorithms are impractically expensive because of the lack of a Hamil-
tonian Hessenberg-like form. For this reason other methods such as the multishift
method of [1] and the structured implicit product methods of [6, 7, 38] do not follow
the @QR-algorithm paradigm. (The implicit product methods [6, 7] do come quite
close to optimality. We extend the method of [6] to skew-Hamiltonian/Hamiltonian
matrix pencils in section 4.) A third difficulty arises when the Hamiltonian matrix or
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the skew-Hamiltonian/Hamiltonian matrix pencil has eigenvalues on the imaginary
axis. In that case, the desired Lagrangian subspace is, in general, not unique [29].
Furthermore, if finite precision arithmetic or other errors perturb the matrix off the
Lie algebra of Hamiltonian matrices, then it is typically the case that the perturbed
matrix has no Lagrangian subspace or does not have the expected eigenvalue pairings;
see, e.g., [7, 38].

We close the introduction by introducing some notation. To simplify notation,
the term eigenvalue is used both for eigenvalues of matrices and, in the context of a
matrix pencil aE — (A, for pairs (o, 3) € C\ (0, 0) for which det(aFE —BA) = 0. These
pairs are not unique. If 3 # 0, then we identify («, ) with («/8,1) and A = a/f.
Pairs («,0) with « # 0 are called infinite eigenvalues.

By A(E, A) we denote the set of eigenvalues of aF — BA including finite and infi-
nite eigenvalues, both counted according to multiplicity. We will denote by A_(E, A),
Ao(E, A), and A1 (E, A) the set of finite eigenvalues of aA — BE with negative, zero,
and positive real parts, respectively. The set of infinite eigenvalues is denoted by
Ao (E, A). Multiple eigenvalues are repeated in A_(E, A), Ao(E, A), AL (E, A), and
A (E, A) according to algebraic multiplicity. The set of all eigenvalues counted ac-
cording to multiplicity is A(E, A) := A_(E, A)UAo(E, A)UAL (E, A)UA(E, A). Sim-
ilarly, we denote by Def _(E, A), Defo(E, A), Def (E, A), and Def(E, A) the right
deflating subspaces corresponding to A_(E, A), Ag(E, A), AL (E, A), and A (E, A),
respectively.

Throughout this paper, the imaginary number v/—1 is denoted by 4. The inertia
of a Hermitian matrix A consists of the triple In(A) = (7, w,v), where 7 = w(A),
w = w(A), and v = v(A) represent the number of eigenvalues with positive, zero, and
negative real parts, respectively.

By abuse of notation, we identify a subspace and a matrix whose columns span
this subspace by the same symbol.

We call a matrix Hamiltonian block triangular if it is Hamiltonian and has the form

F G

0 —FH |-
If, furthermore, F' is triangular, then we call the matrix Hamiltonian triangular. The
terms skew-Hamiltonian block triangular and skew-Hamiltonian triangular are defined
analogously.

The Hamiltonian (skew-Hamiltonian) Schur form of a Hamiltonian (skew-Hamil-
tonian) matrix H is the factorization

(1.1) H=UTU",

where U € USay,, and 7 is Hamiltonian (skew-Hamiltonian) triangular. As mentioned
above, not all Hamiltonian matrices have a Hamiltonian Schur form. Real skew-
Hamiltonian matrices always have one [38], but not all complex skew-Hamiltonian
matrices do. For Hamiltonian matrices that have no purely imaginary eigenvalues the
existence of a Hamiltonian Schur form was proved in [31]. Necessary and sufficient
conditions for the existence of the Hamiltonian Schur form in the case of arbitrary
spectra were suggested in [23], and a proof based on a structured Hamiltonian Jordan
form was recently given in [24].

2. Schur-like forms of skew-Hamiltonian/Hamiltonian matrix pencils.
In this section we derive the theoretical background for algorithms to compute eigen-
values and deflating subspaces of skew-Hamiltonian/Hamiltonian matrix pencils. A
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primary theoretical and computational tool is the J-congruence. A J-congruence
transformation of a 2n x 2n pencil aS — 3H by a nonsingular matrix ) € C?™?" is
the congruence transformation JijT(aS — 0H)Y, where J is as in Definition 1.1.
The structure of skew-Hamiltonian/Hamiltonian matrix pencils is preserved by J-
congruence transformations [25, 26]; i.e., if aS — fH is a skew-Hamiltonian/Hamil-
tonian pencil and ) is nonsingular, then 7Y 77 (aS — BH)Y is also skew-Hamil-
tonian/Hamiltonian.

The skew-Hamiltonian/Hamiltonian Schur form of a skew-Hamiltonian/Hamil-
tonian pencil aS — GH is the factorization

o T 511 S12 H11 H12 H
21)  aS—-BH=JQJ (a[ 0 S{{]—ﬁ[ 0 —H{{DQ’

where Q € C?™2" is unitary, S;; € C™" and H;; € C™" are upper triangular, Sio €
C™" is skew-Hermitian, and Hio € C™" is Hermitian. Note that the skew-Hamil-
tonian/Hamiltonian Schur form is a special case of the Schur form of a general matrix
pencil and that it displays the eigenvalues and a nested system of deflating subspaces.
This definition of a skew-Hamiltonian/Hamiltonian Schur form is essentially consistent
with the definition of the Hamiltonian Schur form of a Hamiltonian matrix (1.1). If
(2.1) holds with & = I, then it is not difficult to show that Q is a unitary diagonal
matrix multiple of a unitary symplectic matrix and that there is a unitary symplectic
choice of Q, Q7 = Q=1 = JQH JT| for which (2.1) holds with S;; = I and Sy = 0.
Skew-Hamiltonian/Hamiltonian matrix pencils often have the characteristic that
the skew-Hamiltonian matrix S is block diagonal [4, 5], i.e., S = [5 EOH] for some
matrix E € C™". In this case (among others), the matrix S factors in the form

(2.2) S=gz"7"z,

where Z = diag(l, Ef). Such a factorization may also be intrinsic to the problem
formulation for nonblock diagonal skew-Hamiltonian matrices S; see, e.g., [28].

Let (z,y) be the indefinite inner product on C" x C2" defined by (x,y) = y Jx.
If Z € C?2" then for all x, y € C2", ((Zx),y) = (z, (T TZHEJT)y); i.e., the adjoint
of Z with respect to (.,.) is J-TZHJT. Because 7! = J7 = —7, the adjoint
may also be expressed as JZ7 77, From this point of view, (2.2) is a symmetric-like
factorization of S into the product of adjoints JZJ7 and Z. By analogy with the
factorization of symmetric matrices, we will use the term J-semidefinite to refer to
skew-Hamiltonians matrices which have a factorization of the form (2.2). A J-definite
skew-Hamiltonian matrix is a skew-Hamiltonian matrix that is both J-semidefinite
and nonsingular.

The property of J-semidefiniteness arises frequently in applications [3, 4, 5].
We show below that all real skew-Hamiltonian matrices are [J-semidefinite. We
also show that if a skew-Hamiltonian/Hamiltonian matrix pencil has a skew-Hamil-
tonian/Hamiltonian Schur form, then the skew-Hamiltonian part is J-semidefinite.

Although J-semidefiniteness is a common property of skew-Hamiltonian matrices,
it is not universal. The following lemma shows that neither ¢J nor any nonsingular,
skew-Hamiltonian matrix of the form i 7 LLT is J-semidefinite.

LEMMA 2.1. A nonsingular skew-Hamiltonian matriz S is J -definite if and only
if 1iJS is Hermitian with n positive and n negative eigenvalues.

Proof. If § is J-definite, then Z in (2.2) is nonsingular and the Hermitian matrix
iJ S is congruent to —iJ T = iJ. It follows from Sylvester’s law of inertia [16, p. 296],
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[21, p. 188] that i J S is a Hermitian matrix with n positive eigenvalues and n negative
eigenvalues.

Conversely, suppose that ¢ 7S is Hermitian with n positive and n negative eigen-
values. The matrix 77 also has n positive and n negative eigenvalues, so, by an
immediate consequence of Sylvester’s law of inertia, there is a nonsingular matrix
Z € C*™2" for which iJS = ZH(iJT)Z. Tt follows that (2.2) holds with this ma-
trix Z. O

Lemma 2.1 suggests that [J-semidefiniteness might be a characteristic of the in-
ertia of i JS. The next lemma shows that this is indeed the case.

LEMMA 2.2. A matrix S € SHy, is J-semidefinite if and only if iJS satisfies
both 7(iJS) <n and v(iJS) < n.

Proof. Suppose that S € SHy,, is J-semidefinite. For some Z satisfying (2.2), de-
fine S(e) by S(€) = J(Z+el)2TT(Z +el). For e small enough, Z+ ¢l is nonsingular,
and, by Lemma 2.1, m(i7S(€)) = n and v(iJS(€)) = n. Because eigenvalues are con-
tinuous functions of matrix elements and S = lim._,o S(e), it follows that 7(¢7S) < n
and v(iJS) < n.

For the converse, if 7(iJS) = p < n and v(iJS) = ¢ < n, then there exists a
nonsingular matrix W for which i7S = WH £ with signature matrix

p n—p q n-—q
P 1, 0 0 0
NP 0 0 0 0
q 0 0 -1, 0
n—q | 0 0 0 0

Because p < n and ¢ < n, L factors as £ = Ldiag(l,, —I,)L, where I,, is the n x n
identity matrix. The matrix diag(I,,—1I,) is the diagonal matrix of eigenvalues of
igT, so L= LU GTTU)L, where U = (1/V2)[[r % ] is the unitary matrix of
eigenvectors of iJ7. Hence, (2.2) holds with Z =ULW. ad

The following immediate corollary also follows from [15].

COROLLARY 2.3. FEvery real skew-Hamiltonian matriz S is J-semidefinite.

Proof. If S is real, then J& is real and skew-symmetric. The eigenvalues of
JS appear in complex conjugate pairs with zero real part. Hence, the eigenvalues
of 7S lie on the real axis in &+ pairs. In particular, 7(iJS) = v(iJS). It follows
from the trivial identity 7(iJS) + w(iJS) + v(iJS) = 2n that 7(¢JS) < n and
v(iJS) < n. 0

The next lemma and its corollary show that 7-semidefiniteness of both S and iH
are necessary conditions for a skew-Hamiltonian/Hamiltonian matrix pencil oS — fH
to have a skew-Hamiltonian/Hamiltonian Schur.

LEMMA 2.4. If § € SHs,, and there exists a nonsingular matriz Y such that

gyigtsy=| 3 G
1

with S11, S12 € C™", then S is J-semidefinite.
Proof. Let T be the Hermitian matrix
 NH . 0 iSﬁ

T=Y78)y = [ —iS11 —iS12 |’
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and set 7 (e) = 7 + e[lo ﬁ" |. For € sufficiently small, both €l,, —iS12 and €l,, —iS1;

are nonsingular and 7 () is congruent to

—(EIn — iSll)(EIn — iSlg)_l(EIn — iSu)H 0
0 (EIn — iSlg) ’

By Sylvester’s law, the inertia of the negative of the (1,1) block is equal to the
inertia of the (2,2) block. This implies 7(7(¢)) = v(7(e)) = n. Continuity of
eigenvalues as € — 0 implies 7(7") < n and v(7) < n. The assertion now follows from
Lemma 2.2. O

COROLLARY 2.5. If H € Hy,, and there exists a nonsingular matriz ) such that

H 7T Hyy Hyp
gy [ e ]
with Hy1, His € C™", then iH is J-semidefinite.

Proof. Apply Lemma 2.4 to the skew-Hamiltonian matrix iH. O

It follows from Lemma 2.4 and Corollary 2.5 that if aS — 8H is a skew-Hamil-
tonian/Hamiltonian matrix pencil that has a skew-Hamiltonian/Hamiltonian Schur
form, then S and iH are J-semidefinite. As noted above, the factor Z in (2.2) is
often given explicitly as part of the problem statement. It can also be obtained as
in the proof of Lemma 2.2 or by a modification of Gaussian elimination [3]. The
next theorem shows that if S is nonsingular, then the skew-Hamiltonian/Hamiltonian
Schur form (if it exists) can be expressed in terms of block triangular factorizations of
Z and 'H without explicitly using S. This opens the possibility of designing numerical
methods that work directly on Z and ‘H and avoid the normal-equations-like numerical
instability of forming S explicitly.

For regular skew-Hamiltonian/Hamiltonian matrix pencils, the following theorem
gives necessary and sufficient conditions for the existence of a skew-Hamiltonian/
Hamiltonian Schur form.

THEOREM 2.6 (see [25, 26]). Let aS — SH be a regular skew-Hamiltonian/Hamil-
tonian matriz pencil, with v pairwise distinct, finite, nonzero, purely imaginary eigen-
values iy, iao, . . ., iq, of algebraic multiplicity p1, po, . .., py, and associated right de-
flating subspaces Q1, Qa, ..., Q.. Let ps be the algebraic multiplicity of the eigenvalue
infinity and let Qo be its associated deflating subspace. The following are equivalent.

(i) There exists a nonsingular matriz Y such that

(23)  IYIIT (@S- BH)Y = a { Su Sz } s [

Hyy  Hip
0 S ’

0 -—Hf

where S11 and Hy1 are upper triangular while S1o is skew-Hermitian and Hyo
1s Hermitian.

(ii) There ewists a unitary matriz Q such that JQHJT (aS — BH)Q is of the
form on the right-hand side of (2.3).

(iii) Fork=1,2,...,v, QF JS8Qy is congruent to a py x py, copy of J. (If v =10,
i.e., if S — OH has no finite, nonzero, purely imaginary eigenvalue, then this
statement holds vacuously.)

Furthermore, if poo # 0, then Q% THQ., is congruent to a peo X Poo COPY
of iJ.

Similar results cover real Schur-like forms of real Hamiltonian matrices and skew-

Hamiltonian/Hamiltonian matrix pencils [24, 25, 26].
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Theorem 2.6 gives necessary and sufficient conditions for the existence of a struc-
tured triangular-like form for skew-Hamiltonian/Hamiltonian pencils. It also demon-
strates that whenever a structured triangular-like form exists, then it also exists under
unitary transformations. It is partly because of this fact that there exist structure-
preserving, numerically stable numerical algorithms like those described here and
in [4].

THEOREM 2.7. Let aS — BH be a skew-Hamiltonian/Hamiltonian matriz pencil
with nonsingular, J-semidefinite skew-Hamiltonian part S = JZHJTZ. If any of
the equivalent conditions of Theorem 2.6 holds, then there exists a unitary matriz Q
and a unitary symplectic matrix U such that

H | Zu Zia
(2.4) utzg = { e ]
H 4T | Hin Hp

where Z11, Z3, and Hyy are n x n and upper triangular.

Proof. With Q as in Theorem 2.6(ii) we obtain (2.5) and JQ# 77SQ = [Sél g}} ]
Partition Z = Z2Q as Z = [Z, Z,], where Z1, Zo € C>»". Using S = JZH JT Z, we
obtain

5 z 0 St
2.6 ZHgZ = o,
(26) J [ =S11 =512
In particular, Zf{ 77, = 0, i.e., the columns of Z; form a basis of a Lagrangian
subspace, and therefore the columns of Z; form the first n columns of a symplectic
matrix. (It is easy to verify from Definition 1.1 that using the nonnegative definite
square root [Z1, —J Z1(Z{ Z1)71/?] is symplectic.) It is shown in [11] that Z; has a
unitary symplectic QR factorization

H, _ | Z11
Z/{Z1—|: 0 k)

where U € USs,, is unitary symplectic and Z;; € C™" is upper triangular. Setting
= 7 Z

H _ g H3 _ 11 412

wzauwnz=| A 2]

we obtain from (2.6) that Z{1Z;; = S;;. Since S1; and Z;; are both upper triangular
and Zi; is nonsingular, we conclude that ZZ1 is also upper triangular. 0

Note that the invertibility of Z is only a sufficient condition for the existence of
U as in (2.4) and (2.5). However, there is no particular pathology associated with
Z being singular. The algorithms described below and in [4] do not require Z to be
nonsingular.

If both S and H are nonsingular, then the following stronger form of Theorem 2.7
holds.

COROLLARY 2.8. Let aS—(H be a skew-Hamiltonian/Hamiltonian matriz pencil
with nonsingular J-semidefinite skew-Hamiltonian part S = TJZETTZ and nonsin-
gular J-semidefinite Hamiltonian part iH = JWHTTW. If any of the equivalent
conditions of Theorem 2.6 holds, then there exist a unitary matrix @ and unitary
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symplectic matrices U and V such that

Zi1 Zi2

uizg =
Q [o Zoo

}7 VHWQ[WH Wm}’

0 Wa

where Z11, Z and Wiy, W are n x n and upper triangular.

Proof. The proof is similar to that of Theorem 2.7. ]

In the following we derive the theoretical background for algorithms to compute
eigenvalues and deflating subspaces of skew-Hamiltonian/Hamiltonian matrix pencils.

We will obtain the structured Schur form of a complex skew-Hamiltonian/Hamil-
tonian matrix pencil from the structured Schur form of a real skew-Hamiltonian/skew-
Hamiltonian matrix pencil of double dimension. The following theorem establishes
that, in contrast to the complex skew-Hamiltonian/Hamiltonian case, every real, reg-
ular skew-Hamiltonian /skew-Hamiltonian pencil admits a structured real Schur form.

THEOREM 2.9. If aS — BN is a real, regular skew-Hamiltonian/skew-Hamil-
tonian matriz pencil with S = J ZT JT Z . then there exist a real orthogonal matrix
Q € R?™2" gnd a real orthogonal symplectic matriz U € R?™2" such that

T | Zu Zi
2.7) U0 — [ e ]
T 4T | N1 Nig

where Zy11 and Z1, are upper triangular, Niy is quasi upper triangular, and N1y is
skew-symmetric.
Moreover,

(29) jQTjT(OZS—ﬁN)Q: o |: ZgQZ11 ZQTQZlQ _ZTQZQQ :| _6 |: Nll N12 :|

0 Z1 Zos 0 NE

is a J-congruent skew-Hamiltonian/skew-Hamiltonian matriz pencil.

Proof. A constructive proof for the existence of Q and U satisfying (2.7) and
(2.8) is Algorithm 3 in [4]. To show (2.9), recall that U is orthogonal symplectic and
therefore commutes with 7. Hence,

JOTTTSQ =907 7" (g2 g"2)Q
=g TN (T2t T U)UT Q)
=JuUrzo)' gt WU zQ).

Equation (2.9) now follows from the block triangular form of (2.7). ad

Note that this theorem does not easily extend to complex skew-Hamiltonian/skew-
Hamiltonian matrix pencils.

A method for computing the structured Schur form (2.9) for real matrices was
proposed in [32], but if S is given in factored form, then Algorithm 3 in [4] is more
robust in finite precision arithmetic, because it avoids forming S explicitly.

Neither the method in [32] nor Algorithm 3 in [4] applies to complex skew-Hamil-
tonian/Hamiltonian matrix pencils because those algorithms depend on the fact that
real diagonal skew-symmetric matrices are identically zero. This property is also
crucial for the structured Schur form algorithms in [6, 38].

Algorithm 1 given below computes the eigenvalues of a complex skew-Hamil-
tonian/Hamiltonian matrix pencil aS — fH using an unusual embedding of C into
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R2, which was recently proposed in [8]. Let aS — BH be a complex skew-Hamil-
tonian/Hamiltonian matrix pencil with J-semidefinite skew-Hamiltonian part S =
JZHEFTZ. Split the skew-Hamiltonian matrix N = iH € SHa, as iH = N =
N1 4 iNs, where N is real skew-Hamiltonian and N5 is real Hamiltonian, i.e.,

Gy

Nl - |: Hl FlT :| ’ Gl - 7G,{a Hl - 7H1Tv
F G
N2: |: H22 _F?2T :|7 GQZGga H2:H§7

and Fj, G, Hj € R**" for j =1, 2. Setting

y _ @ I2n ZIQTL
¢ 2 IZn _iIQH ’
I, 0 0 O
o 0 I, O
(2.10) P=10o 1 0 o]l
0 0 0 I,
(2.11) X.=JY.P

and using the embedding By = diag(N, ), we obtain that

F1 —F2 Gl _GQ
F F G G
c ._ yH _ 2 1 2 1
(2.12) BN = XC BNXC = Hl —H2 Fer Fg
H, H, | -FI FI

is a real skew-Hamiltonian matrix in SHy,,

. Similarly, set

Xe

[z 0
(2.13) Bz := 0z ]

[ JZHgT 0

(S 0
(2.15) Bs := 0 S } = BrBz.
Hence,

| aS—-pN 0
One can easily verify that
(2.16) B = XFBz X,

By = X BrX. = J(Bz)"J7,
(2.17) BS = XHBsX, = J(BL) ' TTBS
are all real. Therefore,
aBs — BBS, = XH (aBs — BBy)X.

(2.18) =X 0 as — BN



174 P. BENNER, R. BYERS, V. MEHRMANN, AND H. XU

is a real 4n x 4n skew-Hamiltonian/skew-Hamiltonian matrix pencil. For this matrix
pencil we can employ Algorithm 3 in [4] to compute the structured factorization (2.8);
i.e., we can determine an orthogonal symplectic matrix ¢/ and an orthogonal matrix
Q such that

5c . 2 Tpe ~_ | 211 Z12
(2.19) BS = UTBLQ — [ oo ]
(2.20) B = 7QTTTBQ = [ /\/0'11 xlﬁ ]
11

Thus, if B := J(B%)T JTB%, then
aBs — BB = a(T QT TTB5Q) — BT QT T B Q)

is a J-congruent skew-Hamiltonian/skew-Hamiltonian matrix pencil in Schur form.
By (2.18) and the fact that the finite eigenvalues of aS — BN are symmetric with
respect to the real axis, we observe that the spectrum of the extended matrix pencil
aBg — BB, consists of two copies of the spectrum of aS — SN. Consequently,

A(S,H) = A(S, —iN) = AN(Z25 211, —iN11).

In this way, Algorithm 1 below computes the eigenvalues of the complex skew-Hamil-
tonian/Hamiltonian matrix pencil oS — fH = aS + iSN.

From this we can also derive the skew-Hamiltonian/Hamiltonian Schur form of
aBs — By, where

) H 0

(2.21) By = —iBy = [ 0 7 }
and Bg is as in (2.17). The spectrum of the extended matrix pencil aBBs — By
consists of two copies of the spectrum of aS — gH [6]. If

(2.22) BS, = —iBS = X" By X,

then it follows from (2.19) and (2.20) that

sc . 1 Tpc~_ | 211 212
(2.23) BS = UTBL0 = [ i }

se T A Tre A | —iN11 —iNi2
(2.24) B, = 70T 77B5,Q = [ 0 i }

and the matrix pencil ozl?g - ﬁlg% = aj(é%)HjTB% - ﬁé;i is in skew-Hamil-
tonian/Hamiltonian Schur form. We have thus obtained the structured Schur form
of the extended complex skew-Hamiltonian/Hamiltonian matrix pencil aB§ — BB3;.
Moreover,

(2.25) aBs — B85, = TQ" T (aBg — B5)Q = (XT QT ") (aBs — Bw) X.Q

is in skew-Hamiltonian/Hamiltonian Schur form.

We have seen so far that we can compute structured Schur forms and thus are
able to compute the eigenvalues of the structured matrix pencils under consideration
using the embedding technique into a structured matrix pencil of double size.
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3. Deflating subspaces of skew-Hamiltonian/Hamiltonian matrix pen-
cils. For the solution of problems involving skew-Hamiltonian/Hamiltonian matrix
pencils as described in the introduction it is usually necessary to compute n-dimen-
sional deflating subspaces associated with eigenvalues in the closed left half plane. To
get the desired subspaces we generalize the techniques developed in [6]. For this we
need a structure-preserving method to reorder the eigenvalues along the diagonal of
the structured Schur form so that all eigenvalues with negative real part appear in the
(1,1) block and eigenvalues with positive real part appear in the (2,2) block. Such a
reordering method is described in Appendix B of [4].

The following theorem uses this eigenvalue ordering to determine the desired
deflating subspaces of the matrix pencil aS — fH from the structured Schur form
(2.25).

THEOREM 3.1. Let aS—pH € C*™2" be a skew-Hamiltonian/Hamiltonian matriz
pencil with J-semidefinite skew-Hamiltonian matriz S = JZHJTZ. Consider the
extended matrices

Bz = diag(Z, 2),

Br = diag(7 28 g7, JZHJT),
BS = BTBZ = diag(S,SL

By = diag(H, —H).

Let U, V, W be unitary matrices such that

H [ 20 Zi2 ]
U=BzV = 0 Zy =Rz,
[ T, T
" | T T | _.
(3.1) WHBrU = 0 T :| =:Rr,
H [ Hun He |
WHByY = 0 Mo :| =: Ry,

where A_(BS,BH) C A(/THZH,HH) and A(’THZH,HH) N A+(BS,BH) = (. Here
211,711, H11 € C™™. Suppose A_(S, H) contains p eigenvalues. If [“2] € Cm gre
the first m columns of V, 2p < m < 2n — 2p, then there are subspaces L1 and Lo
such that

(3.2) range Vi = Def_(S,H) + Ly, L; C Defy(S,H) + Def oo (S, H),
’ range Vo = Def (S, H) + Lo, Ly C Defo(S,H) + Def oo (S, H).

If A(Th1211, H11) = A—(Bs, By), and [g;], [w;] are the first m columns of U, W,
respectively, then there exist unitary matrices Qu, Qv, Qw such that

Ul = [P_7O]QU7 U2 == [07P[—]"_]QUa
V1= [PivO]QV7 Vo = [OvP\J/r]vi
Wl = [P{;/,O]QW7 W2 = [O?PI;IF/]QW

and the columns of Py, and?J form orthogonal bases of Def _ (S, H) and Def (S, H),
respectively. Moreover, the matrices Py, P{}', Py, and PV‘}} have orthonormal columns
and the following relations are satisfied:

ZP; = P; 7y, JZHTT Py = Py, HP,, = Py, Hi,

(3.3 v luaw B U e e U
ZP} = Pl Zs, TJZHFT Pt = P T, HPf = =Py}, Has.
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Here, Zkk:; Tkk; and ﬁkk; k = 1,2, satisfy A(THZthH) = A(T22222, FI22) =
A_(S,H).
Proof. The factorizations in (3.1) imply that BsV = WRr Rz and BxV = WRy.
Comparing the first m columns and making use of the block forms, we have
SVi = Wi(Ti1211), HVI = WiHi,

3.4 o _ -
(34) SVo = Wo (Th1211), HVy = —Wa Hyy.

Clearly, range V| and range V are both deflating subspaces of aS — fH. Since
A_(S,H) € A—(Bs,Bx) € A(T11211, Hax)
and A(7711211, H11) contains no eigenvalue with positive real part, we get
range V1 C Def_(S,H) + L, L; C Defo(S,H) + Def (S, H),
range Vo C Def (S, H) + Lo, Ly C Defo(S,H) + Def o (S, H).
We still need to show that
(3.5) Def_(S,H) C range V1, Def (S, H) C range Vs.

Let V; and V; be full rank matrices whose columns form bases of Def_(S,’H) and
Def (S, H), respectively. It is easy to show that the columns of [‘61 ‘%] span
Def_(Bs, B3 ). This implies that

Vi 0] Vi
- C .
7| < range [ v ]

range

Therefore,

range Vi range - 9 C range Vi
0 K ‘/2 — ‘/'2 K

and from this we obtain (3.5) and hence (3.2).
If A(711 211, H11) = A_(Bs, By ), where p is the number of eigenvalues in A_ (S, H),
then from (3.2) we have m = 2p and

range V; = Def_ (S, 'H), range Vo = Def, (S, H).
Hence, rank V; = rank V5 = p and furthermore 771, Z11, and H11 must be nonsingular.
Using (3.4) we get
HVL = SVi((T11211) " Hiv),
HvQ = —872((7'11211)*17{11).

Let Vi = [P,;,0]Qv be an RQ (triangular-orthogonal) decomposition [17] with Py,

of full column rank. Since rankV; = p we have rank P, = p. Partition VQQ‘I}' =
[Py, P;f] conforming to ViQ¥. Since the columns of [“2] are orthonormal, we obtain

(P{}' ik P{," = I,, and hence rank P{}' = p. Furthermore, since rank V5 = p, we have

range Py C range P’ = range Vs,
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and using orthonormality, we obtain Py = 0. Therefore, the columns of P, and Pi‘j
form orthogonal bases of Def (S, H) and Def (S, H), respectively.
From (3.1) we have

(3.6) ZVi = U, 244, JZHTTU = Wi T, HVi = WiHaa,
and
(3.7) ZVo =021, JEZ"TTU,=WoTiy,  HVa=-WyHi.

Let Uy = [P ,0]Qu and Wy = [Py, 0]Qw be RQ (triangular-orthogonal) decompo-
sitions, with Py, Py, of full column rank. Using V; = [P,,0]Qv and the fact that
ZPy,, SP,, and HP,, are of full rank (otherwise there would be a zero or infinite
eigenvalue associated with the deflating subspace range Py, ), from the first and third
identity in (3.6) we obtain

rank P;; = rank Py, = rank P, = p.
Moreover, setting

Z=Quz21QY, T=QwTuQl, H=QwHuQ¥,

we obtain

5 211 0 :| ~ |: Tll 0 :| = |: 1:111 0 :|
Z =1 - ~ , T=1| =~ ~ , H=| "=~ - ,
[ Zo  Zaa Tor T Hs1  Ha
where all diagonal blocks are p x p.

Set UxQH =: [Py, P, WaQH, =: [Py, P;] and take VaQ¥ =: [0, P;f]. The block
forms of Z, T, and H together with the first identity of (3.7) imply that Py Zy1; =
Pt Zo1. Since the colu{nns of [g;] are orthonormal, we have (P)? P} = I, and
(PJ)HPU = 0. Hence, Z5; = 0, and consequently Py = 0. Similarly, from the third
identity of (3.7) we get Py = 0, Ha; = 0, and from the second identity we obtain
T5; = 0. Combining all these observations, we obtain

zZ o)[pP 01 _[Pr O Z11 0
0 2|l 0 B | | 0 P 0 9 |
JZHgT 0 1[P;, 0] [Py O [y 0
0 JZHJT || 0 PF| | 0 P} 0 T |’
H 0 [P 0] _ [Py O Hy 0
0 -H || 0 B~ | | 0 P 0 9 |’

which gives (3.3). d

We remark that (3.1) can be constructed from (2.25) by reordering the eigenvalues
properly.

Theorem 3.1 provides a way for obtaining the stable deflating subspace of a skew-
Hamiltonian/Hamiltonian matrix pencil from the deflating subspaces of an embedded
skew-Hamiltonian/Hamiltonian matrix pencil of double size. This will be used by the
algorithms formulated in the next section.
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4. Algorithms. The results of Theorem 3.1 together with the embedding tech-
nique lead to the following algorithm to compute the eigenvalues and the deflating
subspaces Def_ (S, H) and Def (S, H) of a complex skew-Hamiltonian/Hamiltonian
matrix pencil aS — BH. Since the algorithms are rather technical, we do not discuss
details like eigenvalue reordering or explicit elimination orders in the construction of
the structured Schur forms. Instead we refer the reader to the technical report [4] for
these details.

In summary, Algorithm 1 proposed below transforms a 2n x 2n complex skew-
Hamiltonian/Hamiltonian matrix pencil with J-semidefinite skew-Hamiltonian part
into a 4n x 4n complex skew-Hamiltonian/Hamiltonian matrix pencil in Schur form.
The process passes through intermediate matrix pencils of the following types.

2n X 2n complex skew-Hamiltonian/Hamiltonian matrix pencil
aS — fH with S = 727 g7 2.
I
Equation (2.18)
U

4n x 4n real skew-Hamiltonian/skew-Hamiltonian matrix pencil
aB% — BBS, with Bs = J(B%)TJTB%
I
Algorithm 3 in [4]
I

4n x 4n real skew—Hangiltoniain/ skew-Hamiltonian matrix pencil in Schur form
aB% — BBS, with BS = J(B%)TgTB%
ac _ 14T 1pc _ Iz Z ac T T pac _ .
and B =U"B5Q = [ Z;z]’ B =7 T By =[N Nﬁ} as in (2.19) and (2.20)
I
Algorithm 4 in [4]
I
4n X 4n complex skew-Hamiltonian/Hamiltonian matrix pencil in Schur form
with ordered eigenvalues.

The required deflating subspaces of the original skew-Hamiltonian/Hamiltonian
matrix pencil are then obtained from the deflating subspaces of the final 4n x 4n
complex skew-Hamiltonian/Hamiltonian matrix pencil. (Unfortunately, if there are
nonreal eigenvalues, then Algorithm 4 in [4] (the eigenvalue sorting algorithm) rein-
troduces complex entries into the 4n x 4n extended real matrix pencil.)

ALGORITHM 1. Given a complex skew-Hamiltonian/Hamiltonian matriz pencil
aS — BH with J-semidefinite skew-Hamiltonian part S = JZH JT Z, this algorithm
computes the structured Schur form of the extended skew-Hamiltonian/Hamiltonian
matriz pencil aBs — BB5,, the eigenvalues of aS — BH, and orthonormal bases of the
deflating subspace Def _(S,H) and the companion subspace range P .

Input: Hamiltonian matrix H and the factor Z of S.

Output: Py, P; as defined in Theorem 3.1.

Step 1:
Set N = iH and form matrices B%, Bf, as in (2.16) and (2.12), respectively.
Find the structured Schur form of the skew-Hamiltonian/skew-Hamiltonian
matrix pencil aBg— BB, using Algorithm 3 in [4] to compute the factorization

5c 1 Tnpe_ | 211 212
By = U BZQ_[ ! 222}7

B =g0Tgme— | i 4 |

0 11
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where Q is real orthogonal, U is real orthogonal symplectic, Z;, 2%, are
upper triangular, and N7 is quasi upper triangular.
Step 2:
Reorder the eigenvalues using Algorithm 4 in [4] to determine a unitary matrix
Q and a unitary symplectic matrix ¢ such that
H e A le Zl2 . 3¢
U BZQ[ 0 222}.83,

JQHJT(—Z'BJCV)Q _ | Hu H1%{ e
0 —Hi

with Zi1, 22%, ‘H11 upper triangular such that A_(J(BCZ)HJTB%, V%) is
contained in the spectrum of the 2p x 2p leading principal subpencil of
azgzn - ﬂHll-

Step 3:
Set V = [Ian, 01X.QQ['2r], U = [L2n, 0JXUU[ 2] (where X, is as in (2.11))
and compute Py, P;;, orthogonal bases of range V' and range U, respectively,
using any numerically stable orthogonalization scheme.

End

Based on flop counts, we estimate the cost of this algorithm to be roughly 50% of
the cost of the periodic Q@Z algorithm [10, 19] applied to the 2n x 2n complex pencil
aJZHJT Z — BH (treating JZHJT as one matrix).

If S is not factored, then the algorithm can be simplified by using the method of
[32] to compute the real skew-Hamiltonian/Hamiltonian Schur form of aBg — SBj,
directly.

ALGORITHM 2. Given a complex skew-Hamiltonian/Hamiltonian matriz pencil
aS — BH, this algorithm computes the structured Schur form of the extended skew-
Hamiltonian/Hamiltonian matriz pencil aBg — B3, the eigenvalues of aS — BH, and
an orthogonal basis of the deflating subspace Def _ (S, H).

Input: A complex skew-Hamiltonian/Hamiltonian matrix pencil aS — 8H.
Output: P, as defined in Theorem 3.1.
Step 1:
Set N' = ¢H and form the matrices Bg, B, as in (2.17) and (2.12), respec-
tively.
Find the structured Schur form of the skew-Hamiltonian/skew-Hamiltonian
matrix pencil aBg— GBS, using Algorithm 5 in [4] to compute the factorization

B —gotatse— | S 3|,
1

B =TT B3 Q = [ /\611 ﬁ% } ,
11

where Q is real orthogonal, Sy; is upper triangular, and AN is quasi upper

triangular.
Step 2:
Reorder the eigenvalues using Algorithm 6 in [4] to determine a unitary matrix
Q such that
0 Sni



180 P. BENNER, R. BYERS, V. MEHRMANN, AND H. XU

Hii  Hiz
0 —HH

b

JOM T (—iB5,)Q = [

with 311, ‘H11 upper triangular and such that A_ (Bg, —iBf\/)js contained in
the spectrum of the 2p x 2p leading principal subpencil of aS17 — GH11-

Step 3:
Set V = [I,, 0]X.Q0Q[ 2] (where X, is as in (2.11)) and compute P, the
orthogonal basis of range V', using any numerically stable orthogonalization
scheme.

End

Algorithm 2 needs roughly 80% of the 1600n3 real flops required by the QZ
algorithm applied to the 2n x 2n complex pencil aS — FH as suggested in [37]. If only
the eigenvalues are computed, then Algorithm 2 without accumulation of V' needs
roughly 60% of the 960n3 real flops required by the QZ algorithm.

In this section we have presented numerical algorithms for the computation of
(complex) structured triangular forms. Various details appear in [4]. In the next
section we give an error analysis. The analysis is a generalization of the analysis for
Hamiltonian matrices in [6, 7, 8].

5. Error and perturbation analysis. In this section we will give the pertur-
bation analysis for eigenvalues and deflating subspaces of skew-Hamiltonian/Hamil-
tonian matrix pencils. Variables marked with a circumflex denote perturbed quanti-
ties.

We begin with the perturbation analysis for the eigenvalues of aS — fH and
aJZHJTZ — BH. In principle, we could multiply out JZ7 77 Z and apply the
classical perturbation analysis of matrix pencils using the chordal metric [36], but
this may give pessimistic bounds and would display neither the effects of perturbing
each factor separately nor the effects of structured perturbations. Therefore, we make
use of the perturbation analysis for formal products of matrices developed in [9].

If Algorithm 2 is applied to the skew-Hamiltonian/Hamiltonian matrix pencil
aS — OH, then we compute the structured Schur form of the extended skew-Hamil-
tonian/Hamiltonian matrix pencil aBg — 3B5,. The well-known backward error anal-
ysis of orthogonal matrix computations implies that rounding errors in Algorithm 2
are equivalent to perturbing aBBg — 8B4, to a nearby matrix pencil al’;‘g — ﬁl’;’%, where

(5.1) B = BS + Es,
(5.2) B§, = B, + &,
with s € SH4n, g’)—[ € Hy,, and

(5-3) I€sly < eselBsly,
(5-4) [€xly < cne |Byl, -

Here ¢ is the unit round of the floating point arithmetic and cs and ¢y are modest
constants depending on the details of the implementation and arithmetic. Let x and
y be unit norm vectors such that

(5.5) Hz = aqy, Sz = fy,

and let A = a1/ be a simple eigenvalue of aS — H. If A is finite and Re A # 0, then
—A is also a simple eigenvalue of aS — fH. Let u, v be unit norm vectors such that

(5.6) Hu = asgv, Su = Bav,
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and ay/fs = —A. Then we have

(5.7) —Hu = —an, St = [(570.

Using the equivalence of the matrix pencils aBg — 885, and aBs — By, and setting
_wH| Y 0 _ | 0

(5.8) Z/{l—XC[O v}’ Z/{Q—Xc{o u]’

we obtain from (5.5) and (5.7) that

0 —as 0 B

which implies that A is a double eigenvalue of aBg — B3, with a complete set of
linearly independent eigenvectors. Similarly, —A is a double eigenvalue of aBg — 3B5,
with a complete set of linearly independent eigenvectors and

B%V2_V1[a2 0 :|7 B§V2_V1[ﬁ2 0],

Bvciu2=u1[a1 0 }7 B‘Csuzzlfﬁ{ﬂl 9],

0 - 0 Bl
where
_ pH |V 0 _ yH | U 0
50 S PR R

Note that the finite eigenvalues with nonzero real part appear in pairs as in (5.5) and
(5.6), but infinite and purely imaginary eigenvalues may not appear in pairs. Conse-
quently, in the following perturbation theorem, the bounds for purely imaginary and
infinite eigenvalues are different from the bounds for finite eigenvalues with nonzero
real part.

THEOREM 5.1. Consider the skew-Hamiltonian/Hamiltonian matriz pencil aS —
BH along with the corresponding extended matriz pencils aBS — BB, = XH(aBs —
BBy) X, where Bs is given by (2.15), By by (2.21), Bs, by (2.22), X, by (2.11), and
BS by (2.17). Let a3 — ﬂl?% be a perturbed extended matrixz pencil satisfying (5.1)—
(5.4) with constants ¢y, cs and let € be equal to the unit round of the floating point
arithmetic.

If X\ is a simple eigenvalue of oS — BH with vectors x and y as in (5.5) and vectors
u and v as in (5.6), then the corresponding double eigenvalue of aBg — B, may split
into two eigenvalues M and A of the perturbed matrix pencil a[;'g - BB%, each of
which satisfies the following bounds.

(i) If X is finite and Re A # 0, then

e — A
A

5 cn cs 5
=X, + = S|, | + O(e?), k=1, 2.
|u,j,m(aﬂu o+ 2 ||2) )

(ii) If X is finite and Re A = 0, then

Ae— Al < (en [Hl, + cs A IS],) + O, k=12

5
|Bal|zH Ty
(iii) If A = oo, then

Al <. Cs IS1,

SETTTH A
Akl T [ Tyl

+ 0(e?), k=1,2.
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Proof. We first consider the case that A is finite and Re A # 0. Let U, and Uz be
defined by (5.8) and V; and Vs be defined by (5.9). Using the perturbation theory for
formal products of matrices (see [9]), we obtain

e — A

b

2

< min (H(ijule)_1V§IJ (ign - 53) Uy

1 _
H(VQHJUﬂ_lVfJ ()\571 - 55) UC5*

) +0(£?).
2

u H UH
Here, Cs = [%1 [—?2] and VEJU, = [0 2]_ XCJXCH[ZS 2] = [ ij zTOjﬁ]. The
second equation in (5.6) implies uf TS = v J. Combining this with the second
equation of (5.5) we get Bov T = Biuf! Jy. Hence,

N, 1
A’CA Al < H(vfjulcg)—lvfj (AEH_SS> Us| +O(e?)
2
1
< |4 Tt Cs) M, | 56~ 5| +OE)
2
1 “571”2 |58||2> 2
< + +O0(e
WP 7y (M Bl ) TOE)
€ CH cs 2
< —( = | H], + == |S >+O€ .
gt (g Il iy 181a) + 06

If X\ is purely imaginary or infinite, then the bounds are obtained by adapting the
classical perturbation theory in [36] to a formal product of matrices (for details see
[9]) and by replacing (5.7) with —HZ = —a;9 and ST = (17 as well as replacing u,
v, ag, and By by x, y, ay, and (31, respectively. O

The bound in part (i) appears to involve only w, y, a1, and 8; but not v, z, as,
and (. However, note in the proof that Bov Tz = Buf Ty, so the bound implicitly
involves all the parameters. Note further that if S is nonsingular, then v# 7z and
uf Jy are just the reciprocals of the condition number of A as eigenvalue of S™'H
and HS™!, respectively; see [6].

If S is given in factored form, Algorithm 1 computes a unitary symplectic matrix
U and a unitary matrix Q which reduce the perturbed matrices

(5.10) BS :=BS+Ez, B, i=B5 +En
to block upper triangular form as in (2.23) and (2.24), where
(5.11) 1€zl; < czelBzlys  [Enmly < enelBil,

and cz and ¢y are constants. The eigenvalue perturbation bounds then are essentially
the same as in Theorem 5.1.

THEOREM 5.2. Consider the skew-Hamiltonian/Hamiltonian matriz pencil aS —
BH with J-semidefinite skew-Hamiltonian part S = JZHJTZ. Let aBS — BB5, =
XH(aBs — BBy)X,. be the corresponding extended matriz pencils, where BS =
TJ(BL)ATTBS, Bz and BS are given by (2.13) and (2.16), By and BS, by (2.21)
and (2.22), and X, by (2.11). Let (BS, B%) be the perturbed extended matriz pair in
(5.10), (5.11) with constants cyy, cz.
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Let X\ be a simple eigenvalue of oS — H = aJ ZHJT Z — BH with Re X # 0, and
let x, y, z, u, v, w be unit norm vectors such that

(5.12) TJZN T e =ay,  Hz=py,  Zz=mz,
with A = oflvl , and

(5.13) TZH 7T = agu, Hw = By, Zw = you,
with —\ = aﬁ—Q

The corres?oondmg double eigenvalue of aBBs — BB5, may split into two eigenvalues
A1 and Ao of the perturbed matriz pencil ozl%g — ﬂl?%, each of which satisfies the

following bounds.
(i) If X is finite and Re A # 0, then

Ao — A
A

C
M, + 2 z ||zn2) 10,

CH
<e|l o= _
- (IﬂﬂuHJyl min{|yiuf! Tz, |cqw Tyl }

(ii) If X is purely imaginary, then

< CH 2|)\|CZ
M — Al <e (Ww 1M, + P 72| 121, ) + O(e?).

(iii) If A = oo, then |Ae] = O(c2).
Proof. The perturbation analysis follows [9]. If A is finite and Re A # 0, then

M — A - - 1
kT < H V3 Tus) M (C1Cs) <v§’ EF U Cs + CEUT T U — va 55HU3>
2
+0(e?),
where Uy = X [§ 0] € C2 Uy = XF[5 0] € €2 vy, = XH [ 0] € Cin2,
Vs = XAV 2] e and ) = [ J] €C2 Gy = [ 0] € C2 Gy =
% glecs
From Vi JUs = [*7* yT?ﬁDL it follows that
Mo = A max{|nl, el €], + 5y 1€, €], +O(2)
A ~ min{|asyv? T 2|, loxnw? Ty|}  min{|asv? T z|, |erw Ty} '

From (5.12) and (5.13), we also have
(5.14) av? Tz = yul T, Foull T = ayw Ty, Bov T2 = —Brwf Ty.
It follows that
|a2y20™ T 2| = Femu Ta| = Inarw™ Tyl
Hence,

maxc{yi]; [3al} _ 1
min{[az7207 2] Janwl Ty} min{lago? 2], lanwl Tyl}

IA| min{|azY2v? T2, aryw? Tyl} = |Biw? Tyl
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and

A — A
by

203
min{|asvH J 2|, loqwH Ty|}

CH
<e ( I, +

2
Braf 7| |Z|2) L O@E).

Equation (5.14) implies that asv? 7z = yuff Jz. The first part of the theorem
follows.

If A is purely imaginary, the proof is analogous.

If A = o0, then g =0 or y1 = 0 and 5 # 0. Using the first equation of (5.14),
we have a1y Tz = vz Tz, where we have replaced u, v, and as by , y, and a1,
respectively ((5.12) and (5.13) are the same now). Since \ is simple, i.e., y# Tz # 0
and 2 Jx # 0, we have ; = 7; = 0 and hence

0 0 B 0
o= Y =0 o= T =0 Oy = . 0.
1 |: O an :| ) 3 |: O o] ) 2 0 ﬂl #

Therefore,
Eo :=CHc ulled gu, —ull gezusc5' ) — oy ul! g&,u051Ch = 0.

From [9, Theorem 23(b)], we get

(5.15)

| < et ) B, + 0 — 06, o
k

If the matrix pencil aS — GH with J-semidefinite skew-Hamiltonian part S =
JZH JT Z has semisimple, multiple, infinite eigenvalues, then the perturbation bound
(5.15) weakens to O(e) [9].

To study the perturbations in the computed deflating subspaces we need to study
the perturbations for the extended matrix pencil in more detail. As mentioned before,
by applying Algorithm 2 to aBg — BB%, we actually compute a unitary matrix o)
such that

TJOH T (BB — BB5,)Q = aRs — ARy

Sll 312 7:[11 ,’:[12
5.16 =: . — i
(5.16) a[o sﬁ} 5[ 0 —Hﬁ]’

where B and B, are defined in (5.1) and (5.2), and A(S11,Hiy) = A_(Bg,Bs,). If

we assume that the matrix pencil aS — fH has no purely imaginary eigenvalues, then
by Theorem 2.6 there exist unitary matrices Q;, Qs such that

ST ST5 Hy; H.
seigas-moei=al (G |0 i |

with A(ST;, H;) = A_(S,H), and

S+ S+ _I:I+ H+
H 7T _ — 1 2 - - 7
T I (aS 5H)Q2a[ ; (5;1)4 5[ —(Hﬁ)H}
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with A(S}, H) = AL (S, H), respectively. Set Q = X diag(Q;, Q)P with P and
X, as in (2.10) and (2.11). Then Q is unitary and

T TT (aBS — BBS,)Q

Suo 0 | Sk 0 Hy 0 | Hp o

0 S 0 hs 0 —-H} 0 —H{
= —NH - /6 —

0 0 | (S11) 0 0 0 —(Hqy) 0

0 0 0 (SH)H 0 0 0 (H{HH
- S Sz | _3 Hii Hie

0 S| 0 M
= aRs — BRx.
(5.17)

This is the structured Schur form of the extended skew-Hamiltonian/Hamiltonian
matrix pencil aBg — B%,. Moreover, A(S11, Hi1) = A_(Bg, BY,).
In the following, we will use the linear space C™" x C™" endowed with the norm

[(X, V) = max{| X]l, , [}

THEOREM 5.3. Let aS — H be a regular skew-Hamiltonian/Hamiltonian matriz
pencil with neither infinite nor purely imaginary eigenvalues. Let Py, be the orthogonal
basis of the deflating subspace of aS — fH corresponding to A_(S, H), and let 75; be
the perturbation of Py, obtained by Algorithm 2 in finite precision arithmetic. Denote
by © € C™" the diagonal matriz of canonical angles between Py, and 75‘7

Using the structured Schur form of the extended skew-Hamiltonian/Hamiltonian
matriz pencil aBg — BB, (as in (2.17) and (2.22)) given by (5.17), define 6 by

[(HEY + YHH, SEY —YHS)|

5.18 0= min .

(519 Yeezm2m\{0} 1Yl

If

(5.19) 81(Es: Ex)l (6 + [(S12. Haz)]) < 62,

then

(520) "9”2 < ”(531;:7‘{)" < cpe ”(CSS;;HH)"?

where cs and cy are the modest constants in (5.3)—(5.4) and ¢, = 8(v/10+4)/(v/10+
2) ~ 11.1.

Proof. Let aRs — B?AQH,A Q be the output of Step 2 in Algorithm 2 in finite
precision arithmetic, where Bg, Bf, satisfy (5.1) and (5.2). Let Q be the unitary
matrix computed by Algorithm 2 in exact arithmetic such that

TJOH T (aBS — 8B5,)Q = aRs — ARy
-« 511 ‘Sle _ 6 7:[11 7:[}2
0 SH 0o —HE |’

with A(Si1, H11) = A_(Bg, BS,). Since (5.17) is another structured Schur form with
the same eigenvalue ordering, there exists a unitary diagonal matrix G = diag(G;, G2)
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such that Q = QG. Therefore, we have

H(«§12,7‘~l12)H = [(S12, Ha2)l,
and for ¢ given in (5.18) we also have

H (HEY + YHH,, SHY — YHSH)H

6= min
Y €C2n.2n\ {0} "Y'”2

Let

En €

Es=JOHTTESQ = { £ &l }7 &y = TOHTTE, O = { Fu  Faz ]
1

For —FH

and set v = H(52~17-7'i21)”, n= ||(~§12 + 512,7:(12 + -7:12)”7 and 5 =06- 2"(511»]:11)"-
Since we have |(Es,Ex)| = |(Es, Ex)|, condition (5.19) implies that

< 3
526 - 21(Es, &0l > 35
and clearly
4](Es, )l 1(Sr2, Haz)| < 6% = 46| (Es, En)l -

Hence

1 _ (s, Enl {1(S12, Hao)l| + I(Es, Er)l}

52~ (6 —2[(Es,En))?
- I(Es, Er) I + (82 — 48 (€5, Ex)) /4 _1
(6 —2](Es, En))? 4’

Following the perturbation analysis for a formal product of matrices in [9], it can be
shown that there exists a unitary matrix

I+WHEW) 2  —WH(I+WwH)2

W =
W +WHW) 2 (I+WwWH)—2
with
v 87 1
21 2L <21 o2
(5.21) "W”2<5<36<3
such that

T(QW)H T (aBs — BB5,)(QW)

is another structured Schur form of the perturbed matrix pencil. Since there are nei-
ther infinite nor purely imaginary eigenvalues, (5.16) implies that QF QW is unitary
block diagonal.

Without loss of generality we may take O = OW. If X, is as in (2.11) and

X0 = [g; 8;2], then it follows from Theorem 3.1 that P, = range Q1;. Clearly

’ﬁ; = range{(Q11 + Q12W)(I + WHW)~z2}. The upper bound (5.20) can then be
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derived from (5.21) by using the same argument as in the proof of Theorem 4.4
in [6]. O
If § is given in factored form, then we obtain a similar result. In this case, by

using Algorithm 1 we compute a unitary matrix Q and a unitary symplectic matrix
U such that

LA{HBCZQA:f%Z _. [ 21 2 }’

0 Zo
(5.22) TOHTTBS,Q = Ry = Hn Hﬁil ,
0 _Hll

where B and B% are defined in (5.10) and (5.11), and A(Z4L 211, Hyy) = A (BS, B%),
where BS = J (B2 JTBS.

Analogous to Theorem 2.7, if S — fH has no purely imaginary eigenvalues, then
there exist unitary matrices Q;, Qs and unitary symplectic matrices Uy, Us such that
Zn s

Uiz, = { 12
1 ! 0 Zy 0 —H)"

}, jQ{’JTHQF[Hﬁ Hyy }

with A(Zy) " Z1,, Hy;) = A_(S,H), and

+ o+
le Z12

u{’zggz{ 0 Zj

+ +
}, JQ?JTHQF[H“ Hy, }

0 (="
with A((ZH) " Z,, H{) = A, (S, H), respectively. Set
Q = x"diag(Q1,02)P, U= X! diag(Uy, )P,

where P and X, are as in (2.10) and (2.11). Then Q is unitary and Y € USy,, and a
simple calculation yields

Zy 0 | Z O
0o Z&H# | 0o Zf Z4 Z
H e _ 11 12 . 11 12 .
(5.23)  U"BLQ = 0 0 [ Zy 0 _.[ 0 222}_.723,
0 0 0 Zy
Hy 0 | Hp o
0 —Hf 0 —Hf H H
H +T pa¢ _ 11 12 . 11 12 .
J" T B Q= |—; o TSm0 _.{ o g | =R
0 0 0 (H{HH
(5.24)

This leads to the structured Schur form of the extended skew-Hamiltonian/Hamil-
tonian matrix pencil a7 (B$)H T BS — BB, with A(ZH 211, Hi1) = A_(BS, BS,).
THEOREM 5.4. Consider the regular skew-Hamiltonian/Hamiltonian matriz pen-
cil aS — BH with nonsingular, J-definite skew-Hamiltonian part S = JZHJTZ.
Suppose that aS — BH has no eigenvalue with zero real part. Let the extended skew-
Hamiltonian and Hamiltonian matriz BS and B, be as in (2.16) and (2.22), respec-
tively, with structured triangular form given by (5.23) and (5.24). Define 6, as

_ in |(HEY + YHH 1, X 20 — Za0Y)|
(X,Y)€eC2n2n xC2n:2n\ {(0,0) } (X, V)], :

bp
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Define errors £z and £y by (5.10) and (5.11). Let Py, Py, 75;, and 755 be the
deflating subspaces computed by Algorithm 1 in exact and finite precision arithmetic,
respectively. Denote by Oy ,0y € C™"™ the diagonal matrices of canonical angles
between Py, and 75‘7, Py, and ’p[}, respectively.

If
81(E2,Em)| (6p + (212, Ha2)) < 62,
then

IE2.801 _ lezZ.cnm)]
6? 617

[Ovly, Ouly < e

with ¢, as in Theorem 5.3.

Proof. The proof is analogous to the proof of Theorem 5.3. 0

It follows that the described numerical algorithms are numerically backwards
stable. These algorithms can also be used to compute deflating subspaces which
contain eigenvectors associated with infinite or purely imaginary eigenvalues. By
Theorem 3.1 we get partial information also in these cases, but we face the difficulty
that the desired deflating subspace may not be unique or may not exist. (See the
recent analysis for Hamiltonian matrices [29].)

6. Conclusion. We have presented numerical procedures for the computation
of structured Schur forms, eigenvalues, and deflating subspaces of matrix pencils with
matrices having a Hamiltonian and/or skew-Hamiltonian structure. These methods
generalize the recently developed methods for Hamiltonian matrices which use an
extended, double dimension Hamiltonian matrix that always has a Hamiltonian Schur
form.

The algorithms circumvent problems with skew-Hamiltonian/Hamiltonian matrix
pencils that lack a structured Schur form by embedding them in extended matrix
pencils that always admit a structured Schur form. For the extended matrix pencils,
the algorithms use structure-preserving unitary matrix computations and are strongly
backwards stable; i.e., they compute the exact structured Schur form of a nearby
matrix pencil with the same structure. Such structured Schur forms can always be
computed regardless of the regularity of the original matrix pencil.

It is still somewhat unsatisfactory that the algorithms do not efficiently exploit
the microstructures of the extended matrix pencils, as, for example, in the matrix B,
in (2.12). How best to use these microstructures is still an open question.

Practical implementation and numerical experiments are in progress and will be
reported elsewhere. For detailed algorithms and implementation issues see [4].

Acknowledgment. We gratefully acknowledge Daniel Kressner for his assis-
tance implementing and testing experimental versions of parts of the algorithms dis-
cussed here.
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Abstract. In this paper we introduce a new approach to algebraic multilevel methods and
their use as preconditioners in iterative methods for the solution of symmetric positive definite
linear systems. The multilevel process and, in particular, the coarsening process are based on the
construction of sparse approximate inverses and their augmentation with corrections of smaller size.
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results.
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1. Introduction. For the solution of large sparse linear systems of the form
(1.1) Az =0, AeR™, beR"

sparse approximate inverses, i.e., sparse matrices that are good approximations of the
inverse of a sparse matrix [22, 21, 10, 15, 5], have become as popular as preconditioners
for Krylov-subspace [12, 30, 14] techniques. There are several techniques to construct
such sparse approximate inverses. One may, for example, minimize the norm of ||AB —
I|| subject to some prescribed pattern [21, 10, 15]. Another technique is to construct
upper triangular matrices Z, W T such that for a diagonal matrix D, W T AZ is a good
approximation to D [5]. Moreover, success has been made over the years in using
approximate inverses in combination with multilevel methods [11, 25, 24, 32, 33].
Especially in [33] it has been shown that by adjusting the quality of the approximate
inverse, the smoothing property can be improved significantly.

We assume in the following that A is symmetric positive definite and that the
approximate inverse B is factored as B = LL"T. We set M = LT AL and assume for
simplicity that ||[M|]2 < 1. This can always be achieved by an appropriate scaling.
We will concentrate on sparse approximate inverses for which M is still sparse. This
is, for example, the case if the approximate inverse is diagonal or block diagonal.
Even factored sparse approximate inverses from [21, 22] can be used as long as the
pattern of L is moderate—for example, if the pattern of L is the same as the pattern
of A (or the same pattern as the lower triangular part of A). There also exist sparse
approximate inverse approaches that cannot be applied here, because they are only
sparse with respect to certain basis transformations like wavelet-based sparse approx-
imate inverses [9]. For large classes of matrices, sparse approximate inverses have
proved very effective as preconditioners. But there are problems where the sparse
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approximate inverse needs a large number of nonzero entries to become a suitable
approximation to the inverse of A. When using sparse approximate inverses based
on norm-minimizing techniques, one often observes that many eigenvalues [13] of the
residual matrix E = I — M are quite small, while a small number of eigenvalues stay
big. And allowing more fill-in in the sparse approximate inverse B does not cure this.
For an example, see [6].

The observation that many eigenvalues are small but some stay large means that
B approximates A~! well on a subspace of large size, while there is almost no approx-
imation on the complementary subspace. In the context of multigrid methods for the
numerical solution of partial differential equations, this effect is typically called the
smoothing property [16]. Algebraically this means that the residual F = I — M can
be written as

(1.2) E=E,+F,

where E, € R™™ has rank p < n and ||F|| < n <« 1, ie., the residual can be
approximated well by a matrix of lower rank p. Typically one cannot expect that the
size p of E, is independent of the dimension n of A. More realistic is the assumption
that p ~ cn, where, for example, ¢ = % or ¢c= %.

If one is solving a symmetric positive definite linear system Az = b and one has
already determined some sparse approximate inverse B, it is therefore desirable (and
our primary goal) to improve the preconditioner LL". Our goal is to construct an
updated preconditioner of the form

(1.3) L(I+Pz7'PTLT

with sparse matrices P, Z, where Z is another symmetric positive definite matrix of
smaller size. Since A and the augmented preconditioner are positive definite, this
means that we are interested in the small eigenvalues (since ||M |2 < 1) of the pre-
conditioned system

(1.4) AL([ + PZ_lPT)LT,
In other words we have to achieve that
(15) 1= M1+ Pz PT)M2|y = ||E— M2PZ7' PT M|,

is small, while at the same time P and Z are sparse.

Since the matrix F is symmetric positive semidefinite by assumption, it is well
known [13] that the best approximation of E by a matrix of rank p is given by the
matrix

01

Op

where 01 > - -0, > 0 are the eigenvalues of ¥ and u;, i = 1,...,n, are the eigenvec-
tors.

But in general this best approximation will be a full matrix, since U, is full even
if F is sparse, and hence we cannot directly use Ep in the construction of sparse
preconditioners.
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Since we have assumed that the given approximate inverse B has the property
that E = I — LT AL is approximated well by Ep in the sense of (1.2), we have that
the entries of Ep differ only slightly from the entries of E. So we may expect that
taking an appropriate selection of columns of £ as V' will be a good choice for U and
the approximation of E by a lower rank matrix. This expectation is justified by the
following lemma.

LEMMA 1.1. Let E € R™™ be symmetric positive semidefinite and let

2

E=UXU" = [U,U,] { 5
2

:| [Ula UZ]T
be the spectral decomposition of E, where U is orthogonal, Uy € R™P | and the diagonal
entries of ¥ are ordered in decreasing order. If E satisfies (1.2) (i.e., E = E, + F
for a rank-p matriz E, and ||F|l2 < 1), then there exists a permutation matriz II =
[I1, II5], partitioned analogously, such that
1. inf X — M2 (EIL)|l2 <.
(L.7) L L (EIL)ll2 <7

Proof. Applying the QR decomposition with column pivoting [13] to M/ QE‘p =
Uy (I —%1)Y/25,U], we obtain Q, RT € R™P, where Q is orthogonal, R = [Ry, Rs],
with Ry € RPP is upper triangular, and II = [II;, II5] is a permutation matrix with
II; having p columns such that

M'Y2E,IT = QR.

It immediately follows that M/ QEpﬂl = QR,; and thus there exists a nonsingular
p X p matrix X such that Ml/zEpﬂl = QR; = U1 X, and we have

IMYPETL — Ui X o = |MY2(E = Ep)L[|2 < (B = BT
= min [[E- Bl <[|Flz=7. O

rank Ep=p

Lemma 1.1 gives us subspaces that consist of suitably chosen columns of E, which
are close to the subspace U; of E associated with the large eigenvalues of E in the
sense of (1.7).

Using such subspaces in the construction of appropriate sparse representations
of the updates PZ~1PT as in (1.3) is the topic of this paper, which is organized as
follows.

We first discuss the theoretical background for this problem, i.e., to construct op-
timal preconditioners of this form, and show that they are closely related to algebraic
multilevel methods. We derive two types (multiplicative and additive) of algebraic
multilevel preconditioners in section 2.

The approximation properties of the multiplicative correction term I + PZ~1PT
in (1.3) for the two multilevel schemes are studied in detail in section 3.

In view of Lemma 1.1, we may in principle use a @ R-like decomposition of M1/2E
to construct the desired updated preconditioners. The key in this construction is the
appropriate pivoting strategy in the QR decomposition with column pivoting. We
will present two heuristic pivoting strategies and interpret them as the coarsening
process of the multilevel scheme in section 4.

Finally in section 5 we present numerical examples that demonstrate the prop-
erties of this new approach and also indicate the effectiveness of the heuristics that
have been used.
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In what follows, for symmetric matrices A, B we will use the notation A > B if
A — B has nonnegative eigenvalues. We also identify a matrix with the space spanned
by its columns.

2. Multilevel preconditioners. In this section we present two multilevel pre-
conditioners for symmetric positive definite systems. Algebraic multilevel precondi-
tioners have become popular in recent years. Several algebraic multigrid (AMG) ap-
proaches focus on incomplete LU or Schur-complement approaches [2, 3, 34, 4, 27, 28],
while others are based on the analogy to geometric multigrid methods [8, 29, 20, 18,
26, 19]. Here we will concentrate on the second class of approaches.

Let A € R™™ be symmetric positive definite and let L € R™" be a given sparse
matrix such that LLT is a symmetric positive definite matrix in factored form that
approximates A1,

Suppose that the approximation of A=! by LLT is not satisfactory, e.g., the con-
dition number of LT AL is not small enough to get good convergence in the conjugate
gradient method, and we wish to improve the preconditioning properties. To do this
we like to determine a matrix of the form

(2.1) MW =LLT + PZ7'PT,

with P € R™P, Z € RPP nonsingular, P, Z sparse, and, furthermore, p < cn with
0 < ¢ <1, so that M) is a better approximation to A~! than LLT.

The particular form (2.1) is chosen close to the form of an algebraic two-level
method, where multiplication with P, PT corresponds to the mapping between fine
and coarse grids and Z represents the coarse grid system. Note further that using
the representation LLT + PZ~'PT as a preconditioner for A, only a system with
Z has to be solved. As shown in Lemma 1.1, skillfully chosen columns/rows of the
residual matrix E = I—LT AL can be used to approximate the invariant subspace of E
associated with its large eigenvalues. As we will see, precisely this invariant subspace
has to be approximated by P. In the sense of the underlying undirected graph of
E, we refer to the nodes associated with the columns/rows of E that will be used to
approximate the invariant subspace of E associated with the largest eigenvalues as
coarse grid nodes, while the remaining nodes are called fine grid nodes. The process
of detecting a suitable set of coarse grid nodes will be called the coarsening process.
Once we have selected certain nodes as coarse grid nodes, they are in a natural way
embedded in the initial graph. In addition the graph of W = PT AP is a natural
graph associated with the coarse grid nodes. We will call it coarse grid in analogy to
the notation arising in discretized partial differential equations.

Recalling the well-known techniques of constructing preconditioners for the conju-
gate gradient method applied to symmetric positive definite systems (e.g., [13, 17, 30]),
we should choose P and Z such that

(2.2) pA™N < MM < M AT

with (1) as small as possible and p > 0. Clearly k) > 1 is the condition number
of MM A, i.e., the ratio of the largest by the smallest eigenvalue of M)A, and thus
£ =1 would be optimal. The importance of the condition number is justified from
the well-known results on the performance of the conjugate gradient method with
preconditioner M(); see, e.g., [13]. We discuss the construction of P, Z with minimal
£ below.

For discretized elliptic partial differential equations, often—but not always—one
can construct optimal preconditioners using multigrid methods [16]. In order to obtain
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a similar preconditioner augmented with a suitably chosen coarse grid correction,
consider the use of LLT in a linear iteration scheme [35] for the solution of Az = b
with initial guess (%) € R”. Such an iteration is given by

e = 20 L LT (b — Az, k=0,1,2,....

The error propagation matrix I — LL" A satisfies z—z*+t1) = (I-LLT A)(z—z®). In
multilevel techniques [16] one uses such an iteration for pre- and postsmoothing and,
in addition, one has to add a coarse grid correction. In terms of the error propagation
matrix this means that instead of I — LL" A we have (I — LLT A)(I - PZ~'PTA)(I -
LLTA)T as error propagation matrix. A simple calculation shows that this product
can be rewritten as I — M) A with

(2.3) M® =oLL" — LLTALL" + (I — LLTA)PZ~*P"(I — ALL").
Again we are interested in choosing P, Z such that
(2.4) pATL < M@ < k@A

with x(?) as small as possible.

In the following we discuss the approximation properties of M), M. The first
step will be the construction of optimal P, Z for given A, L based on the spectral
decomposition

(2.5) E=1-L"AL=UAU",

where A = diag (A,..., ), A1 = -+ = A\, and U = [¢p1,...,9,] is orthogonal. We
use the notation ¥, = [¢1,..., 9], Ap = diag (A1,...,Ap).

LEMMA 2.1. Let A, L € R™™ with A symmetric positive definite, L nonsingular,
and E = I — LT AL positive semidefinite, and let p < n.

1. The minimal kY in (2.2) is obtained with P € R™P, Z € RPP defined via

(2.6) P=Llv,...,v,] ER™, Z=PTAP(I—PTAP)” cRPP,

In this case we have p=1— A\pi1, K = (1= N,)/(1 = Apr1).
2. For P from (2.6) and

(2.7) 7 =PTAP
we have
(2.8) AMD < LLT + PZ7'PT <MW,

where y=2—-X 1 21, I'=2- X, <2.

3. The matrices P from (2.6) and Z from (2.7) yield the minimal 2 in (2.4)
with p=1-X2,,, k& = (1-X2)/(1-A2,,).

Proof. 1. For P, Z as in (2.6) we have

Z=(I-EE"=(I-A)A",
and condition (2.2) is equivalent to

(2.9) p(I = B) N 2T+ WA, (1 —Ay) 1) < psM (I —E)
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Multiplying with V' T from the left and V from the right we obtain an inequality for
diagonal matrices as
1

1 1—X; 1
17)\1 . 17)\1

1 1-Xp 1
1-An I 1=\,

and for = 1 — Apyq, K = (1 = \,)/(1 — A\py1) these inequalities are satisfied.
The optimality of x(!) in (2.9) follows directly from the Courant-Fischer min-max
characterization [13], which implies that ¢ <1 — A,41 and ,UIi(l) >1—)\,. Thus the
choice of k) is optimal and with P, Z we obtain the optimal (%),

2. For Z as in (2.7), we note that we have \; € [0,1), and therefore inequalities
(2.8) immediately follow.

3. For M®) we proceed analogously. The desired inequality has the form

(2.10) p(I—E)"' T+ E+EV,(I-Ap) ") E = us®(I - E)~"
Multiplying with ¥ from the right and its transpose from the left, we obtain that

1
D VAR D

U(I+E+EV,(I-Ay) ') E)¥' = diag ( D SRS /\n>

and the optimal choices are clearly p =1 — )\]234_1 and px® =1 - )2, a

A similar result for M) was obtained in [26]. Note that the optimal choice M)
can be viewed as approximation to A~ of first order, since k(1) ~ 1/(1 — )‘113+1)7 while
M®) is an approximation of second order, since £® ~1/(1 — )\fﬂrl).

Lemma 2.1 shows how the optimal choices for P, Z may be computed. However,
in practice we usually cannot determine these optimal choices, since the spectral
decomposition is not available; even if it were available, it would be very expensive to
apply, since the matrix P would be a full matrix. Instead we would like to determine
P,Z (or P, Z ), which are inexpensive to apply and still produce good approximation
properties in M) (M), By the results of Lemma 2.1 it seems natural to set
Z = PT AP or to choose Z such that

vZ < PTAP <TZ.

An inequality of this form is also useful if we intend to recursively repeat the technique
in a multilevel way. To do this we replace in

(2.11) LL" + P(PTAP)"'PT

the term (PTAP)~! by an additive approximation LiL{ + P(P PTAPP,)"'P.
For the construction of M® the procedure is analogous. Recursively applied, this
idea leads to the following algebraic multilevel scheme.

Let A € R™"™ be symmetric positive definite and let n =n; >n;_1 > -+ >mng >0
be integers. For chosen full rank matrices P, € R™ ™ -1 k=[] [1—1,...,1, define A
via

A — Aa k:l,
b P;;r+1Ak+1Pk+17 k=1-1,1—2,...,1.
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Choose a nonsingular matrix Ly € R™™ such that LiL] ~ A;', k = 0,...,;
then multilevel sparse approximate inverse preconditioners Ml(l), Ml(2) are recursively
defined via
Agt k=0
(2.12) MY = S ’
L] + MO PT, k=1,...,1,
and
Agt, k=0,
2
213) MP ={ L@ - LTALYL] f e
+ (I — Lp L] Ag) PeMP PT (I — AL L), St
respectively.

For | = 1 we obviously obtain the operators M) and M®) in (2.1) and (2.3),
respectively.

If we exactly decompose the matrix on the coarsest level (i.e., Ay Y= LoLy), for
example, by the Cholesky decomposition and set IIy = P,P,_1 - Piy1, then we can
rewrite Ml(l) as

l
(2.14) M =3 WL LTI
k=0

For MZ(Q) one obtains that
(2.15)  I-MP A= (I-T,LLI T A) - (I-TIoLoLJ TIJ A) - - - (I =TI, L, L T1] A).

We see from (2.14), (2.15) that Ml(l) can be viewed as an additive multilevel
method, since all the projections II; are formally performed simultaneously, while

Mz(2) can be viewed as a multiplicative multilevel method, since the projections Il

)

are performed successively. In what follows we also refer to Ml(1 as an additive

algebraic multilevel preconditioner and to M, 1(2) as a multiplicative algebraic multilevel
preconditioner.

The operator M, 1(2) is immediately derived from V-cycle multigrid methods in the
numerical solution of partial differential equations. A special case for the operator
Ml(l) is that LkLZ = aikl is a multiple of the identity. In this case for E = I — ay, Ay,
the choice of some columns of E can be expressed by applying a permutation ®; €
R™e™-1 to E| i.e., P, = (I — agA)Pk. In this case Ml(l) reduces to

1 1 «a
Ml(l) = —(I+a P M1 P) = o <I +—p (I+ Ozz—1Pz—1Mz—2PlT_1) PZT) =,
1

Qay Q-1

where the dots indicate that M;_o has to be successively substituted in a similar way.
For operators of this form in [19] optimal choices for o have been discussed according
to a wisely a priori chosen permutation matrix ®;. Such operators have also been
studied in detail in [1, 26].
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3. Approximation properties. In this section we discuss the approximation
properties of M, M®) from (2.1), (2.3) for the case I = 1 and later for arbitrary
[>1.

For given Z, P we compare the approximation properties of M M ®?) in (2.2),
(2.4) with the optimal choices in Lemma 2.1. For this we use the following theorem.

THEOREM 3.1 (see [17]). Consider a symmetric positive definite matriz M € R™"
and matrices Py, € R™™ with rank Py = ny for k =1,...,1 and rank [Py,...,P] =
n. Consider, furthermore, positive definite matrices By, € R™ ™ and

1
(3.1) Mg' =Y PB.'P.
k=1
If K > 0 is a constant such that for every x € R™ there exists a decomposition
T = 22:1 Py, satisfying
1
(3.2) ngkak < Ka Mz,
k=1

then Mg < KM.

Applying this theorem we can prove the following result.

THEOREM 3.2. Let A € R™" be symmetric positive definite and let L € R™" be
nonsingular such that M = LTAL<1I. Set E=1—M and P =LV, where V € R™P
has rankV = p and let W € R™" P be such that rankW =n —p and WT MV = 0.
Finally let Z € RP'P be symmetric positive definite such that

(3.3) yPTAP < Z <TP"AP
with positive constants ~,T.

1. If
(3.4) W'W <AW' 'MW

for some positive constant A, then for the matriz M in (2.1) we have

) m)
) —1 A= < )
(3.5) 5 1A (M ) max{', A}A

2. Ifin (3.3) v > 1 and

(3.6) { 8 WT?WW } <A [V,W]" (M — EME) [V,W]

for some positive constant A, then for the matriz M3 in (2.3) we have
-1
(3.7) A= (M(2)) < max{I', A} A.

Proof. 1. We apply Theorem 3.1 to the matrices M, By = I, By, = Z, P, =
I,P,=L"'P=V. Set I = Po(P) MP;)"'P,) M and Q = I —II. Since IT" M (I —
) = 0, we have Q = W(WTMW)"'WTM. Tt follows that every x € R™ can be

written as

=(I-1I Iz =P P
z = Jr + Iz 121 + Poxa,

Pray Pyxzo
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where 73 = (P)' P,) "' P,z and z; = Q. By Theorem 3.1 it suffices to find a constant
K > 0 such that

x| 1 +xg Zoy < Kz M.
From (3.3) it follows that
Q' <A Q" M.
Substituting the representations of x;, x2 we obtain

x|z + 29 Zay =2 Q' Qu 4 29 Z2o

max{l, AWz QT MQx + z] (P, M Py)xs)
= max{T, A}z Q" MQz + 2 TI" M1Izx)
max{l, A}z (Q+ )T M(Q+ )z

= max{I',A}z " Mz.

N

Thus we have K = max{I", A} in Theorem 3.1.
For the other inequality, we obtain from

1 1
M+ MYV2PZ7 PyMY? < M+ —MY2Py(P MPy) ' Py MY2 < M + =1
Y Y
that

1 1
I+PZ 'Pp <1+ -M "= (1+ ) M~
gl g

Hence we get
1
MW =LLT + PZ7'PT < <1 + > AL
v
2. To derive the inequalities for M) we multiply M® by MY2L~! from the
left and its transpose from the right. We obtain
MYVPLAMAL=TMY? = oM — M2 + EMY?VZ Y (MY?V)TE
—I-E (I - (M1/2V)Z*1(M1/2V)T) E.
Setting V.= MY2V, T =T —-V(VTV)"'VT  and T =1 —VZ~'V7, it follows that
PTAP =V'V and

M2 A L-TMY2 =T - ETE
1 1
<I—E<<1—)I+T)E
¥ v
1 2
<I1-(1-=)E~
v

If v > 1, then the last term is bounded by I; otherwise the bound will be %, and
hence it follows that

(M@)~1 = min{y, 1} A.
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For the other direction we can adapt the proof of Theorem 3.1 in [29]. We have to
estimate ETE by a multiple of the identity from above. Note that since W T MY/2V =
WTMV =0, inequality (3.6) is equivalent to

MY2TMY? < A (M — EME)
or

1
E?<T1-—_T.
- A

Observe that ETE < I if and only if TY2E2TY/2 < 8], and since ~v = 1, we therefore
have that T"/2 exists and it follows that

D=4V ((0T9) =27 VT <7+ (1 - ;) VTV,

Since TT = T = T'T we obtain

FlU2 g2 L L 2

{ 1
ax<¢1l——,1—

From this we finally obtain that

Il
=
&
>
—

I

ol b
|

(M(Q))—l _ L—TMI/Q(I _ ETE)—lMl/QL—l
<max{A,TYL" "ML ' =max{A,T}A. O

For the operator M) the condition number of MM A may also be estimated
in terms of the angle between the invariant subspaces associated with the p smallest
eigenvalues of M and V. We refer to [26] for this approach. Note that in (3.4), (3.6)
we always have A > 1, since M < I. Thus if we set Z = PT AP in Theorem 3.2, then
v =T =1 and the bounds for M?) are determined by A only. Via (3.4) we see that
the inequality for M is needed only on the subspace W which is the M-orthogonal
complement of span V. Especially for the choice P in Lemma 2.1 it is easy to verify
that A = 1/(1 — Ap41). Thus we obtain a condition number £(!) = 2/(1 — \,;;) in
Theorem 3.2, which is only slightly worse than the optimal condition number obtained
via Lemma 2.1, which would give x(!) = (1=X,,)(2—=X,)/(1=Xp11)(2— ). In a similar
way we can compare the bound for M(?) obtained by Theorem 3.2 with the result of
Lemma 2.1. In this case we obtain A =1/(1— X2, ;) and thus k) =1/(1- A2i)-
Again this is almost the bound of Lemma 2.1, which would give ) = (1 —X2)/(1 —
A2,1). In this respect, the bounds in Theorem 3.2 are (almost) as sharp as the optimal
bounds in Lemma 2.1. In contrast to Lemma 2.1, Theorem 3.2 can be applied to any
prescribed choice of P that has full rank!



AMG AND SPARSE APPROXIMATE INVERSES 201

Our next theorem extends Theorem 3.2 to the case [ > 1.

THEOREM 3.3. Let A € R™"™ be symmetric positive definite and consider the
algebraic multilevel operators Ml(l),Ml(z) in (2.12) and (2.13), respectively. Suppose
that the matrices Ly, are chosen such that M; = L;AL;.c <1 forallk=1,...,1. Set
By =1—My, P, = L Vi, and let W), € R™ ™ ~"%=1 pe such that rank Wy, = ng—ngi_1
andeTMka =0 foralk=1,...,1

1. If A is a constant such that

(3.8) Wl Wy, <= A W MW,

forallk=1,...,1, then we have

1 @)~
. =< < AA.
(3.9) l+1A7(Ml ) < AA

2. If A is a constant such that

0 0
(3.10) { 0 WM, } <A Vi, Wi (My, — ExMLEL) [Vie, Wi

forallk =1,...,1, then we have
-1
(3.11) A< (Ml(2)> <A A

Proof. We proceed by induction on [. For [ = 1 the assertion follows by Theorem
3.2 applied to Z = PTAP. If we apply Theorem 3.2 to Al,l,Ml(i)l, i.e., let A be a
constant such that

then, with Z = (Ml(i)l)_l, we obtain v = %,F = A. But ﬁ = ZJ%I
follows.

Inequality (3.11) follows analogously. o
By Theorem 3.3 we lose only a factor H—Ll in the condition number by using [ + 1
levels compared with the case | = 1 (exact two-level method). If the reduction in
size of Ay in every step is sufficient, i.e., if the size of Ay_1, for example, is half the
size of Ay or less, then we need at most I < logy(n) levels. In this case the factor
1/(1+1) = 1/logy(n) is (almost) negligible.

For the multilevel method we still need a method for the construction of a well-
suited matrix P in each step. This will be the topic of the next section.

and hence (3.9)

4. The coarsening process. So far we have not discussed the construction of
the coarse grid projection matrix P for given L, A. As before we set LTAL = M,
FE =1 — M and assume that £ = 0.

4.1. Construction of P via the QR decomposition. We have already seen
in Lemma 2.1 that in terms of conditioning, an invariant subspace V of E associated
with the large eigenvalues of F yields the optimal choice for P = LV. But in practice
we do not have this invariant subspace available, nor is this a favorable choice, because
in this case P would typically be full and a further coarsening of PT AP will be almost
impossible, since this matrix is no longer sparse. So we need a different choice for
P=1LV.
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By Lemma 1.1 we may use a suitably chosen set of columns of E as V' to approx-
imate the space spanned by the eigenvectors associated with the large eigenvalues.
But Lemma 1.1 does not give bounds on the preconditioning property of the resulting
preconditioner.

On the other hand the approximation results from section 3 and especially (3.6)
show that choosing a suitable space V' will give the desired approximation properties.
To find this suitable space V', we need to establish the connection between the approx-
imation results and Lemmas 1.1 and 2.1. According to the proof of Lemma 1.1 we
need a QR-like decomposition M'/2E = QR (or more precisely of M1/2Ep =QR) if
we want to approximate the eigenvectors associated with the large eigenvalues. Equiv-
alently we can compute E = QR, where QT MQ = I. So if V, satisfying (3.6), arises
from a QR decomposition of E with QT M@ = I, then Lemma 1.1 is applicable. In
other words this choice of V' should ensure that F is well approximated by a rank-p
matrix up to a small error. Lemma 4.1 gives precisely this connection.

LEMMA 4.1. Let M € R™™ be symmetric positive definite and let E =1 — M.
Suppose that we have a decomposition

(4.1) E 11, 11y) = [V, W] R B ,
N—— N—— 0 R22

II
R

where 11 is a permutation matriz, Q = [V, W] is nonsingular, and V' MW = 0. Then
there exist matrices R, F' such that

(4.2) E = MY?(ET,)R+ F.

If there exists a constant A that satisfies (3.6), then ||F||3 <1— .
Proof. Since [V, W] is nonsingular and W T MV = 0, we have
I=MP2v(VTMV)Y" VT MY2 4 MYV2W W T MW~ W T MY/2,
With R = R} (VT MV)~'VT M'/?E we have
F=E—- MY*EIL)R
=E—M'"?VRuR
=E-M72vWVTMV) VT MY2E
=M'"PWWTMW)"'WTM'?E,
and it follows that
1ENI3 = 1w " Mw) = 2W T M2 B3
. ' WTEMEWx
T T W T MW
2 TWTH (M~ EME)Wx

=1-
o W MWz
1

<l——. 0
A

Lemma 4.1 shows that if V' satisfies (3.6) with a small A, then by Lemma 1.1 the
spaces spanned by the columns of M2V and those of M'/2EIl; are good approxi-
mations to the invariant subspace of F associated with the p largest eigenvalues.
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As a consequence of Lemma 4.1 we may use a QR decomposition with column
pivoting of F,

(4.3) E[II,,II,] = [V,W]R, VT MW =0,

to obtain a projection matrix P = LEIl; = LVRﬁ1 such that the remaining error
matrix F' has small norm. Clearly there is no restriction in replacing V' by ETII;, since
by V = ETI; Ry} both sets of columns span the same space. But the preconditioners
M(l),M(Q) do not change when replacing V by V R;i;. In contrast to V, EIl; is
typically sparse. Moreover, we can determine P = LFEII; as a coarse grid projection
matrix from the QR decomposition (4.3) for which the bounds of Lemma 3.2 hold.
Here the columns of V, W are not required to be orthogonal in the standard inner
product, as one typically requires in a QR decomposition (see, e.g., [13, 31]), but they
are orthogonal with respect to the inner product defined by M. We will not discuss
in detail how to compute an approximate QR decomposition. One possibility is to
adapt a @ R-like decomposition as in [31], but other constructions are possible as well.
See [6] for a detailed description of this quite technical construction.

4.2. Selection of coarse grid nodes. The next issue that has to be discussed
is the pivoting strategy in the QR decomposition. Clearly the best we can do is to
locally maximize A in the inequalities (3.4), (3.6) to obtain a feasible coarse grid
matrix P = LETI; for the preconditioners M™) in (2.1) and M® in (2.2). Since we
only have the freedom to choose the permutation II; in each step, we could choose
p columns of E to locally optimize (3.4), (3.6). It is clear that for a fixed number of
columns p there exist (Z) permutations which have to be checked, and for any of these
choices one has to compute a QR decomposition of an n X p matrix FIl; to get the
corresponding A. Already for small p the costs are prohibitively expensive, e.g., for
p =2, n(n—1)/2 possibilities have to be checked. So in practice not more than p = 1
can be used in one step. Using the M-orthogonality of V, i.e., that VI MV = I, we
set

(4.4) T=1-VV'M.

Then it is easy to see that the M-orthogonal complement W of V is given by
(4.5) W = TFEIl,.

Using T from (4.4), identity (3.4) can be written as

(6) 1 Yy TWT MWy
. — =MD ——
Ay Yy TWIWy

or, equivalently, as

1 2 TTMTx
4. — =1 1 _—
4 AT 1ot @ T Tx

Likewise we can reformulate (3.6) as

1 (M - EME)z
4. — = mi
(4.8) A Ig;lqéno ' TTMTx

The minimal quotient (4.7) is obtained if Tz is the eigenvector associated with the
smallest eigenvalue of M.
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After a certain pivot index has been chosen in step p, we can compute the best
pivot index from the remaining matrix using (4.7), (4.8) and get the next pivot column.

Expressions (4.7), (4.8) require the solution of an eigenvalue problem in every
step. Since even for small matrices it is almost impossible to solve all the eigenvalue
problems completely for any possible choice in step p+ 1, the eigenvector of M associ-
ated with the smallest eigenvalue can serve as a test vector. Initially the minimum is
achieved for the eigenvector associated with the smallest eigenvalue A. Suppose that x
with 2Tz = 1 is a normalized eigenvector of M associated to the smallest eigenvalue,
say A. Then we have

< " TTMTzx
2T Tz
B 2 (M - MVVTM)x
T AT I —2VVTM A+ MVVIVVT M)z
A 1= A1V a3
1=2X\|[VTz|2 + N TV)VTV(VTz)

(4.9)

If VTV is not too big, then, once a projection operator T is applied, the change in A
is essentially determined by the norm of V " z. Examining (4.9) we see that if ||V Tz,
is large, then A will still be close to A, while if ||V Tz||; is small, then A and A will be
even much closer.
We can do similar calculations for (4.8) and obtain
(M - EME)x 1—(1—-))?2

A= = .
ST T MTx 1 A\VTz|2

Here the changes are precisely driven by the angle |V T x|z independently of V' TV.

This analysis justifies replacing